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Abstract

In this paper, we prove a common fixed point theorem for weakly compatible
maps in intuitionistic fuzzy metric spaces which generalizes the result of
Alaca, Turkoglu and Yildiz[3]. Moreover, we introduce the notions of R-
weakly commuting mapping of type (A,), R-weakly commuting mapping of
type (Ar) and R-weakly commuting mapping of type (P) in intuitionistic fuzzy
metric spaces and provide various examples to reflect upon the distinctiveness
among R-weakly commuting mapping of type (A,), R-weakly commuting
mapping of type (Ag) and R-weakly commuting mapping of type (P). At the
end, we discuss some results related to these newly introduced notions and
also establish an example in support of our theorem.
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1. Introduction

An essential feature of metric space is that for any two points in the metric space,
there is defined a positive number called the distance between the points. The concept
of a probabilistic metric space (PM-space) corresponds to these situations in which we
do not know the exact distance between the points but know only the probable values
of the distance between the points and this notion was introduced in 1942 by Menger
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[26], which is in fact, a generalization of metric space. The idea in probabilistic metric
space is to associate a distribution function with a point pairs, say (p,q), denoted by
F(p,q;t) where t > 0 and interpret this function as the probability that distance between
p and q is less than t and whereas in the metric space the distance function is a single
positive number. Fuzziness is also a kind of uncertainty. It is applied to those events,
whose chances of occurrence are in non-black or non-white state. Zadeh [37]
introduced the concept of fuzzy set as a new way to represent vagueness in our
everyday life. A fuzzy set A in X is a function with domain X and values in [0, 1].
The concept of fuzzy set corresponds to the degree of nearness between two objects.
Deng[7], Erceg [9], Fang[10], George and Veeramani [12], Kaleva and Seikkala [19],
Kramosil and Michalek [22] have introduced the concept of fuzzy metric spaces in
different ways.

Atanassove [4] introduced and studied the concept of intuitionistic fuzzy sets as a
generalization of fuzzy sets. Intuitionistic fuzzy sets deals with both degree of
nearness and non-nearness. Park [29] defined the notion of intuitionistic fuzzy metric
space with the help of continuous t-norms and continuous t-conorms as a
generalization of fuzzy metric space due to George and Veeramani [12]. Further,
Alaca et al. [2] using the idea of intuitionistic fuzzy sets, defined the notion of
intuitionistic fuzzy metric space ,as Park with the help of continuous t-norms and
continuous t-conorms, as a generalization of fuzzy metric space due to Kramosil and
Michalek [22]. Further Coker [6] introduced the concept of intuitionistic fuzzy
topological spaces. Turkoglu et. al. [34] gave a generalization of Jungck’s common
fixed point theorem [16] to intuitionistic fuzzy metric spaces. They first formulated
the definition of weakly commuting and R-weakly commuting mappings in
intuitionistic fuzzy metric spaces and proved the intuitionistic fuzzy version of Pant’s
theorem [28].

2. Preliminaries

The concepts of triangular norms (t-norm) and triangular cotnorms (t-conorm) are
known as the axiomatic skeletons that we use for characterization fuzzy intersections
and union respectively. These concepts were originally introduced by Menger [26 ] in
study of statistical metric spaces.

Definition 2.1[33] A binary operation * : [0,1]x[0,1] — [0,1] is continuous t-norm if
* is satisfying the following conditions:

(1) * 1s commutative and associative;

(i1) * is continuous;

(ii1)) a*1=aforall ae [0, 1];

(iv) a*b<c*dwhenevera<candb<dforalla,b,c,de[0,1].

Definition 2.2[33] A binary operation ¢ : [0,1]x[0,1] — [0,1] is continuous t-conorm
if O is satisfying the following conditions:

(1) ¢ is commutative and associative;

(i) ¢ 1is continuous;
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(iii)) ao®0=aforallae](0, 1];

(iv) adb<cOdwhenevera<candb<dforalla,b,c,del0,1].

Alaca et al. [2] using the idea of intuitionistic fuzzy sets, defined the notion of
intuitionistic fuzzy metric space with the help of continuous t-norms and continuous t-
conorms as a generalization of fuzzy metric space due to Kramosil and Michalek [22]
as follows:

Definition 2.3[2] A 5-tuple (X, M, N, *, 0) is said to be an intuitionistic fuzzy metric
space if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t-conorm and
M, N are fuzzy sets on X*x(0, o) satisfying the following conditions:

(1) M(x,y,t) + N(x,y,t) <1 forall x, ye Xand t > 0;

(i1) M(x, y, 0) =0 for all x, ye X

(11) M(x,y,t)=1forall x,ye Xand t> 0 if and only if x =y;

