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Abstract

The purpose of this paper is to introduce the notion of product of two
intuitionistic fuzzy sets in BCK-algebras and we provide some results on it.
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1. Introduction

Iseki and Tanaka [4] introduced BCK-algebras. Atanassov [2] introduced
intuitionistic fuzzy sets. Satyanarayana, Kondala Rao and Krishna [3] studied BCK-
algebras and investigated some relations. Akram and Dar [1] introduced the Cartesian
product two fuzzy sets. In this paper we introduce the Cartesian product of two
Intuitionistic fuzzy BCK-algebras and investigated some results.

2. Preliminaries
Definition: 2.1. Algebra ( X, *, 0)of type (2, 0) is called a BCK — algebra, if for all

x,y€ X, the following axioms hold:

(1) (x*y)*(x*z)<(z*Yy)

@) x*(x*y)<y

B)x<x

Dx<y,ysx=>x=y

(5)0<x

Where x <y is defined by x * y=0.
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Definition: 2.2: A subset I of a BCK-algebra ( X, *, 0) is called an ideal of X, if for
any X,y€ X

(i) Oe 1

(i) x*y and ye | > xe I.

Definition: 2.3: An ideal I of a BCK-algebra (X,*, 0) is called closed, if 0*x e I,
forall xe I.

Proposition: 2.4: If y is in ideal of I and x <y thenx € I.

Proof: Let y is in ideal of [and x <y
=>yeland x*y=0€el
=> xe [.

Definition: 2.5: Let X be a non empty set. A fuzzy sub set p of the set X is a mapping
p: X — [0, 1]. The complement of a fuzzy set p of a set X is

denoted by p(x)=1—p(x), forall xe X .

Definition: 2.6.: Let p and A be the fuzzy sets of X. Fors, t € [0, 1], the set U(u,s) = {
X € X/ u(x) > s} is called upper level of p and the set L(A, t) = { x€ X / Mx) <t} is
called Lower level of A.

Definition: 2.7.: An intuitionistic fuzzy set A in a non-empty set X is an object
having the form A ={(x,u,(X),A,(x))/xe X}, where the function

n,: X—[0,1]Jand A, : X —[0,1] denoted the degree of membership
(namely lL, (X)) and the degree of non membership (namely A, (X)) of each element
x € X to the set A respectively and 0 < £, (X) + A, (X) <1 for all

x € X. For the sake of simplicity, we use the symbol form A =(X,pu,,A,) or

A=(un,,A,).

Definition: 2.8.: Let A=(u,,A,) and B=(p,,A,) be intuitionistic fuzzy sets in
X. Then

(i) TIA = {(x, 11, (), 1, (X))/x € X}

(i) 0 A = {(x, A2 (X),A, (X))/x € X}.

Definition: 2.9.: An intuitionistic fuzzy set A=(X,u,,A,) in X is called an
intuitionistic fuzzy ideal of X, if it satisfies the following axioms:
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(IFD) p, (0) 2w, (x) and 2, (0) <2, (x)

(IF2) p, (x) 2min{p, (X *y), 1, (¥)}
(IF3) A, (x) <max{A, (x *y),A, ()}, forall x,y€ X.

Definition: 2.10.: An intuitionistic fuzzy set A =(X,l,,A,) in BCK-algebra X is

called an intuitionistic fuzzy closed ideal of X, if it satisfies (IF2), (IF3) and the
following:

(IF4H p, (0xx)=2p, (x)and A, (0*x) <A, (x) forall xe X.

Definition: 2.11.: Let pand Abe the fuzzy sets in a set X. The Cartesian product
AXU: XXX —>[0,1]is  defined by  (AXp)(X,y)=min{A(x),(x)},
forallx, ye X.

Definition: 2.12.: Let A=(X,pn,,A,)and B=(X,p,,A,)are two IFS of X. The
Cartesian  product AXB=(XXX,p, Xz, A, XA,) is defined by

(1, Xpp)(X, y)=min{p, (X),p,(x)}and
(A, XXX, y)=max{A, (x),A,(x)}, where p, Xp,: XXX —[0,1] and
A, XA, : XXX —[0,1], Vx,ye X.

