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Abstract

In this paper, by considering the notion of general fuzzy automata, we
define the concepts of max-min general fuzzy automata, response function,
accessible state with threshold ¢ and connected with threshold c. Then we
construct a bifuzzy topology on the set of fuzzy start states of a max-min
genera fuzzy automaton and a bifuzzy topology on a subset of the set words
on the set of input symbols of a max-min general fuzzy automaton. Also, we
define the concepts of connectedness (semi-connectedness) between two
states p and g with respect to a fuzzy subset of the set of states of a max-min
general fuzzy automaton, component of a max-min general fuzzy automaton
and concordance between two states p and g with threshold ¢ and with respect
to afuzzy subset of the set of states of amax-min general fuzzy automaton.
Finally, by using these notions, we construct agenera topology on the set
of fuzzy start states of a max-min general fuzzy automaton.

Keywords. (General) Fuzzy automata; Bifuzzy (General) topology;
Accessibility; Connectedness

1. Introduction and preliminaries
In 1965, L.A. Zadeh introduced the notion of a fuzzy subset of a set as a method for
representing uncertainty [17]. His ideas have been applied to a wide range of
scientific areas. One such area is automata theory first introduced by W.G. Wee in
[16]. Automata have along history both in theory and application [1,2,3,6,7,14,15].

A fuzzy finite-state automaton (FFA) is an six-tuple denoted
asF =(Q,X,R Z,5,w), whereQ is a finite set of states, Yis a finite set of input

symbols,Ris the start sate ofF,zis a finite set of output
symbols, §: Qx ¥ xQ —[0]]is the fuzzy transition function which is used to map a
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state (current state) into another state (next state) upon an input symbol, attributing a
value in the interval[0,]]and w:Q — Zzisthe output function. In an FFA, as can be

seen, associated with each fuzzy transition, there is a membership value in[0,1]. We
call this membership value the weight of the transition.

The transition from stateq, (current state) to stateq, (next state) upon input a, is
denoted as §(q;,a,, q;) -We use this notation to refer both to a transition and its
weight. Whenever §(q;,a,,q;) is used asavalue, it refer to the weight of the transition.

Otherwise, it specifies the transition itself. Also, the set of all transitions of F is
denoted asA. The above definition is generally accepted as a formal definition for
FFA [8,9,11,12].

There is the important problem which should be clarified in the definition of FFA.
It is the assignment of membership values to the next states. There are two issues
within state membership assignment. The first one is how to assign a membership
value to a next state upon the completion of a transition. Secondly, how should we
dea with the cases where a state is forced to take several membership values
simultaneously via overlapping transition?

In 2004, M. Doostfatemeh and S.C. Kremer extended the notion of fuzzy
automata and gave the notion of general fuzzy automata [4]. Now, we follow [4] and
give some new notions and results as mentioned in the abstract.

LetX be a set. A word of X is the product of a finite sequence of elements
inX ,Ais empty word and X'is the set of all words onX . In fact, X'is the free
monoid on X . The length/(x) of wordxe X"is the number of its letters, so/(A)=0.
For a nonempty set X , P(X) denoted the set of all fuzzy sets on X and P(X) denoted

the set of all subsetson X . For any 4. e P(X),ie |, and for any xe X,
(i)(iﬂl A)) =A{A4(X):iel},
(ii)(iul/ii)(x)=v{/1i (X):iel}.

Definition 1. 1. [4] A general fuzzy automaton (GFA) F is an eight-tuple machine
denoted as F =(Q,=, R, Z,w,6,F,,F,), where

(i) Qisafinite set of states,Q ={q,,q,,-.-,q,}

(i) X isafinite set of input symbols, > ={a,,a,,...,a },
(iii)Risthe set of fuzzy start states, R c P(Q),

(iv) zisafinite set of output symbols, Z ={b,,b,,...,.b},

(V) w: Q — zisthe output function,

(i) 8 : (Qx[0]) x XxQ — [0]] is the augmented transition function,

(vii) F, :[0]x[0,1] —[0]] is called membership assignment function .
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FunctionF, (u,d) as is seen, is motivated by two parametersi and &, wherey is

the membership value of a predecessor andsis the weight of a transition. In this
definition, the process that takes place upon the transition from stateq,toq; on input

a, isrepresented as:

,UHl(qJ') = g((qi (g )&, q;) = F,(u'(g),6(q, 13, 0;)) -
Which means that membership value (mv) of the stateq, at timet +1is computed

by functionF, using both the membership value of g at timetand the weight of the

transition .
There are many options which can be used for the functionF, («, ) . It can be for

example max{u,d8}, min{u,8},u+45/2 or any other applicable mathematical
function.

(viii)F, :[0]]" —[0,] is called multi-membership resolution function.