(iv) M(x,y,t)=M(y,x,t) for all x, ye X and t > 0;

(v) M(x,y,t) * M(y, z,s) <M(x, z, t + s) forall x,y,ze Xand s, t > 0;

(vi) forall x,ye X, M(x,y, .): [0, 0) — [0, 1] is continuous;

(vil) limt—ooM(x,y, t) =1 for all x, ye X and t > 0;

(viii) N(x,y,0)=1 forall x, ye X;

(ix) N(x,y,t)=0forall x,ye Xand t>0ifand only if x =y;

(x) N(x,y,t) =N(y, x, t) for all x, ye X and t > 0;

(xi)  N(x,y,t) ON(y, z,8) > N(x, z, t + s) for all x, y, ze X and s, t > 0;

(xii) forall x, ye X, N(x,y, .) : [0, ©)—[0, 1] is continuous;

(xiii) limiN(x, y, t) = 0 for all x, y in X:

Then (M, N) is called an intuitionistic fuzzy metric on X. The functions M(X, y, t)
and N(x, y, t) denote the degree of nearness and the degree of non-nearness between x
and y with respect to t, respectively.

1 . . :
Example2.1. Let X = {—:ne N}uU{0} with * continuous t-norm and ¢ continuous t-
n

conorm defined by a * b =ab and a ¢ b =min{1, a+ b} respectively, for all a,be [0,1].
For each te (0, o) and x, ye X, define (M, N) by

L’ t>0, ‘X'Y‘
M(x,y, t)= H“X'Y‘ and N(x, y, t) = t—i—‘x-y
0 t=0 1 t=0
Then, (X, M, N, *, 0) is an intuitionistic fuzzy metric space,( for k=1 [34]).

> t>0)

Remark 2.1. Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric
space of the form (X, M, 1-M, *, 0) such that t-norm * and t-conorm ¢ are associated
as

x 0y =1-((1-x) * (1-y)) for all x, ye X,see [24].

Remark 2.2. An intuitionistic fuzzy metric spaces with continuous t-norm * and
continuous t-conorm ¢ defined by a*a > a and (1-a) ¢ (1-a) < (1-a) for all a€ [0, 1].
Then for all x, ye X, M(X, y, *) is non-decreasing and N(x, y, ¢) is non-increasing.
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Proof. Suppose M(X, y, *) is non- increasing, therefore for t <s, we have M(x, y, t)
>M(x, Y, s).

For all x, y,ze X, we have M(x, z, t +s) > M(x, y, t) * M(y, z, s) .

In particular for z=y, we have M(x, y, t + s) > M(x, y, t) * M(y, v, s).

M(x,y, t+s)>M(x,y, t) * 1= M(X, y, t), a contradiction, hence M(x, y, *) is non-
decreasing.

Again suppose N(X, y, ¢) is non-decreasing, therefore for t < s, we have N(x, y,s)
>N(x, y, t).

For all x, y,ze X, we have N(x, z, t + s) < N(x, y, t) 0 N(y, z, s) In particular for
z=y, we have N(x, y, t +5) < N(x, y, t) ¢ N(y, y, s)= N(x, y, t), a contradiction ,hence
N(x, y, ©) is non-increasing.

Alaca, Turkoglu, and Yildiz [2] introduced the following notions:

Definition 2.4. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space. Then
(a) a sequence {X,} in X is said to be Cauchy sequence if, for all t > 0 and p > 0,
limp oM (Xntp, Xn, t) = 1, limpoeN(Xntp, Xn, t) = 0:
(b) a sequence {X,} in X is said to be convergent to a point xe X if, for all t > 0,
limyM(Xp, X, t) = 1, limyN(Xy, X, t) = 0:
Since * and ¢ are continuous, the limit is uniquely determined from (v) and (xi) of
Definition 2.3, respectively.

Definition 2.5. An intuitionistic fuzzy metric space (X, M, N, *, 0) is said to be
complete if and only if every Cauchy sequence in X is convergent.

Turkoglu, Alaca and Yildiz [35] introduced the notions of compatible mappings in
intuitionistic fuzzy metric space, akin to the concept of compatible mappings
introduced by Jungck [17] in metric spaces.

Definition 2.6. A pair of self-mappings (f, g) of a intuitionistic fuzzy metric space (X,
M, N, *, Q) is said to be compatible if
lim, ., M(fgx,, gfx, t) = 1 and lim,_.N(fgx,, gfx,, t) = 0 for every t > 0,
whenever {x,} is a sequence in X such that
limy,0fX, = limygX, = z for some ze X.