3. Main Results
Proposition: 3.1.: Let A =(X,u,,A,)and B=(X,u,,A,) are IF ideals of X
then AXB is IF-ideal of X xX.

Proof: For any (X,y)€e XX X, we have

(1, Xp)(0,0) =min{p, (0),1,(0)}
> min{p, (x),1,(y)}, forallx,ye X,

= (f, X Uy )(X,Y).
And

(4, X 4,)(0,0)= max {4, (0), 4, (0)}
< max{4, (x),4,(y)},forallx,ye X,
= (A XA)(X,Y).

Let (X,,y,)and (x,,y,)€e XX X. Then
(Ry X)X,y ) =mindp, (X)), 1y (7))
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= min{min{p, (X, *X,), 1, (x,)}, min{p, (y, *y,), 4 (¥,)}}
= min{min{p, (X, *x,), 1, (y, *y,)}, min{p, (x,),u,(y,)}}
min{(p, X 4,)(X, *X,,y, *¥,), (Hy X 4)(X,,¥,)}
min{(p, X &)X, ¥,) *(X,,¥,)), (W, XM )(X,,Y,)}

and

(A, X A)(X,,y,) =max {4, (x,), 4, (y,)}
< max{max {4, (x, ¥x,),4, (x,)},max{4,(y, ¥y,), 4,(¥,)}}
< max{max{4, (x, *x,),4,(y, ¥y,)}, max{4, (x,),4,(y,)} }
max{(4, X )X, ¥X,,y, #y,), (4, X )(X,,¥,)}

= max{(A, XA,)((X,,¥,)*(X,,¥,)), (A, XA )X,,¥,)}-
Hence A X B is IF-ideals of X X X.

Proposition: 3.2.: Let A =(X,u,,A, )and B=(X,u,,A,) are IF closed ideals of
X then AXB is IF closed ideal of X X X.

Proof: Since

(1, Xpp)(0,0) * (X, ¥))= (U, Xp)(0%X,0%y)
min{p, (0*x), 1, (0*y)}
> min{p, (x), 1ty (¥)}
= (B, X)X, y).

Similarly we can prove(4, X A,)((0,0)*(x,y))< (4, XA, )(X,y). Hence
A XB isIF closed ideal of XX X.

Lemma: 3.3.: If A=(X,n,,A, )and B=(X,pn,,A,) are IF ideals of X then so is
T(AXB) = (X, 1, Xk, My X[y

Proof: Since
(B, Xpg)(X, y)=min{p, (X), 1, (¥)}

= 1-(p, X)X, y)=min{l-p, (x), I-p,(y)}
=>1- mll’l{l - LLA(X)71 _QB(Y)}Z ( }lAXllB)(Xa Y)
=> (LLAX]:lB)(X, }’): max{llA(X):l:lB(y)}'
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Hence TI(AXB) = (X, [, X[, 1, XL, )is an IF ideal of X X X.

Lemma: 3.4.: If A=(X,n,,A, )and B=(X,pu,,A,) are IF ideals of X then so is

O(AXB) = (XXX, AaxXAs, L, XA4,).

Proof: Consider

= 1-(AaxAs)(X, y)=max{l- A, (x), 1—- As(y)}
= 1-max{1-As(x),1= A5 ()} =(AaxXAs )(X, y)
=> (AaxXAs)(X, y)=min{da(x),As(y)}.

Thus O(AXB)= (XXX, AaxAs, A, XA,) is IF ideal of BCK-algebra
XxX.

By the above two lemmas, it is not difficult to verify that the following theorem is
valid.

Theorem: 35.: If A=(X,u,,A,)and B=(X,pn,,A,) are IF ideals of X if and

only if TI(AxB)=(X, 1, Xl , 1, XM, )and O(AXB) = (XXX, AaXAds, A, XA,)
are IF ideals of X X X.

Lemma: 36.: If A=(X,u,,A,)and B=(X,pu,,A,) are IF closed ideals of X
then so is TI(AXB) = (X, 1, Xy, 1, X1y ).

Proof: Let A =(X,u,,4,)and B=(X,p,, A,)are IF closed ideals of X implies
A=X,pn,,4,)and B=(X, u,, A,)are IF ideals of X implies AXBis IF ideal

of X.
Since  (u, Xpy)((0,0)*(x,y)) 2 (1, XHy)(X, Y)

= L= (X )((0,0) % (%, 7)) 2 1= (1, X g )(X, Y)
= (X 2)((0,0) % (%, ) < (1, X 4,)(X, )
Hence TI(AXB) = (X, [, X4, 1, X1, ) is an IF closed ideal of X X X.
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Lemma: 3.7 If A=(X,u,,A,)and B=(X,pu,,A,) are IF closed ideals of X

then so is O(AXB) = (XXX, AaX s, L, XA4,).
Proof: The proof is similar to the proof of above lemma.

