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Abstract 

 
The purpose of this paper is to introduce the notion of product of two 
intuitionistic fuzzy sets in BCK-algebras and we provide some results on it. 
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1. Introduction 
Iseki and Tanaka [4] introduced BCK-algebras. Atanassov [2] introduced 
intuitionistic fuzzy sets. Satyanarayana, Kondala Rao and Krishna [3] studied BCK-
algebras and investigated some relations. Akram and Dar [1] introduced the Cartesian 
product two fuzzy sets. In this paper we introduce the Cartesian product of two 
Intuitionistic fuzzy BCK-algebras and investigated some results. 

 
2. Preliminaries 
Definition: 2.1. Algebra 0), X, ( ∗ of type (2, 0) is called a BCK – algebra, if for all 

Xyx, ∈ , the following axioms hold: 
 
(1) y)(zz)(xy)(x ∗≤∗∗∗  
(2) yy)(xx ≤∗∗  
(3) x ≤ x 
(4) x ≤ y, y ≤ x => x = y 
(5) 0 ≤ x 
Where x ≤ y is defined by 0yx =∗ . 
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Definition: 2.2: A subset I of a BCK-algebra 0),X,( ∗  is called an ideal of X, if for 
any Xyx, ∈  

(i) I0∈  
(ii) yx ∗  and IxIy ∈⇒∈ . 
 

Definition: 2.3: An ideal I of a BCK-algebra 0),X,( ∗  is called closed, if Ix0 ∈∗ , 
for all Ix ∈ . 
 
Proposition: 2.4: If y is in ideal of I and x ≤ y then Ix ∈ . 
 
Proof: Let y is in ideal of I and x ≤ y 

=> Iy∈  and I  0 yx ∈=∗  
=> Ix ∈ . 
 

Definition: 2.5: Let X be a non empty set. A fuzzy sub set μ of the set X is a mapping 
µ: X → [0, 1]. The complement of a fuzzy set µ of a set X is 

denoted by μ(x)1(x)μ
_

−= , for all Xx ∈ . 
 
Definition: 2.6.: Let µ and λ be the fuzzy sets of X. For s, t ε [0, 1], the set U(µ,s) = { 

Xx ∈ / μ(x) ≥ s} is called upper level of μ and the set L(λ, t) = { Xx ∈  / λ(x) ≤ t} is 
called Lower level of λ. 
 
Definition: 2.7.: An intuitionistic fuzzy set A in a non-empty set X is an object 
having the form X}(x))/xλ(x),μ{(x,A AA ∈= , where the function 

[0,1]X:λ and [0,1]X:μ AA →→  denoted the degree of membership 
(namely (x)μA ) and the degree of non membership (namely (x))λA of each element 

Xx ∈  to the set A respectively and 0 ≤ 1  (x)λ (x) AA ≤+μ  for all 
Xx ∈ . For the sake of simplicity, we use the symbol form )λ,μ(X,A AA=  or 

)λ,(μA AA= . 
 

Definition: 2.8.: Let )λ,(μA AA=  and )λ,(μB BB=  be intuitionistic fuzzy sets in 
X. Then 

(i) X}(x))/xμ(x),μ{(x,A A

_

A ∈=Π  

(ii) ◊ X}(x))/xλ(x),{(x,A AA

_

∈= λ . 
 

Definition: 2.9.: An intuitionistic fuzzy set )λ,μ(X,A AA=  in X is called an 
intuitionistic fuzzy ideal of X, if it satisfies the following axioms: 
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(IF1) (x)λ(0)λ  and (x)μ(0)μ AAAA ≤≥  
(IF2) (y)}μ y),(xmin{μ(x)μ AAA ∗≥  
(IF3) (y)}λ y),(xmax{(x)λ AAA ∗≤ λ , for all Xyx, ∈ . 
 

Definition: 2.10.: An intuitionistic fuzzy set )λ,μ(X,A AA=  in BCK-algebra X is 
called an intuitionistic fuzzy closed ideal of X, if it satisfies (IF2), (IF3) and the 
following: 

(IF4) (x)λx)(0λ and (x)μx)(0μ AAAA ≤∗≥∗  for all Xx ∈ . 
 

Definition: 2.11.: Let λ andμ be the fuzzy sets in a set X. The Cartesian product 
 1] [0,XX : →×× μλ is defined by },μ(x)λ(x),min{y)μ)(x,(λ =×  

X.y  x,allfor ∈  
 
Definition: 2.12.: Let )λ,μ(X,A AA= and )λ,μ(X,B BB= are two IFS of X. The 
Cartesian product )λ ,μ X,(XBA BAA λμ ×××=× B  is defined by 

(x)}μ(x),min{μ  y))(x,μ(μ BABA =× and 
(x)}λ(x),max{λ  y))(x,λ(λ BABA =× , where ][0,1XX:μμ BA →××  and 

X.y   x,  1], [0,  XX :λλ BA ∈∀→××  

 
3. Main Results 
Proposition: 3.1.: Let )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF ideals of X 
then  BA ×  is IF-ideal of  X.X ×  
 