Definition 2.7. A pair of self-mappings (f, g) of a intuitionistic fuzzy metric space (X,
M, N, *, 0) is said to be non-compatible if
lim, ., M(fgx,, gfx,, t) # 1 or non-existent,

limy . N(fgx,, gfX,, t) # 0 or non-existent for every t > 0, whenever {x,} is a

sequence in X such that
limy oo fX, = limy 002X, = z for some ze X.

In 1998, Jungck and Rhoades [18] introduced the concept of weakly compatible

maps as follows:

Definition 2.8. Two self maps f and g are said to be weakly compatible if they
commute at coincidence points.
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Example 2.2. Let X = R and define f, g : R — R by fx = x/3 and gx = x for all xe R.
Here 0 and 1/3 are two coincidence points for the maps f and g. Note that f and g
commute at 0, i.e., fg(0) = gf(0) = 0, but fg(1/3) = {(1/9) = 1/27 and gf(1/3) = g(1/9) =
1/81 and so f and g are not weakly compatible maps on R.

Remark 2.4. Weakly compatible maps need not be compatible.
Let X =[0,0). For each te (0,) and x,ye X, define (M, N) by

[x-y]

1
M(x, y, 1) = (GXP[TB forallx,ye Xandt >0

0 forallx,ye Xandt=0.

and

1
N(x. y. ) = [exp@ﬁﬂ}-l“exp{@ﬂ forallx,ye Xandt>0

1 forallx,ye Xandt=0

Clearly, (X, M, N, *, 0) be an intuitionistic fuzzy metric space with t-norm * and
t-conorm ¢ defined by a*b = min{a, b} and adb = max{a, b} for all a, be [0, 1],
respectively.

Define two self mappings f and g of intuitionistic fuzzy metric space (X, M, N, *,
Q) as follows:

fx =1 for all x in [0,1], fx = 1+x for all xe (1, o) and

1+x for all xe [0,1)
gx = , Let us consider a sequence {X,} by x, = —.
1 forall xe[1,00). 2n

Then pair (f, g) is not compatible but pair (f, g) is weakly compatible at x = 1.

Turkoglu et al. [34] first formulate the definition of weakly commuting and R-
weakly commuting mappings in intuitionistic fuzzy metric spaces and proved the
intuitionistic fuzzy version of Pant’s theorem [28].

Definition 2.9[34]. A pair of self-mappings (f, g) of a intuitionistic fuzzy metric space
(X, M, N, *, 0) is said to be
(1) weakly commuting if M(fgx, gfx, t) > M(fx, gx, t)
and N(fgx, gfx, t) < N(fx, gx, t) for all xe X and t > 0.
(i) R-weakly commuting if there exists some R > 0 such that
M(fgx, gfx, t) > M(fx, gx, t/R)
and N(fgx, gfx, t) < N(fx, gx, t/R) for all xe X and t > 0.

In 1997, Pathak, Cho and Kang [31] introduced the improved notions of R-weakly
commuting mappings in metric spaces and called them R-weakly commuting
mappings of type (Ag) and R-weakly commuting mappings of type (Ay). Further,
Imdad et al.[15] introduced the notion of R-weakly commuting mapping of type (P) in
fuzzy metric spaces. Now, we introduce the notions of R-weakly commuting mapping
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of type (Ag), R-weakly commuting mapping of type (Ar) and R-weakly commuting
mapping of type (P) in intuitionistic fuzzy metric spaces akin to the notions R-weakly
commuting mapping of type (Ag), R-weakly commuting mapping of type (Ay)
introduced by Pathak et al. in metric spaces and R-weakly commuting mapping of
type (P) in fuzzy metric spaces introduced by Imdad et al.[15] .We also provide
various examples to reflect upon the distinctiveness among R-weakly commuting
mapping of type (A,), R-weakly commuting mapping of type (Ar) and R-weakly
commuting mapping of type (P).
Now we introduce the following notions:

Definition 2.10. A pair of self-mappings (f, g) of a intuitionistic fuzzy metric space
(X, M, N, *, 0) is said to be
(1) R-weakly commuting mappings of type (A,) if there exists some R > 0 such
that
M(gfx, ftx, t) > M(fx, gx, t/R)
And N(gfx, ffx, t) < N(fx, gx, t/R) for all xe X and t > 0.
(i) R-weakly commuting mappings of type (Ay) if there exists some R > 0 such
that
M(fgx, ggx, t) = M(fx, gx, t/R)
And  N(fgx, ggx, t) < N(fx, gx, t/R) for all xe X and t> 0.
(ii1) R-weakly commuting mappings of type (P) if there exists some R > 0 such
that
M(ftx, ggx, t) > M(fx, gx, t/R)
And  N(ffx, ggx, t) < N(fx, gx, t/R) for all xe X and t> 0.
Now, we establish following example which illustrate the independency of R-
weakly commuting mappings of different kind:

Example 2.4. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space with X = [0,
1], t-norm * and t-conorm ¢ defined by a*b = min{a, b} and a0b = max{a, b}, a,
be [0, 1], respectively. Let (M, N) is the intuitionistic fuzzy set on X*x(0, o), defined

by
1
M(X, y, t) _ [eXp[|X;y|J] forall X,ye Xandt>0

0 forallx,ye Xandt=0.