The multi-membership resolution function resolves the multi-membership
active states and assigns a single membership value to them.

We letQ,(t)be the set of al active states a timet,vi>0. We
haveQ,, (t,) = Rand Q,, (t,) ={ (q,4" (9)): 3q'€ Qu (t,),Jac X,5(q" a,q)e A}, Vi=1.

SinceQ,, (t,) is afuzzy set, to show that a stateqbelongstoQ,, (t;) andT is a subset
of Q_, (t.) , we should write: e Domain(Q,, (t,)) andT < Domain(Q,, (t,)) . Hereafter, we
simply denote them as:

act

g€ Qu () andT ¢ Qu (t) -
The combination of the operations of functionsF,andF,on a multi-membership
stateq; will lead to the multi-membership resolution algorithm.

Algorithm 1. 2. [4] (Multi-membership resolution) If there are severad
simultaneous transitions to the active stateq, at timet +1, the following algorithm will

assign a unified membership value to that :
(1) Each transition weights(q,,a,,q;) together with'(q,), will be processed by

the membership assignment functionF,, and will produce a membership value. Call
thisy,,

v =6((a,4'(@)).a.9,) = F(«'(),6(0,3,9)) -

(2) These membership values are not necessarily equal. Hence, they will be
processed by another function F,, called the multi-membership resolution function.

(3) The result produced by F,will be assigned as the instantaneous mv of the
active stateq, .

1(@) = Bl = R (4(0). 60,809 -
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Where
e n: isthe number of simultaneous transitions to the active state, at timet +1.

* 5(q,a,,0,) istheweight of atransition fromg, tog, upon input a, .
® 4'(q,): isthe membership value of g at timet .
e u"(q,):isthefinal membership value of q at timet +1.

Definition 1. 3. [5] Let X be a nonempty set. A subsetz of P(X) is called a general
topology on X if

(YD X e,
(i) IfA, A ez, thenANA €7,
(i) IfAcz,Viel,thenUA ez

iel
Definition 1. 4. [13] Letx be a nonempty set andne P(P(X)). nis caled a
bifuzzy topology on X if

(N n@ =n(0) =1,
(ii) If 4,4, € P(X), thenn(A) An(4,) < (4N A4,),
(iii) If A € P(X),Vie | then A 7(2) < (U 4,).

Definition 1. 5. [10] LetS,T be two sets and A, B be fuzzy subsets of SandT,

respectively. Then a fuzzy relationRof AtoBis a fuzzy subset of SxT such that
R(x,y) < A(X) A B(y) .

2. Two Bifuzzy Topology on Max-Min General Fuzzy Automata
Definition 2. 1. Let F =(Q,%,R,Z,w,8,F,,F,) be a genera fuzzy automaton. We
define max-min general fuzzy automata of the formF* = (Q,=,R,Z,w,8 ", F,,F,)such

that 5" :Q,, x= xQ — [01], whereQ,, ={Q.. (t,), Q. (t,), Q. (t,)...}and let for everyi ,

i>0 §°((q,u" (), A, p) ={]5 o?h:rvpvisé

and for everyi , i>0
8 (94" (@),u;, p) = 6((a, 44 (0)),u,, p)

& (0" (@) Ul P = (B0 (@)U, @) A S (2 (@), U, P)
and recursively
8 (042 (@)Ul Uy, D) = v 8 ((0 2 (@), Uy 1) A S ((Py 4 (P)) Uy Po) A o

A g(( pnflnutm1 (Pns))sUy, P) ‘ Pr€ Que(t)s Pr€ Quu(ty) oo Prs € Que(ths) }!
in  whichuy e ,vi<i<nand assuming that the entered input at
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timet, beu,,V1<i<n-1.
Definition 2. 2. LetF*be a max-min general fuzzy automaton. The response
function r¥ ;X' xQ — [0 0f F*, for anyxe X', qe Q, isdefined by

A= v 8@ (@) x0)-

'€ Quet (to)
Definition 2. 3. Letqe Q,0<c<1. Thenqis called an accessible state of F* with
threshold cif there existsxe £*such thatr (x,q) > c.
Theorem 2. 4. If q is an accessible state of F*with threshold c, then there
existsxe T'such that r™ (x,,q) >cand(x,) <n, wheren=|qQ .
Proof. Sinceqis an accessible state of F*, then there existsxe £°such
thatr® (x,q)>c. If¢(x)<n, thenx,=x. Otherwise, Letx=uu,...u, , m>n. Then

there existsq,e Q,, (t,)such that &5 ((q,, #(q,)).xq)>c. Thus there

eXistg, € Qu(t)s 10t € Quitys)SUCh  thatd((gy, &° (d)) Uy, ) >,
O (0 4" (0)) Uiy Gy) > € ooe 38 (Qpg s 47 (Ggy)), Uy @) > € SiNCE M2 1, then there
existi , j such thatq =g, ,i<|. Letx, =uu,...uu,,,...u,. Thenr® (x,q) >c.