Proof: For any  X,Xy)(x, ×∈ we have 

(0)}μ(0),min{μ  )(0,0)μ(μ BABA =×  
 ≥ X y  x,allfor  (y)},μ(x),min{μ BA ∈ , 
 = . y))(x,( BA μμ ×  
 
And 
 

(0)}(0),max{  )(0,0)( BABA λλλλ =×  
 ≤ X y  x,allfor  (y)},(x),max{ BA ∈λλ , 
 = . y))(x,λ(λ BA ×  
 
Let X.X )y ,(x and )y ,(x 2211 ×∈  Then 

)}(yμ),(xmin{μ  )y,)(xμ(μ 1B1A11BA =×  
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 ≥ )}}( ),y(ymin{μ)},(xμ),x(xmin{min{μ 2B21B2A21A yμ∗∗  
 = )}}(yμ),(xmin{μ )},y(yμ),x(xmin{min{μ  2B2A21B21A ∗∗  
 = )}y,)(x(μ  ),yy,x)(xmin{(μ  22BA2121BA μμ ×∗∗×  
 = )}y,)(x(μ  )),y,(x),)((xmin{(μ  22BA2211BA μμ ×∗× y  
 
and 
 

)}(y),(xmax{  )y,)(x( 1B1A11BA λλλλ =×  
 ≤ )}}( ),y(ymax{)},(x),x(xmax{max{ 2B21B2A21A yλλλλ ∗∗  
 ≤ )}}(y),(xmax{ )},y(y),x(xmax{max{  2B2A21B21A λλλλ ∗∗  
 = )}y,)(x(  ),yy,x)(xmax{(  22BA2121BA λλλλ ×∗∗×  
 = )}y,)(xλλ ( )),y,(x)y,)((xλmax{(λ  22BA2211BA ×∗× . 
Hence  BA ×  is IF-ideals of X.X ×  
 

Proposition: 3.2.: Let )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF closed ideals of 
X then  BA ×  is IF closed ideal of X.X ×  
 
Proof: Since 

y)0 x,)(0μ(μ   y)) (x,0) )((0,μ(μ BABA ∗∗×=∗×  
 = y)}(0μ x),(0min{μ BA ∗∗  
 ≥ (y)}μ (x),min{μ BA  
 = y). )(x,μ(μ BA ×  
 
Similarly we can prove y) )(x,(   y)) (x,0) )((0,( BABA λλλλ ×≤∗× . Hence 

 BA ×  is IF closed ideal of X.X ×  
 

Lemma: 3.3.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF ideals of X then so is 

)μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=× . 
 
Proof: Since 

(y)}μ(x),min{μ  y) )(x,μ(μ BABA =×  

 => (y)}μ1  (x),μ-min{1  y) )(x,μμ (-1 B

_

A

_

B

_

A

_

−=×  

 => y) )(x,μμ (  (y)}μ(x),1μ-min{1 -1 B

_

A

_

B

_

A

_

×=−  

 => (y)}μ(x),μmax{  y) )(x,μμ( B

_

A

_

B

_

A

_

=× . 
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Hence )μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=× is an IF ideal of  X.X ×  
 

Lemma: 3.4.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF ideals of X then so is 

)λ , X,(XB)A( BAB

_

A

_

λλλ ×××=×◊ . 
 

Proof: Consider 
(y)}(x),max{  y) )(x,( BABA λλλλ =×  

 => (y)}1  (x),-max{1  y) )(x, (-1 B

_

A

_

B

_

A

_

λλλλ −=×  

 => y) )(x,λλ (  (y)}λ(x),1λ-max{1 -1 B

_

A

_

B

_

A

_

×=−  

 => (y)}(x),min{  y) )(x,( B

_

A

_

B

_

A

_

λλλλ =× . 

Thus )λ , X,(XB)A( BAB

_

A

_

λλλ ×××=×◊  is IF ideal of BCK-algebra 
 X.X ×  

By the above two lemmas, it is not difficult to verify that the following theorem is 
valid. 

 
Theorem: 3.5.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF ideals of X if and 

only if )μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=× and )λ , X,(XB)A( BAB

_

A

_

λλλ ×××=×◊  
are IF ideals of  X.X ×  
 
Lemma: 3.6.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF closed ideals of X 

then so is )μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=× . 
 

Proof: Let ) ,μ (X, A AA λ= and ) ,μ (X, B BB λ= are IF closed ideals of X implies 
) ,μ (X, A AA λ= and ) ,μ (X, B BB λ= are IF ideals of X implies BA × is IF ideal 

of X. 
Since y) )(x,μ(μ  y)) (x,0) )((0,μ(μ BABA ×≥∗×  

=>  y) )(x,μ(μ1y)) (x,0) )((0,μ(μ - 1 B

_

A

_

B

_

A

_

×−≥∗×  

=>  y)) )((x,(μ y)) x,(0) )((0,μ( B

_

A

_

B

_

A

_

μμ ×≤∗× . 

Hence )μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=×  is an IF closed ideal of  X.X ×  
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Lemma: 3.7.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF closed ideals of X 

then so is )λ , X,(XB)A( BAB

_

A

_

λλλ ×××=×◊ . 
 