-1
[x-y] |x-y]
and N(x, y, ) = [exp( : ]_IHGXP(TH forallx,ye Xandt>0

1 forallx,ye Xandt=0

Then it is well known that (X, M, N, *, 0) is a intuitionistic fuzzy metric space.
Define fx = 2x—1 and gx = x°. Then by a straightforward calculation, one can show
that
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-1

2|x-1
M(fgx, gfx, t) = | exp < = M(fx, gx, t/2)
— -1
2|x-1|2 2|x-1|2 )
N(fgx, gfx, t) = | exp Y -1|| exp T = N(fx, gx, t/2),which shows

that the pair (f, g) is R-weakly commuting for R = 2. Note that the pair (f, g) is not
weakly commuting due to a strict increasing property of the exponential function.

However, various kinds of above mentioned ‘R-weak commutativity’ notions are
independent of one another and none implies the other. To illustrate the independency
of ‘R-weak commutativity’ with ‘R-weak commutativity of type (Ag)’ one should
consider

*2x7+1 12
M(fex, ggx, t) = exp[wJ _ {exp(R(X 1)? (x+1)? D

t R

-1

R|X-1|2
<|exp R = M(fx, gx, t/R) when x > 1

1
2
x4-2xz+l‘

X4—2X2+1‘2
-1

N(fgx, ggx, t) = | exp .

[ exp[ RO (X+1)2]_1Hexp[R(x—l)2 (x+1)2ﬂ'1

exp

t R t R

— -1
R|x—1|2J £R|X-1|ZJ
> | exp Y -1|| exp —

= N(fx, gx, t/R) when x > 1,which shows that ‘R-weak commutativity’ does not
imply ‘R-weak commutativity of type (Ar)’.

Secondly, in order to demonstrate the independence of ‘R-weak commutativity’
with ‘R-weak commutativity of type (P)’ we notice that

-1 »
X4— 4X + 3 _ 2 2
M(ffx, ggx, t) = | exp [Q] _ [QXI{R(Xt 1)” (x*+2x + 3)}}

R

-1
Ri|x-1
<|exp [|Xf] =M (fx, gx, t/R) for x > 1.

|2

and
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x*-4x+3 x*-4x+3 )
x'-4x+3 x'-4x+3

N(ffx, ggx, t) = | exp -1|| exp

t R R

— -1
R|x—1|2J LR|X-1|ZJ
> | exp Y -1|| exp —

= N(fx, gx, t/R) for x > 1,which shows that ‘R-weak commutativity’ does not
imply ‘R-weak commutativity of type (P)’.
Finally, for a change the pair (f, g) is R-weakly commuting of type (A,) as

[‘(2x-1)2—4x+3q : [4|X_1|2J B
M(gfx, ffx, t) = | exp . = | exp T

| exp RO (x2 +2x + 3)}_1}{‘3@[1{@;1)2 (x242x + 3)}]1

= M(fx, gx, t/4)

(@x-1)2-4x+3) (@x-1)2-4x+3) ’
. -1 exp .

- -1
4)x-1 4)x-1
= | exp - -1|| exp -

= N(fx, gx, t/4) ,which shows that (f, g) is R-weakly commuting of type (A,) for R
= 4. This situation may also be utilized to interpret that an R-weakly commuting pair
of type (A,) need not be R-weakly commuting pair of type (Ar) or type (P). We can
easily find examples to establish the independence of one of these definitions from the
others which shows that there exist situations to suit a definition but not the others.

N(gfx, ffx, t) = | exp

3. Main Results
Lemma 3.1[1]. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and for all
X, ye X, t>0 and if for a number ke (0, 1),

(3.1) M(x, y, kt) > M(x, y, t) and N(x, y, kt) <N(x, y, t) then x =y.

Proof. Suppose that there exists a number ke (0,1) such that

M(x, y, kt) > M(x, y, t) and N(x, y, kt) < N(x, y, t) for all x, ye X and t > 0.

Then M(x, y, t) > M(x, y, t/k) > M(x, y, t/k°) ... > M(x, y, t/k")

and N(x, y, t) < N(x, y, t/k) < N(x, v, t/kz) ... <N(x, y, t/k"), for some positive
integer n.

Proceeding lim as n—o0, we have x =y.



