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Abstract 
 

The concept of a fuzzy δ -continuity in fuzzy topological    spaces was 
introduced by Soha [20] and (Allam and Zahran [ 1]). In [14, 16, 18] the 
notion of  nearly compactness has been introduced. In this paper, we introduce 
the notion of fuzzy δ -continuity in intutionistic fuzzy topological spaces 
(IFTS’ s, for short) and give a characterization of such notion. Also, we  
introduce the notion of   ),( 21 λλ -near compact which depends on the notion 

of ),( 21 λλ -shading . Finally, we investigate the image of ),( 21 λλ -nearly 

compact spaces under some types of continuous functions.  
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1. Introduction 
In [2,3,5], Atanassov introduced the fundamental concepts of intutionistic fuzzy sets. 
Latter this concepts was  generalized to intutionistic L-fuzzy sets by [4]. Coker [9], 
introduced the notion IFTS’s.  

In this paper, we introduce the notion of δ -continuity between IFTS’s. We define 
the new notion of ),( 21 λλ -shading of  X  and introduce the notion of ),( 21 λλ -near 

compact and study some of its properties. We investigate the image of ),( 21 λλ -nearly 

compact under some types of intutionistic fuzzy continuous functions.  
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2. Preliminaries 
In this section we introduce some concepts which will be needed in the sequel. For 
more information see [8, 9,10,11,12,15].   

Definition 2.1.  Let X  be a non-empty fixed set. An intutionistic fuzzy set (IFS, 
for short) is an object of the form 

}:)(),(,{ XxxxxA AA ∈= γμ  

where ]1,0[: =→ IXAμ  and ]1,0[: =→ IXAγ  denote the membership (non- 

membership) functions of A and ))()(( xx AA γμ  denote the degree (non-degree) of 

membership of each element Xx ∈  to the set A such that .1)()(0 ≤+≤ xx AA γμ  

Remark 2.2 [8]. (a) An intuitionistic fuzzy set  }:)(),(,{ XxxxxA AA ∈= γμ  

in X  can be identified to an ordered pair 〉〈 AA γμ ,  in XX II ×  or to an element in 

.)( XII ×  

(b) For the sake of simplicity, we use the symbol 〉〈= AAxA γμ ,,   for the 

intuitionistic fuzzy set }:)(),(,{ XxxxxA AA ∈= γμ .  

(c) Every fuzzy set A  on a nonempty set X  is obviously an IFS having the form 
}:)(1),(,{ XxxxxA AA ∈−= μμ .  

Definition 2.3. Let φ≠X , A  and B  be IFS’s in the form   

}:)(),(,{ XxxxxA AA ∈〉〈= γμ , }:)(),(,{ XxxxxB BB ∈〉〈= γμ   

Then:  

 (a) BA ⊆  iff )()( xx BA μμ ≤  and )()( xx BA γγ ≥  .Xx ∈∀   

 (b) }:)(),(,{ XxxxxA AA
c ∈= μγ  is the complement of A.  

 (c) BAiffBA ⊆= and AB ⊆ .  

 (d) }.:)()(),()(,{ XxxxxxxBA BABA ∈〉∨∧〈= γγμμI   

 (e) =BAU }.:)()(),()(,{ Xxxxxxx BABA ∈〉∧∨〈 γγμμ    

Definition 2.4 . Let }:{ JiAi ∈  be an arbitrary family of IFS’s in X. Then:  

 (a) }:)(),(,{ XxxxxA
ii AAi ∈〉∨∧〈= γμI .  

 (b) }:)(),(,{ XxxxxA
ii AAi ∈〉∧∨〈= γμU .  

Definition 2.5.  }:1,0,{0
~

Xxx ∈= and }.:0,1,{1
~

Xxx ∈=   

Definition 2,6.  Let DCBA ,,, and }:{ JiAi ∈ be IFS’s in X. Then:  
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 (a) c
i

c
i AA IU =)(  and c

i
c

i AA UI =)( .  

 (b) BA ⊆  implies cc AB ⊆ .   

 (c) ( ) .AA
cc =  

 (d) 
~~
1)( =cϕ and .)1(

~~
ϕ=c  

Definition 2.7. Let X  and Y  be two non-empty sets and YXf →:  be a 

function. If }:)(),(,{ YyyyyB BB ∈〉〈= γμ  is an IFS in Y , then  the preimage of B  

under f , denoted by )(1 Bf −  is the IFS in X  defined by:  

}:))((),)((,{)( 111 XxxfxfxBf BB ∈〉〈= −−− λμ .   