If(x,)<n, thenx, = x.If ¢(x) > nrepeat the same argument. o
Theorem 2. 5. Let q be an accessible state of F*with threshold c, for every
c,0<c<1. Then thereexistsxe =*such thatr® (x,q) =1,4(x) < n, wheren=|qQ|.

Proof. The proof is ssimilar to Theorem 2. 4. 2 of [8], by using the suitable
modification. o
Theorem 2. 6. Ifgis an accessible state of F*with thresholdc, for

every c,0<c<1, then there exists
0<j<|Q-1, g'e Q(t;)andue Tsuch that 5 (0, #" (9)),u,q) > .

Proof. By Theorem 2.4, there existsx,e z*such thatr® (x,,q)>c,/(x)<n,
wheren=qQ) .

Ifx, =u,u,..u, #A,m<n, then there existsq, € Q, (t,) such
that & (g, £° (G, ),UyU,..U,,,q) > C. Thus, there existp, e Q. (t,),p, e Qu(t,), ---

 Prva € Qut () SUCh that 5((q,, 2 (a)), Uy,

D) >Cy S (Pt (P))Upu P) > € 4 oo s 3 (Pgs 47 (Pora)) U, @) > €. Hence, we
should let

j=m-1,9'=p, ,€Q.(t. ) ,u=u,. Ifx,=A, then there exists q, Q,, (t,) such
that 5" ((as,

1£°(9y)),A,q)>c. Theng,=q. Consequently, we should letj=0 |,

q'=0g,=0€ Q. (t,),u=A.0
Definition 2. 7. F'is said to be connected with threshold ¢,0<c<1, ifQ=Q.,
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whereQ, isthe set of

all accessible states with threshold c.

Theorem 2. 8. LetxeX',x#A, q,eQ,(t,) and C(q,x):,Q/a(t)
GEeQ-Qqet (To

8" (a4 (@), %, 0).

IfC(q,x) # 0, thenF " is connected with thresholdc, for everyc,0< c< C(q,x) .

Pr oof. Let Q-Q.(t,)=1a,.9,,....q, }- SinceC(q,x) > ¢,
thens” ((q, 1° (@)),%,q) > ¢, V1<i<n.

Consequently,r (x,q ) = Y 5°((q.1°(q)),x0)>cVi<i<n. On the other

act \'0

hand,r® (A, q) =1>¢,Vq'e Q. (t,)- Thus,F*is connected with
thresholdc,vVc,0<c<C(g,x). O

Example 2. 9. Consider the max-min GFA in Fig.1 with several transition
overlaps. It is specified as:
F'=(QZXRZwd"F,F,) whereQ=1q,,q,,0,.0,.0,}iS the set of states, ==

{ab} is the st of input symbols,R={(q,)},Z=@ andwis not

applicable, Qact(to) ={QO} ) Qact (tl) :{ql,q4} ’Qacl (tz) :{q11q21q4} 'Qacl (te) :{qziqe} 1o
and

F(14,8) =6, Fy()= 1 0n) = A (F(1'(6).5(0,.8,,.G,)
*Fy(1,8) = Min(u,8), Fo() = 1(0,) = A (FL(r'(6),5(0,.a,6,)
Ry (1,6) = Min(u,8), F,() = 4" (6) = V(R4 (6,503, 6,)
“F(1,8) = Max(u,3), F, ()= 4" (6n) = A (R (@),5(0 3. G))
°F,(11,0) = Max(u,3), F,() =4 (6) = V. (Fy(1'(0).6(0,.3,.G,).
Fy(11,8) = Min(u,6), F,() = 1*(n) = T Fy(u'(@).5(0.3,,G)) /0,

"Fy(u,0) = ”—;5, Fo() =" (dn) = v, (Fi(e'(4).6(d, 3. An))) »

wherenis the number of simultaneous transitions to the active stateq, at timet +1.
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b.0.6

b, 0.9

Figure 1: The GFA of Example 2.9

If we choose

F(1,6) = 8, F,() = 1 (00) = p, (Fu(r'(6),5(0,,2,,6,))  then wehave:

#°(9) =1,

#(0) = Fy (1" (dp),6(0y,a,0y)) = F,(1,0.4) = 0.4,

#(d,) = F (1" (), (0,2, 0,)) = F,(1,0.5) = 0.5,

1% (q,) = F, (4% (a,),6(d,,a,9,)) = F,(0.50.4) = 0.4,

#(9,) = F (4" (ay),0(q,,8,0,)) = F,(0.4,0.8) = 0.8,

1" (a,) = R (1" (ay),8(q,,,q,)) = F,(0.4,0.35) = 0.35,
#°(a,) = F (1" (4,),6(d,,0,0,)) A Fi (1% (9,),6(0,,b,0,)) =
= F,(0.4,0.1) A F,(0.80.6) = 0.1A0.6=0.1,