Common Fixed Points for Weakly Compatible 17

Lemma 3.2 [1]. Let (X, M, N, *, 0) be an intuitionistic fuzzy metric space and {y,}
be a sequence in X. If there exists a number ke (0, 1) such that

(32) M(Yn+2, Yn+1, kt) > M(yn-H, Yn, t), N(Yn+23 Yn+1, kt) < N(Yn+la Yn, t) fOI' all t> 0
andn=1, 2, ..., then {y,} is a Cauchy sequence in X.

Alace et al [3] proved the following theorem:

Theorem 3.1. Let A, B, S and T be self maps of a complete intuitionistic fuzzy metric
spaces (X, M, N, *, 0) with continuous t-norm * and continuous t-conorm ¢ defined
by a*a > a and (1-a) ¢ (1-a) < (1-a) for all ae [0, 1] satisfying the following
conditions:
(3.3) AX)cT(X), B(X)cS(X)
(3.4) SandT are continuous
(3.5) the pairs {A, S} and {B, T} are compatible maps
(3.6) forall x,ye X, t>0 and ke (0,1) such that
M(Ax, By, kt) > M(Sx, Ty, t) * M(Ax, Sx, t) * M(By, Ty, t)
* M(By, Sx, 2t) * M(Ax, Ty, t)
N(Ax, By, kt) < N(Sx, Ty, t) 0 N(Ax, Sx, t) 0 N(By, Ty, t)
0 N(By, Sx, 2t) 0 N(Ax, Ty, t).
Then A, B, S and T have a unique common fixed point in X.
Now we prove our main result which generalizes the above theorem.

Theorem 3.2. Let A, B, S and T be self maps of a complete intuitionistic fuzzy metric
spaces (X, M, N, *, ) with continuous t-norm * and continuous t-conorm ¢ defined
by a*a>a and (1-a) ¢ (1-a) < (1-a) for all a€ [0, 1] satisfying (3.3), (3.6), then

(1) A and S have a point of coincidence

(i1) B and T have a point of coincidence.

Moreover, if the pairs {A, S} and {B, T} are weakly compatible maps, then A, B,
S and T have a unique common fixed point in X.

Proof. By (3.3), since A(X) c T(X), for any x¢e X, there exists a point x;€ X such that
Axg = Tx;. Since B(X) c S(X), for this point x;, we can choose a point x,€ X such that
Bx; = Sx,. Inductively, we can find a sequence {y,} in X as follows:

Yont1 = AXon = TXop+1 and youe2 = BXone1 = SXon2 forn=0, 1, 2,... .

By Theorem 17 of Alaca et al. [3], we have {y,} is Cauchy sequence in X. Since
(X, M, N, *, 0) is a complete intuitionistic fuzzy metric spaces, therefore, there exists
a point z in X such that lim,—oy, = z. So limy—AXy, = limy o TXone1 = z and
limyeoBXon+1 = liMpooeSXonts = 2z, 1.€., IMy_0AXon = 1My TXont1 = liMy0oBXont1 =
lim;,.SXon+2 = z. Since B(X) < S(X), there exists a point ue X such that z = Su.

Now using (v) and (xi) of Definition of 2.3 and inequality (3.6), one obtain

M(Au, z, (k+1)t) > M(Au, Bxa,.1, kt) * M(Bxp.1, 7, t)
> M(Su, Tx2n.1, t) * M(Au, Su, t) * M(Bx2n.1, TX2n.1, 1)
* M(Bin_l, Su, 2t) * M(Au, TX2n_1, t) * M(Bin_l, z, t)
and
N(Au, z, (k+1)t) < N(Au, Bxy,.1, kt) O N(Bxzp.1, 7, t)
< N(Su, Tx2p.1, t) ¢ N(Au, Su, t) ¢ N(Bxan.1, TXon.1, t)
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0 N(Bin_l, Su, 2t) 0 N(Au, Tin_l, t) 0 N(Bin_l, z, t)

Taking limit as n—oo, we get Au =z = Su.

Since A(X)c T(X), there exists a point ve X such that z = Tv. Then again using
(3.6), we have

M(z, Bv, kt) = M(Au, Byv, kt)
> M(Su, Tv, t) * M(Au, Su, t) * M(Bv, Tv, t)
* M(Bv, Su, 2t) * M(Au, Tv, t)
and N(z, Bv, k)t) = N(Au, By, kt)
< N(Su, Tv, t) 0 N(Au, Su, t) 0 N(Bv, Tv, t)
O N(Bv, Su, 2t) 0 N(Au, Tv, t)

Therefore, we obtain z = Bv = Tv. Thus Au = Su = Bv = Tv = z, this implies that
both pairs have a point of coincidence.