Proof: The proof is similar to the proof of above lemma. 

 
By the above two lemmas, it is not difficult to verify that the following theorem is 

valid. 
 

Theorem: 3.8.: If )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF closed ideals of X if 

and only if )μμ ,μμ (X,B)Π(A B

_

A

_

BA ××=× and )λ , X,(XB)A( BAB

_

A

_

λλλ ×××=×◊  
are IF closed ideals of  X.X ×  

 
4. Upper and Lower Level Cuts 
Definition: 4.1.: Let ) ,μ (X, A AA λ= is an intuitionistic fuzzy BCK-sub algebra. 
For ]1 [0, ts, ∈ , the set s}  (x)μ / X {x  s) ,U(μ AA ≥∈= is called upper level 
of (x)μA  and }(x) / X {x   t),L(λ AA t≤∈= λ  is called lower level of (x)Aλ . 

 
Definition: 4.2.: Let )λ,μ(X,A AA= and )λ,μ(X,B BB=  are IF sub sets of X. 
For ]1 [0, ts, ∈ , the set s}  y) )(x,μ(μ / XX y){(x,  s) ;μU(μ BABA ≥××∈=× is 
called upper level of y) )(x,μ(μ BA ×  and 

t}y) )(x,λ(λ / XX  y) {(x,  t);λL(λ BABA ≤××∈=×  is called lower level of 
y) )(x,λ(λ BA × . 

 
Theorem: 4.3: An intuitionistic fuzzy sets )λ,μ(X,A AA= and )λ,μ(X,B BB=  
are intuitionistic fuzzy closed ideals of X if and only if the non-empty upper s-level 
cut  s)  ;μU(μ BA × and the non-empty lower t-level cut    t);λL(λ BA × are closed 
ideals of  XX ×  for any s, t ε [0, 1]. 
 
Proof: Let )λ,μ(X,A AA= and )λ,μ(X,B BB=  are intuitionistic fuzzy closed 
ideals of X, therefore for any X,Xy)(x, ×∈  

 y) )(x,μμ(y)) (x,0) )((0,μ(μ BABA ×≥∗×  
and y) )(x,λλ(y))(x,)((0,0)λ(λ BABA ×≤∗× . 
For, ]1 [0,s∈ , if s≥× y) )(x,(μ BA μ  => sy)) (x,0) )((0,μ(μ BA ≥∗×  
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=> s)  ;μU(μy) (x,0) (0, BA ×∈∗ . Let  XX)y',(x'y),(x, ×∈ such that 
s);μU(μ)y',(x'y) (x, BA ×∈∗  and s)  ;μ U(μ )y' ,(x' BA ×∈ . Now 

)}y' ,)(x'μ(μ  )),y',(x'y) )((x,μmin{(μy) )(x,μ(μ BABABA ×∗×≥×  
≥ min{s, s} = s 
=> s)  );μ U(μ y) (x, BA ×∈ . Thus s)  ;μU(μ BA ×  is closed ideal of  XX × . 
Similar to above   t);L( BA λλ × is closed ideal of XX × . 
 
Converse: let XXy) (x, ×∈  such that s  y) )(x,μ(μ BA =×  and 

 t y) )(x,λ(λ BA =×  implies s)  ;μ U(μ y) (x, BA ×∈ and   t);λL(λ  y) (x, BA ×∈ . 
Since  t);λL(λ  y) x,(0) (0, and s)  ;μ U(μ y) (x,0) (0, BABA ×∈∗×∈∗  (by 

definition of closed ideal) 
=>  ty)) (x,0) )((0,λ(λ and s  y)) (x,0) )((0,μμ  (      BABA ≤∗×≥∗×  
 
=>   y) )(x,μ(μ  y)) (x,0) )((0,μ(μ BABA ×≥∗× and 
 y) )(x,(  y)) x,(0) )((0,λλ ( BABA λλ ×≤∗×  
 
Claim: 

 )},y ,)(xμ(μ )),y ,(xy) )((x,μmin{(μ  y) )(x,μ(μ (1) 11BA11BABA ×∗×≥×
)}y,(xλλ )),y,(xy) )((x,λmax{(λy) )(x,λ(λ  (2) 11BA11BABA ×∗×≤× . 

 
If possible, we assume that  XXd)(c,b),(a, ×∈ such that 

d)} (c,μμ  d)),(c,b) )((a,μmin{(μ   b) )(a,μ(μ    BABABA ×∗×≤× . Let 

 d)}] )(c,μ(μ d)),(c,b) )((a,μmin{(μ  b) )(a,μ[(μ
2
1  s BABABA ×∗×+×=  

=> d)} )(c,μ(μd)),(c,b) )((a,μmin{(μs BABA ×∗×≤  
=> sd) )(c,μ(μ and  s   d))(c,b) )((a,μ(μ BABA ≥×≥∗×  
=> s)  ;μU(μd) (c, and s)  ;μU(μd)(c,b) (a, BABA ×∈×∈∗ , but 

s)  ;μ U(μb) (a, BA ×∉ , which is contradiction to closed ideal. Hence the claim (1). 
Similarly we can prove claim (2). This completes the proof of the theorem. 
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