H°(05) = Fy (1% (0,), 8(ay, b, ) A F (1% (a,),5(,,b, g5)) A
F (1" (d,),6(d,,b,9y)) =

= F,(0.4,0.3) A F,(0.8,0.45) A F,(0.350.7) = 0.3A 0.451 0.7 =0.3,

which there are two simultaneous transitions to the active state g, at time t,and there
are three smultane- ous transitions to the active stateq, at timet, . So, we can draw the
following table:
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Table 1. Active states and their membership values (mv) at different times in
Example 2.9

time " | £, 1, 1 t
input A a a b
Q@) | % | @ | 4 4 |4 | 4% % s
nnt 1.0 0.4 0.5 04 |0.8 0.35 0.1 0.3
v’ 1.0 0.4 0.5 04 (04 ] 0.35 0.1 0.3
> 1.0 04 0.5 04 (04| 0.35 0.4 04
m?* |10 |10 [ 1.0 1.0 [1.0] 1.0 1.0 1.0
> 1.0 1.0 1.0 1.0 |1.0 ] 1.0 1.0 1.0
vt 10 0.4 0.5 04 |04 | 0.35 0.25 0.35
v’ 1.0 0.7 0.75 0.57510.75| 0.525 0.763 0.613

IT2F, (1, 6) = Max(u,6), F,()=p"(An) = ¥, (Fi(u' (). 6(0. 2. 0,,)))  then we have

8 (G 1 (0p),2%,0) = v [6((dor 4% (o), 2, q) A ST 4 (a), 2,,)]

'€ Quet (1)

i =[6 (G 12 (), 3,0) A 8 (0, 12 (), 2,0,)] v [6 (9o, 12 (), 0,) A
d((a,, 1" (a,),2,0,)]

=[F, (1" (0), 50,2, 0)) A Fy (1" (0,), (0, @,0,))] v [F (1 (dp), (G, . G,)) A

Fl(,utl (q4)’5(q41 a,0,))] =
=[F,(L0.4) A F,(LO)] V[F (1,05 A F (104 =[1AL] v[Irl]=1v1=1.
Thuss™ ((q,, 4% (q,),a%,0,) =1. Similarly, we have :

8" (0o, 4°(0p),8%,0,) =1, & ((qp £° (0p), 2%, G5) =1, & (G, 12 (0), 8%, 0,) = 1.

Consequently, C(qp,a") = _ & 8" (o, 4" (@0)).2",q) =12 0.

Thus, by Theorem 2.8, F"is connected with threshold ¢,Vc, 0<c<C(q,,a%)=1.
Also, we have

@)= v 8 (@ @)ah ) = 8 (G4 (%))a%a) =1,

act (to

r F (azyqz) = q’eQV (to) g*((q/aﬂto (Q')),az,%) = 5* ((QO';UtO (qo))aaz1q2) =1,

act \'0

rF@5,0) = v (k" (@),a% )= 8 ((do 4" (a)).a%,a;) =1,

0'eQqq (to)

(@A) = v (@ (@))a% ) = 8 (G40 (@))a% ) =1.

q'eQu (to
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Definition 2. 10. LetF'be a max-min general fuzzy automaton.D is called

bifuzzy operator onQ from P(Q) toP(Q)and it defined as follows:
D(A)(P) = AP AT (x,p):xe £}, VAe P(Q), Vpe Q.

Remark 2. 11. LetF " be a max-min general fuzzy automaton andpe Q,,(t,)-
Then we haveA(p) < D(A)(p) - In fact, we
haveA(p) = A(p) A1= A(P) 1" (A, P)< D(A)(p).

Theorem 2. 12. LetF*be a max-min genera fuzzy automaton, A e P(Q),Vie I .
Then

MD(NA)P < ADA)(p)forany peQ
(HDUAXP = v D()(p)forany peQ.
Proof. (i) D(N4)(P) = v{(5 4 (P A" (xP):xe X}
< AMAP ATT (xp):xe X))

= AD(A)(P)-

(i) In the process of the above proof, usingyandv to replacen and A ,

iel iel iel
respectively, we can obtain (ii) and therefore compl ete the proof of theorem. o
Let X be a nonempty set. Now, we introduced the following notations similar to
the semantic expressionsin logic, which are utilized in the sequel.