Since pair of maps A and S are weakly compatible, therefore, ASu = SAu, i.e., Az
= Sz. Now we prove that z is a common fixed point of A and S. Then again from
(3.6), we have

M(Az, z, kt) = M(Az, By, kt)
> M(Sz, Tv, t) * M(Az, Sz, t) * M(Bv, Tv, t)
* M(Bv, Sz, 2t) * M(Az, Tv, t)
=M(Sz,z,t) * 1 * 1 * M(z, Sz, 2t) * M(Az, z, 1)
and N(Az, z, kt) = N(Az, Bv, kt)
<N(Sz, Tv, t) 0 N(Az, Sz, t) 0 N(Bv, Tv, t)
0 N(Bv, Sz, 2t) ¢ N(Az, Tv, t), which implies Az = z.
Hence Az=Sz=7z.
Similarly, pair of maps B and T are weakly compatible, we have Bz = Tz = z,
since
M(z, Bz, kt) =M(Az, Bz, kt) > M(Sz, Tz, t) * M(Az, Sz, t) * M(Bz, Tz, t)
* M(Bz, Sz, 2t) * M(Az, Tz, t)
and  N(z, Bz, kt) = N(Az, Bz, kt) <N(Sz, Tz, t) 0 N(Az, Sz, t) 0 N(Bz, Tz, t)
0 N(Bz, Sz, 2t) 0 N(Az, Tz, t), which implies Bz = z.
Thus Az =Bz =Sz =Tz = z. Hence z is a common fixed point of A, B, S and T.

Theorem 3.3. Theorem 3.2 remains true if a weakly compatible mappings property is
replaced by any one (retaining the rest of the hypotheses) of the following:

(1) R-weakly commuting property,

(i1) R-weakly commuting of type (Ar) property,

(ii1) R-weakly commuting of type (A,) property,

(iv) R-weakly commuting of type (P) property,

(v) weakly commuting property.

Proof: Since all the conditions of Theorem 3.2 are satisfied, then the existence of
coincidence points for both the pairs is insured. Let x be an arbitrary point of
coincidence for the pair (A, S), then using R-weak commutativity one gets

M(ASx, SAx, t) > M(Ax, Sx, t/R) =1

N(ASx, SAx, t) < N(Ax, Sx, t/R) = 0,which amounts to say that ASx = SAx. Thus
the pair (A, S) is weakly compatible. Similarly (B, T) commutes at all of its
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coincidence points. Now applying Theorem 3.2, one concludes that A,B, S and T have
a unique common fixed point.
In case (A, S) is an R-weakly commuting of type (Ar ) pair, one obtain
M(ASx, S, t) > M(AXx, Sx, t/R) = 1
N(ASX, S%x, t) < N(AX, Sx, /R) = 0,which amounts to say that ASx = S’x. Now

M(ASX, SAX, t) > M(ASx, S’x, %) * M(S*x, SAX, %)
=1*1=1
N(ASx, SAX, t) < N(ASx, S’x, %) O N(S%x, SAX, %)

=0 ¢ 0 =0,yielding thereby ASx = SAx. Similarly, if pair is R-weakly commuting
mappings of type (A,) or type (P) or weakly commuting, then (A, S) also commutes at
their points of coincidence. Similarly, one can show that the pair (B, T) is also weakly
compatible. Now in view of Theorem 3.2, in all four cases A, B, S and T have a
unique common fixed point. Hence completes the proof.

As an application of Theorem 3.2, we prove a common fixed point theorem for
four finite families of mappings which runs as follows:

Theorem 3.4. Let {A1, Az, ..., Am}, {B1,Bo, ..., Ba}, {S1,S2, ..., Sp} and {Ty, Ty,

., Tq} be four finite families of self-mappings of complete intuitionistic fuzzy
metric spaces (X, M, N, *, 0) with continuous t-norm * and continuous t-conorm ¢
defined by a*a > a and (1-a) ¢ (1-a) < (1-a) for all ae [0, 1] such that A = AjA, . ..
An,B=BB,...B,, S=8i1S;...S,and T =TT, ... Ty satisfying the conditions
(3.3) and (3.6), then

(1) A and S have a point of coincidence,

(i1) B and T have a point of coincidence.

Moreover, if AjA; = AjA;, BB = BBy, S;:Ss = S,S,, TiTu = T\ Ty, A;iS; = S;A; and
BiTi=TBy foralli, jel;={1,2,...,m},k, lel,={1,2,...,n},r,sel3={1,2,..
., prandt,uely = {1, 2,...,q}, then (for all ie I;, ke I, re I3 and te I4) A;, S;, Bk
and T have a common fixed point.