By the above two lemmas, it is not difficult to verify that the following theorem is
valid.

Theorem: 3.8.: If A =(X,u,,A, )and B=(X,u,,A,) are IF closed ideals of X if

and only if II(AXB)=(X,p, Xu,, }:LAX}:LB)and O(AXB) = (XXX, AaX An, A, X A,)
are IF closed ideals of X X X.

4. Upper and Lower Level Cuts
Definition: 4.1.: Let A=(X,p,,A,)is an intuitionistic fuzzy BCK-sub algebra.

For s,te[0,1], the set U(p,,s)={xe X/pn,(x)=s}is called upper level
offt, (x) and L(A,,t)={xe X/ A, (X) <t} is called lower level of 4, (X).

Definition: 4.2.: Let A =(X,pu,,A,)and B=(X,p,,A,) are IF sub sets of X.
For s,te[0,1], the set U(p, Xp,38)={(X,y)€ XXX/ (1, X1 )(X,y)=s}is
called upper level of (L, Xpy )X, Y) and
LA, XA ) ={(X,y)e XXX/ (A, XA )(X,y) <t} is called lower level of

(A XXX, Y).

Theorem: 4.3: An intuitionistic fuzzy sets A =(X,pu,,A,)and B=(X,u,,A,)
are intuitionistic fuzzy closed ideals of X if and only if the non-empty upper s-level
cut U(n, Xp,; S) and the non-empty lower t-level cut L(A, XA,; t) are closed
ideals of XX X foranys,te[0,1].

Proof: Let A=(X,u,,A,)and B=(X,pn,,A,) are intuitionistic fuzzy closed
ideals of X, therefore for any (X, y)e XX X,
(1, X pp)((0,0) (X, ¥)) 2 (1, XK )X, Y)
and (A, XA;)((0,0) * (x,y)) < (A, XA, )(X, ).
For, s€ [0, 1], if (. X 4,)(X, ¥) 28 => (1, X pp)((0,0) * (x,y)) 2
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= (0,0)*(x,y)e U(p, Xp,; s). Let (X,y),(x',y')e XXX such that
X, y)*(x',y)e U, Xpy38)  and (X', y)e U(p, Xp,;s).  Now
(X pp)(x, y) 2 min{(p, X pg )((X, y) * (x5 y"), (1, X pg )X, ¥

>min{s, s} =S

=> (x,y)e U(n, Xp,); s). Thus U, Xp,; s) is closed ideal of XXX |

Similar to above L(4, X A,; t)is closed ideal of XX X .

Converse: let (X,y)e XXX  such that (p,Xp,)X,y)=s and
(A, XA,)(X, y)=t implies (x,y)e U(n, Xp,; s)and (X,y)e L(A, XA,; t).
Since (0,0) *(x, y)e U(u, Xp,; s)and (0,0) * (x, y)€ L(A, XAy t) (by

definition of closed ideal)

= (o Xpp)((0,0)* (x, y)) Zsand (A, XA, )((0,0) * (x, y)) <t

= (X u)((0,0) * (X, ¥)) 2 (1, X, )(X, y) and
(A, X2,)((0,0) (%, y) < (4, X 4,)(X, y)

Claim:
(1) (py X pp)X, y)Z2min{(p, Xp) (X, ¥) # (X, ¥,)), (M4 X )(X,5 Y,
(2) (A XA )X, y) Smax{(h, XA )(X, ¥)* (X, ¥,)), by XAy (X, ¥,)} -

If  possible, we assume  that(a,b),(c,d)e XXX such that
(1 X1 )@, b) Smin{(, X1 )(@b)* (@), w, xpp(e.d)).  Lat

S :%[(HA Xpg)(a,b) +min{(n, Xug)((a,b)*(c,d)), (n, Xpg)(c,d)}]

— s <min{(, Xp, (@, b) * (e, d)), (1, X1, (e, )}

> (X 1,)((@,b)* (e, d)) > s and (, Xp1, )(c,d) 2 s

=>(a,b)*(c,d)e U(n, Xpn,; s)and(c,d)e U(n, Xpu,; s), but
(a,b)e U(n, Xu,; s), which is contradiction to closed ideal. Hence the claim (1).
Similarly we can prove claim (2). This completes the proof of the theorem.
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