Dv(h cA)= A QA=A (0 +4,(X), VA2, € P(X),

(ii)v(h =4)=v(h C 4) Av(d C 4), VA, 4, P(X).
Remark 2. 13. By Lemma 2. 14 of [13], for 4,7, € P(X), ie | , We have

V& =02 WA =0 v QA =00

Theorem 2. 14. Let F* be a max-min general fuzzy automaton.ne P(P(Q. (t,)))iS
defined as follows:
n(A)=v(D(A)=4).
Then nisabifuzzy topology onQ,_, (t,) -
Proof. Our purpose is to demonstrate that 7 fulfils the three conditions in

Definition 1.4. (In fact, the conclusions we will verify are stronger than those in
Definition 1.4.)
(i) For any pe Q_, (t,) , we have

D) =UP) ArF (%, p):xe X =Up)ArT (A, p)=Lp)Al=1(p).
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So we get that
) =v(D@W =) =v(DOc) Av(lc D)

=( . I DAM+UpN) A (A (AA1-1p)+DO(P)

Pe Qaq (to)
=(_ A (AA1I-Up+UP)) A (A (AA1-1(p)+1(p)))=1.
Pe Qaet (to) Pe Qqet (to)
Similarly, sinceD (0)(p) =\{0(p) AT (x, p): xe X'} = 0(p) , thereforen(0) = 1.
(if) Foranyie 1,4 € P(Qu(t,))
AN(A) < (0 A)-
Utilizing Remarks 2.11, 2.13 and Theorem 2.12, we have
An(A) = Av(D(A) = 4)
<v(ND(4)=N4) A¥(D(N4)=N4)
<v(D(N4)<N4)
=v(D(N4)=N4)=n(4)-
(iii) For anyie I , 4 e P(Q.(t,)) ,
A< 17U A
Utilizing Remark 2.13 and Theorem 2.12, we have
An(A) = Av(D(A)=4)

<v(U D(A)= Ua) ~ vU D(A)= S(LM))

<v(D(U4)=Ua) =n(U2)-
Theorem 2. 15. Let F* be a max-min general fuzzy automaton, A be a fuzzy subset
onQandpe Q. Then
D(A)(p)>cif and only ifpis an accessble state of F*with
thresholdcand A(p) > c.
Proof. Let p be an accessible state of F* with threshold cand A(p) > c. Then there

exists xeX'such that rf(x,p)>c. Thus A(p)ar" (xp)>c, which implies
that D (A)(p) =AA(P) ArF (%, p):x €X'}>c. Conversely, let D(1)(p)>c. Then
DA (p) =vfAUP) ArF (x,p):xe X} >c. Thus, there exists xez'such that
r® (x,p)>cand A(p)>c. Consequently, pis an accessible state of F° with
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thresholdcand A(p) >c. O

Definition 2. 16. LetF"be a max-min genera fuzzy automaton. Bis called
bifuzzy operator onx’ from P(z") toP(z")and it defined as follows:

BA)X) =V{AX) ArF (x,p): pe Q},VAie P(X'), Vxe X'.

Remark 2. 17. LetF'be a max-min general fuzzy automaton and
Y ={xeX :rf (x,p)=1, Vpe Q.(t,)}. Then we havei(x)< B(1)(x),¥xeX’. In
fact, we have A(x) = A(X) Al= A(X) AT (X , p) < B(A)(x), wherepe Q__ (t,) andxe X’

Theorem 2. 18. LetF " be a max-min general fuzzy automaton, 1 e P(X"),Vie | .
Then

() E(Q )< ABA)X), Yxe X,
(ii) §(iL€JI/1I)(x): vB(4)(), Vxe X'
Proof. ()) B(N4)(¥=v{(4 4 () Ar" (xp):peQ}
S AMAMATT (X p): pe Q)

= AB(A)(9)-

(@ii) In the process of the above proof, usingland. to replacen and a ,
iel

iel iel iel

respectively, we can obtain (ii) and therefore compl ete the proof of theorem. o
Theorem 2. 19. LetF*be a max-min genera fuzzy automaton.T'e P(P(X"))is
defined as follows:

T(A)=v(B(A)=1).

Then Tisabifuzzy topology ons’ ={xe =" :r" (x, p) =1, Vpe Q. (t,)} -

Proof. Our purpose is to demonstrate that T fulfils the three conditions in
Definition 1.4. (In fact, the conclusions we will verify are stronger than those in
Definition 1.4.)

() For any xe ', we have

BOM)=V{Ux) Ar™ (x,p): pe @ =1X) AT" (X, p) =1(x) A1=1(x),
wherep, e Q, (t,) - So we get that
rW=v(B)=1)=v(BA) <l A v(lc B(1)

= (A AAL-BOO+1N) A (A 0A1-1X)+BO(K))
=(AAAL-109 +100) A (A @AT-1)+1(x)) =1

Similarly, sinceB(0)(x) =v{0(X) At F (x, p): pe Q} = 0(p) , thereforer(0) =1.
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(i) For anyie | , 4 e P(X),
ié\l F(//{'i )< F(ﬂl ﬂi) .