Proof: The conclusions (i) and (ii) are immediate as A, B, S and T satisfies all the
conditions of Theorem 3.2. Now appealing to component wise commutativity of
various pairs, one can immediately prove that AS = SA and BT = TB and hence,
obviously both pairs (A, S) and (B, T) are weakly compatible. Note that all the
conditions of Theorem 3.2 are satisfied ensuring the existence of a unique common
fixed point say z. Now one need to show that z remains the fixed point of all the
component maps. For this consider
A(AiZ) = ((A1A2 NN Am)Ai)Z = (A1A2 NN Am_l)((AmAi)Z)
=(A1... An1D)AARZ) = (A1 .. . An2)(An-1Ai(Anz))
=(A1... An2)(AiAm-1(Anz)) =. ..
= A]Ai(A2A3A4 AmZ) = AiAl(A2A3 AmZ)
= Ai(AZ) = Ajz.
Similarly, one can show that
A(S:z) = Si(Az) = Siz, S(S:z) = S{(Sz) = S,z,
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S(AiZ) = Ai(SZ) = AiZ, B(BkZ) = Bk(BZ) = BkZ,
B(TtZ) = Tt(BZ) = TtZ, T(TtZ) = Tt(TZ) = TtZ
and T(BkZ) = Bk(TZ) = Byz,
which show that (for all 1, r, k and t) Ajz and S,z are other fixed points of the pair
(A,S) whereas Byz and Tz are other fixed points of the pair (B, T). Now appealing to
the uniqueness of common fixed points of both pairs separately, we get
z = Aiz = S;z = Bxz = Tyz,which shows that z is a common fixed point of A;, S;, B
and T; for all i, r, k and t.
Bysetting A=A =A,=...=A,,B=B;=B,=...=B,,S=85=5,=...=§,
and T=T, =T, =...=T, one deduces the following f or certain iterates of maps,
which runs as follows:

Corollary 3.1. Let A, B, S and T be four self-mappings of complete intuitionistic
fuzzy metric spaces (X, M, N, * 0) with continuous t-norm * and continuous t-
conorm ¢ defined by a*a > a and (1-a) ¢ (1-a) < (1-a) for all ae [0, 1] such that A,
B, Sp and T, satisfy the conditions (3.3) and (3.6). If one of A(X), Bu(X), Sy(X) or
T¢(X) is a complete subspace of X, then A, B, S and T have a unique common fixed
point provided (A, S) and (B, T) commute.

Example 3.1. Let X = {l :n=1,2,...}U {0} with the usual metric and, for all t > 0
n

and x, ye X, define (M, N) by
t

) t> 09
M(x, y, t) = t+‘x—y‘
0 t=0
and
‘X-y‘ t > O
N(x, y, t)= t+‘X—y ’ ’
1 t=0

Clearly, (X, M, N, *, 0) is a complete intuitionistic fuzzy metric space, where *
and ¢ are defined by a * b=min{a, b} and a 0 b =max{a, b} respectively. Let A, B, S

X Bx = E, TX:% for all xe X.

andTbedeﬁnebyszE,SXZE, 6

4
Then we have

1 1
AX) = {g-n=1.2,3 U0} <

—:n=1,2,..2U{0} =S(X)
2n
1

B(X)Z{%:nZI,Z,...} U {0} c E:n=1,2,...}U{O}=T(X)

Also, the condition (3.3) of Theorem 3.2 is satisfied. Further, the pairs (A, S) and
(B, T) are weakly compatible maps at x = 0, which is the coincidence points of the
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maps A, B, S and T. Thus all the conditions of Theorem 3.2 are satisfied and also 0 is
the unique common fixed point of A, B, S and T.

Refer ences

[1]

2]
[3]

[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

C. Alaca, I. Altun and D. Turkoglu: On compatible mappings of type (I) and
type (II) in intuitionistic fuzzy metric spaces, Commun. Korean Math. Soc.,
23(2008), No. 3, 427-446.

C. Alaca, D. Turkoglu and C. Yildiz: Fixed points in intuitionistic fuzzy
metric spaces, Smallerit Chaos, Solitons & Fractals, 29(5)(2006), 1073—-1078.
C. Alaca, D. Turkoglu and C. Yildiz: Common Fixed Points of Compatible
Maps in Intuitionistic Fuzzy Metric Spaces, Southeast Asian Bulletin of
Mathematics, 32(2008), 21-33.

K. Atanassov: Intuitionistic fuzzy sets, Fuzzy Sets and System, 20(1986), 87-
96.

S. Banach: Theorie les operations lineaires, Manograie Mathematyezne
Warsaw Poland, 1932.

D. Coker: An introduction to intuitionistic fuzzy topological spaces, Fuzzy
Sets and System, 88(1997), 81-89.

Z. K. Deng: Fuzzy pseudo-metric spaces, J. Math. Anal. Appl., 86(1982), 74—
9s.

M. Edelstein: On fixed and periodic points under contractive mappings, J.
London Math. Soc., 37(1962), 74-79.

M.A. Erceg: Metric spaces in fuzzy set theory, J. Math. Anal. Appl., 69(1979),
338-353.