Utilizing Remarks 2.13, 2.17 and Theorem 2.18, we have
AT(4)= Av(B(4)=4)

<v(NB(A)=N4) ~v(B(NA)=N4)
SV(E(HI A)c nl A4)
:V(E(DI /?'i)EiDI A) =r(iD| A4)-
(iii) For anyie | , 4 € P(2),
ATA) < TUZ)-

Utilizing Remark 2.13 and Theorem 2.18, we have
AT(4)= AV(B(4)=2)

<v(UB(4)=U%) ~ v(UB(4)=B(UA))

9(5(34)53&,) =T(U4)-

3. A General Topology on Max-Min General Fuzzy Automata
Definition 3. 1. LetF*be a max-min general fuzzy automaton, 2be a fuzzy subset
onQ, pand qbelong toQandD (A)(p) = f{A(P) Ar™ (X, p):xe X}. Also,
letp”:q, = p,,...q, =qbe a path fromp to gands,(p’)=A{D(1)(q):0<i<n}.
Then the degree of connectedness statespand qrespect to Ais defined by
deg, (p,q)=v{ S,(p): p isapathfrompto q }.

If T isasubset of Q, then the degree of connectednessT respect to 4 is defined by
deg, (T) = A{deg,(p,q): p,qe Q} .

Theorem 3. 2. LetF*be a max-min general fuzzy automaton andAbe a fuzzy
subset onQ. Then

(i) deg, (0,q9) = D(4)(q), Ve Q,
(ii)deg,(p,q) =deg, (g, p), Vp.qe Q.

Proof. (i) Since glies on every pathp fromqto gand for this type of paths we
have S, (p)=A{D(4) (q,):0<i<n}<D(1)(q). Consequently,deg,(g,q) < D(4)(qg) . On



Bifuzzy (General) Topology on Max-Min General Fuzzy Automata 63

the other hand, gisa path p’ of length zero fromqtoq. Thens, (p”) = D(4)(q) . Hence,

deg, (a,0) =\{S;(p): p isapath fromqtoq} > D()(a)-
(i) Letp’:q,=p.q,....q,=qbe a path fromptogandp”be the converse of
pathp’.i.e.,p”:p,= q, =0, P, P, =q, = pisapath fromqto p. Thus we have:

S.(p) = ND(A)(@):0<i <1} = D(A)(G) A-.A D(A)(@,)

S,(p")=AD(A)(p):0<i<n}=D(A)(g,) A...AD(A)(Q) -
Sinces, (p") = S, (p") , then we havedeg, (p,q) = deg,(q, p) - O

Theorem 3. 3. Let F*bea max-min general fuzzy automaton and A be a fuzzy
subset on Q. Then the fuzzy subsetdeg, (p,q) onQxQis a fuzzy relation of the fuzzy

subset D (1) to the fuzzy subset D (1)
Proof. By Definition 1.5, we should prove deg, (p,q) < D(4)(p) A D(A)(q) ,
Vp,qe Q. For every path p:q, = p,q,,...q, =g, we have

S,(p)=AND(A)(q):0<i <} <D(A)(p) » D(A)(a). So,

deg,(p,a) < D(A)(P) AD(A)(q). D
Definition 3. 4. Let F* be a max-min general fuzzy automaton, 4 be a fuzzy subset
on Qand T beasubset of Q. Then we say that
(i) p and g are connected with respect to 4 if deg, (p,q) = D (1)(p) A D(A)(q) -
(i) T is connected with respect to 4 if pandqare connected with respect to A, for
any p,qeT.

Theorem 3. 5. LetF*be a max-min general fuzzy automaton and 4 be a fuzzy
subset on Q. Thenpand qare connected with respect to A if and only if there exists a

pathp’:q, = p,q,,---d, = qsuch that
D(4)(a)=D(A)(p)AD(A)(q), O<i<n.

Proof. Let pandqbe connected with respect toA.
Thendeg, (p.q) = D(4)(p) » D(4)(q) - Since, by

Definition 3.1,deg, (p,q)=V{ S,(p): p is a path fromptoq}, so there exists a
path p’:q, = p,q,, ...q, =q such that S,(p") =D (4)(p) A D(A)(q). By Definition 3.1,
since S,(p")=A{D(A)(q): 0<i<n}, then for everyq which lies on the pathp’, we
have

D(4)(a) 2D (A)(p) AD(2)(q),0<i<n.

Conversdly, if there  exists a pahp’:q,=p,q,,..0q, =qsuch
that D (1)(q.) = D(A)(p) A D(A)(q), o<i<n. Then
deg,(p,q) 2 S,(p") = A{D(A)(q):0<i<n} 2D(A)(p) AD(A)(@). On the other
hand, Theorem 3.3 implies thatdeg, (p,q) < D(4)(p) A D(1)(q) . Hence, pand qare
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connected with respecttoi. O
Definition 3. 6. Let F* be a max-min general fuzzy automaton, A be a fuzzy subset
onQand T be asubset of Q. ThenT is called a component of F* with respect to A if

() T is connected with respect to 4,
(i)D(A)(p) =D(A)(A), Vp.qe T,

({iDUA) >DA)(p) , Vge T, Vpe Q-T.

Definition 3. 7. Let F* be a max-min general fuzzy automaton, A be a fuzzy subset
onQandT,T’ be two subsets of Q. Then we say that T and T’are connected with
respect toA if pandqare connected with respect toifor any pandqinTandT’,
respectively.

Theorem 3. 8. LetF*be amax-min general fuzzy automaton and ibe a fuzzy
subset on Qand T be a component of F* with respect to 4. Also, let

C,={ pe Q-T:Thereexistsapathp:q, = p,q,,....q, = qe T such that

D(4)(q)2D(A)(p)0<i<n}.

Thenc, isin fact the set of those states of Q — T which is connected withT , respect

toA.
Proof. Let qeT,peQ-Tandp, g are connected with respect to 1. By

Theorem 35, there exists a pah p:q,=p,q,..0,=q Such that
D(A)(q)=D(A)(p)AD(A)(q),0<i<n.Sincepe T, by

Definition 3.6, we haveD(1)(q) > D(A)(p). Then D(A)(q) A D(A)(p) = D(A)(p).
So D(A)(q,)= D(A)(p),Vi,0<i<n. Thus, we have pe C,. Conversely, let pe C, and
qeT. Then there exists a pahp:q,=p,q,..0,=9q such that
D(A)(q) = D(A)(p),Vi,0<i<n.Since qe Tand pe T, by

Definition 3.6, we haveD(1)(q) > D(4)(p)and D(2)(p) A D(A)(q) =D (1)(p) . So,
we haveD(4) (q,)=D(2)(p) A D(4)(g),0<i<n. Therefore, by Theorem 3.5, pand
g are connected with respecttol. o

Definition 3. 9. LetF"be a max-min general fuzzy automaton, 2 be a fuzzy
subset onQand 0<c<1.

Then we say that p andqare concordant with threshold cand with respect to 4 if
deg, (p.q) >C.

Theorem 3. 10. Let F* be amax-min general fuzzy automaton, 2 be a fuzzy subset
on Qand 0<c<1.

ThenF*is connected with threshold cand A(p)>c,Vpe Q if and only if pand
g are concordant with thresholdcand with respect to4,Vvp,qe Q.
Proof. Let p,qbe two arbitrary states of Qand F* be connected with threshold

c. By Definitions 2.3, 2.7, there existsxe X" such thatr® (x,q) >c. Sincei(g)>c,
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thenr® (x,g)Ad(@)> c. SoD(A)N@) = v.(A@Ar" (xg)>cVgeQ. Let
xeX

P10, = P, 4,0, =qbe a path from pto qg. Then we have

S, (p)=AMD(A)(q):0<i<n>c. Thus deg,(p.g)=v{S,(p):pisa pah from

ptoq }>c.

Thus p and g are concordant with thresholdcand with respect to A .

Conversely, let pand qbe two arbitrary elements of Q, also p and g are concordant
with threshold cand with respect to 4. Then deg,(p,q) >c. Thus there exists a
path p’:q, = p,q,....q, =g such that

S,(p)=A{D(A)(q):0<i<n}>c. SO D(A)(q)>c, Vi, 0<i<n.Leti=n.Then
D(A)(a=

d,) =V, (@) A r¥ (x,q)>c. Thus, there exists xe ¥"such that A(q)>c and
r (x,q) >c.

Hence, F* is connected with threshold cand A(q) > ¢,Vge Q. O

Theorem 3. 11. LetF*be a max-min general fuzzy automaton, i be a fuzzy
subset on Qand 0<c<1.

Thenpand gare concordant with threshold cand with respect toAif and only if
there existsa pathp’: q, = p,q,,....q, =gqsuch thatD(1)(q,) >¢c, Vi ,0<i<n.

Proof. Let pand gare concordant with threshold cand with respect to 4. Then
deg,(p,q) >c. Thus exists a pathp’:q, = p,q,,--- g, = qsuch that
S,(p)=AD(A)(q):0<i<r}>c. Hence, we have D(A)(q)>c Vi, 0<i<n,
Conversely, Suppose that there exists a path p’:q,=p,q,....q,=9 Such
thatD (1)(q,) >c,Vi,0<i<n. Then we haves, (p’) = A{D(1)(q):0<i<n} >c. Sowe
get that deg, (p,a)=v { S,(p): p isa path frompto q }>c. Consequently, pand g
are concordant with thresholdcand with respecttoi. o

Definition 3. 12. Let F* be a max-min general fuzzy automaton and 4 be a fuzzy
subset on Q. Then we say that pandgare semi-connected with respect toA if

deg, (p.a) = A(p) A A(0) -

Definition 3. 13. Let F*be a max-min general fuzzy automaton and A be a fuzzy
subset on Q. Then wesay that 4 isnormal if A(p)<r (x,p), Vpe Q,Vxe X’ .