J. X. Fang, On fixed point theorems in fuzzy metric spaces, Fuzzy Sets and
Systems, 46(1992), 107-113.

A. George and P. Veeramani: On some results in fuzzy metric spaces, Fuzzy
Sets and Systems, 64(1994), 395-399.

A. George and P. Veeramani: On some results of analysis for fuzzy metric
spaces, Fuzzy Sets and Systems, 90(1997), 365-368.

M. Grabiec: Fixed points in fuzzy metric spaces, Fuzzy Sets and Systems,
27(1988), 385-389.

V. Gregori, S. Romaguera and P. Veeramani: A note on intuitionistic fuzzy
metric spaces, Chaos, Solitons & Fractals, 28(2006), 902—905.

M.I. Javid Ali: Jungck’s common fixed point theorem and E.A property, Acta
Mathematica Snica, 24(1)(2008), 87-94.

G. Jungck: Commuting mappings and fixed points, Amer. Math. Monthly,
83(1976), 261-263.

G. Jungck: Compatible mappings and common fixed points, Internat. J. Math.
Math. Sci., 9(1986), 771-779.

G. Jungck and B.E. Rhoades: Fixed point for set valued functions without
continuity, Indian J. Pure and Appl. Math., 29(3)(1998), 227-238.



22

[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]
[30]

[31]

[32]
[33]

[34]

[35]

[36]

[37]

Sanjay Kumar and Ramesh Kumar Vats

O. Kaleva and S. Seikkala: On fuzzy metric spaces, Fuzzy Sets and Systems,
12(1984), 225-229.

E.P. Klement, R. Mesiar and E. Pap: A characterization of the ordering of
continuous t-norms, Fuzzy Sets and Systems, 86(1997), 189-195.

E.P. Klement, R. Mesiar and E. Pap: Triangular Norms, Kluwer Academic
Pub. Trendsin Logic 8, Dordrecht 2000.

O. Kramosil and J. Michalek: Fuzzy metric and statistical metric spaces,
Kybernetica, 11(1975), 326-334.

S. Kumar: Common fixed points theorems for expansion mappings in various
spaces, Acta Math. Hungerica, 118(1-2)(2008), 9-28.

R. Lowen: Fuzzy Set Theory, Kluwer Academic Pub., Dordrecht 1996.

S.N. Mishra, N. Sharma and S.L. Singh: Common fixed points of maps on
fuzzy metric spaces, Internat. J. Math. Math. Sci., 17(1994), 253-258.

K. Menger: Statistical metrices, Proc. Nat. Acad. ci., (USA), 28(1942).

D. Mihet: On fuzzy contractive mappings in fuzzy metric spaces, Fuzzy Sets
and Systems, 158(2007), 915-921.

R.P. Pant: Common fixed points of noncommuting mappings, J. Math. Anal.
Appl., 188(1994), 436-440.

J.H. Park: Intuitionistic fuzzy metric spaces, Chaos, Solitons & Fractals,
22(2004), 1039-1046.

J.S. Park, Y.C. Kwun, and J.H. Park: A fixed point theorem in the
intuitionistic fuzzy metric spaces, Far East J. Math. Sci., 16(2005), 137-149.
H.K. Pathak, Y.J. Cho, S.M. Kang: Remarks on R-Weakly commuting
mappings and common fixed point theorems, Bull. Korean Math. Soc.,
34(2)(1997), 247-257.

R. Saadati and J.H. Park: On the intuitionistic fuzzy topological spaces,
Chaos, Solitons & Fractals, 27(2006), 331-344.

B. Schweizer and A. Sklar: Statistical metric spaces, Pacific J. Math.,
10(1960), 314-334.

D. Turkoglu, C. Alaca, Y. J. Cho and C. Yildiz: Common fixed point theorems
in intuitionistic fuzzy metric spaces, J. Appl. Math. & Computing, 22(2006),
411-424.

D. Turkoglu, C. Alaca and C. Yildiz: Compatible maps and compatible maps
of types(a) and (B) in intuitionistic fuzzy metric spaces, Demonstration Math.,
39(2006), 671-684.

D. Turkoglu, I. Altun and Y. J. Cho: Common fixed points of compatible
mappings of type (I) and (II) in fuzzy metric spaces, J. Fuzzy Math., 15(2007),
435-448.

L. A. Zadeh: Fuzzy sets, Inform. and Control, 8(1965), 338-353.