Theorem 3. 14. LetF* be a max-min general fuzzy automaton and 2 be a normal
fuzzy subset onQ. Thenpandgare semi-connected with respect to4 if and only
if pandqare connected with respect to 4.

Proof. SinceA isnormal, then we have:

D(A(P) = v. (AP AT (x P)=A(p) . YPeQ.

Therefore, by Definitions 3.4, 3.12, the proof isobvious. ©
Theorem 3. 15. LetF* be a max-min general fuzzy automaton andi be a fuzzy
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subset onQ. Then
(i) If pand gare semi-connected with respect to A, then there exists a path
P 10y =P, 0, =g suchthat D (1)(q,) > A(p) A A(q), Vi ,0<i<n.

(i) If there exists a pathp’: q, = p,q,,..-,q, =qsuch
that D(1)(q,) > A(p) A A(q),Vi,0<i<n and Ais normal, thenpandqare semi-
connected with respect to 1.

Proof. (i) Sincepand gare semi-connected with respect to A, then
deg,(p,a)=A(p)~A(g). Thus, there exists a pathp’:q, =p,q,,..q, =qgsuch
that's, (p) = {D(A)(q;): 0<i <n} = A(p) A A(q) -

Consequently, D (4)(q,) = A(p) A A(Q),Vi ,0<i<n.

(i1) Suppose that there exists apath p”: q, = p,q,,...,q, = g such that

D(A)(g,) = A(p) A A(q),Vi,0<i<n.

ThensS, (p) > A(p) A A(q). Thus, we havedeg,(p,q)=v{S,(p):p is a path
fromptogq}>A(p) A A(g). On the other hand, by Theorem 3.3, we get
that deg, (p,q) < D(A)(p) A D(A)(Q) - Sincel is normal, then
D(A)(p)=4(p),D(A)(@) =A(q). Thusdeg,(p.q)<A(p)AA(q). Hence pand qare
semi-connected with respecttoA. o

Theorem 3. 16. Let F * be amax-min general fuzzy automaton, A be afuzzy subset
on Q, qe Q. (t,), Theasubsetof Q_,(t,),0<c<land

A.(q)={ pe Q(t,): pand qgare concordant with threshold cand with respect
toi}.
Also, let A (T) = U{A.(q):qe T}. Then

(i) 1f A(q) > cfor dl ge T, thenT < A (T)

(ii) If T, andT, are two subsets of Q_, (t,) , then A (T, UT,) = A.(T)) UA.(T,) .

Pr oof. 0] Let geT. Utilizing  Theorem 3.2, we have
deg, (d,6) = D(A)(@) = v.(A@) Ar™ (x @) 2 A Ar" (A,0) = A(A) AL=A(d) >c.

Soqge A(g) < A.(T). Consequently, T < A (T).
(ii) LetT, andT,be two subsets of Q,, (t,) . Then we have

A (M UT,) = quUUT A(a) = (qEJT H(Q))U(qg A@) =AT)UA(T,). O

Theorem 3. 17. LetF" be a max-min general fuzzy automaton, A be a fuzzy subset
onQandi(g)>c, Vge Qu(t,),0<c<l. Thenz={T :A(T)=Tand Tis a subset
of Q.. (t,) } isageneral topology on Q,, (t,)-

Proof. (i) SinceA, (D) = G, then @° =Q,, (t,) e 7.

(i) SinceA(q) > ¢, Vge Q. (t,) , by Theorem 3.16, we get
that Q,, (t,) = A (Qu (t,)) - Onthe other hand, we have A, (Q.q (t,)) < Qu (to) -
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Thus, A, (Qu (t)) = Qus (to) - S0Q (1) = De 7.

(iii) LetT,°, T, e 7. Then A (T,) = T,and A (T,) = T, . By Theorem 3.16, we conclude
that A (T,U T,)=AM)UA(,)=T,UT,. Thatis(T,UT,)* =T, NT,, e .

(iv)Let T ez, Vie l.Then A(T,)=T . By Theorem 3.16, we
haveNT c A (NT,).Also, T, U
iel iel

(NT)=T.implies  that AM)UA(NT)=A(T).  Thus,A(NT)c AT)=T.

Consequently,
A(NT)cNT. Sowegetthat A (NT,)=NT,. Hence,(NT)° =UT e 7.

iel iel
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