Also, if }:)(),(,{ XxxxxA AA ∈〉= γμ  is a IFS in X , then  the image  )(Af  is the 
IFS in  Y  defined by:   

}:))((),)((,{)(
~

YyyfyfyAf AA ∈〉= γμ   

where, )1(1))((
~

AA fyf γγ −−= .  

Theorem 2.8. Let A , )( JiAi ∈  be IFS’s in X , B , )( KiBi ∈  IFS’s in Y and 

YXf →: . Then:   

 (a) ).()( 2121 AfAfAA ⊆⇒⊆   

 (b) ).()( 2
1

1
1

21 BfBfBB −− ⊆⇒⊆   

 (c) )(1 AffA −⊆  (if f  is 1-1, then  )(1 AffA −= ).  

 (d) BBff ⊆− )(1 (if f  is onto, then BBff =− )(1 ).  

 (e) )()( 11
ii BfBf −− = UU .  

 (f) )()( ii AfAf UU = .  

 (g) )()( 11
ii BfBf −− = II .  

 (h) )()( ii AfAf II ⊆ (if f  is 1-1, then )()( ii AfAf II = ).  

 (i) 
~~

1 1)1( =−f  and 
~~

1 )( ϕϕ =−f . If f is onto, then 

~~~
(1)1( ϕfandf = )=

~
ϕ  .  

 (j)  If f  is onto, then cc AfAf ))(()( ⊇  .   

 (k) cc BfBf ))(()( 11 −− = .   
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Definition 2.9. An IFTS on a non-empty set X is a family τ of  IFS,s in X 
satisfying the following axioms:  

 (a) τ∈
~~
1,0 .  

 (b) τ∈21 GG I  for any τ∈21 , GG .  

 (c) τ∈iGU  for any arbitrary family τ⊆∈ }:{ JiGi .  

In this case ),( τX  is called IFTS and each element of τ  is called intutionistic 
fuzzy open set (IFO, for short) and its complement is said to be intutionistic fuzzy 
closed set (IFC, for short).  

Definition 2.10. Let ),( τX  be an IFTS and 〉〈= AAxA γμ ,,  be IFS in X . Then, 
the fuzzy closure and fuzzy interior of A  defined by:   

}.,:{)( AKIFCSisKKACl ⊇= I   

}.,:{)( AGIFOSisGGAInt ⊆= U   

It can be also shown that )(ACl is IFC set  and )(AInt  is IFO set in X  . Also,   

 (a) A  is IFCS if and only if A = )(ACl .  

 (b) A  is IFOS if and only if A = )(AInt .  

Definition 2.11.  Let ),(),(: ϕτ YXf →  be a function. Then  

 (a) f  is said be fuzzy continuous if, the preimage of each IFS in ϕ   is an IFS in 
τ .  

 (b) f  is said to be fuzzy open if and only if the image of each IFS in τ  is an IFS 
in ϕ .  

Definition 2.12. Let ),( τX  be an IFTS. Then  

 (a) If a family }:,,{ Jix
ii GG ∈〉〈 γμ  of  IFO sets  in X  satisfies the condition 

,1}:,,{
~

=∈〉〈 Jix
ii GG γμU then it is called an open cover of  

~
X .   

 (b) An IFTS ),( τX  is said to be compact if every open cover of  
~
X   has a finite 

subcover.  

Definition 2.13. Let A  be IFS in X . Then  

 (a) A  is said to be regular open iff AAClInt =))((   

 (b) A   is said to be regular closed iff AAIntCl =))(( .  

The following definition is a natural generalization of fuzzy points given by Pu-
Liu [19].  

Definition 2.14 [11, 12]. Let c  be a fixed point in X, I∈βα , and  
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( )1,0[],1,0( ∈∈ βα ) such that 1≤+ βα . The intutionistic fuzzy point (IFP, for short) 

is of the form ),( βαc 〉−〈= −βα 11,, ccx  where α  denotes the degree of membership of 

),( βαc , β  the degree of non-membership of ),( βαc  and Xc ∈  is the support of 
),( βαc .  

Remark 2.15 [12]. (a) IFP,s in X  sometimes be inconvenient when we express 
an IFS in X  in terms of IFP,s . This situation will occur if an IFS A contains some 
points Xx ∈   such that 0)( =xAμ  and )1,0[)( ∈xAγ . Therefore, we define vanishing 
IFP as follows:  

 (b) Let XcX ∈≠ ,φ be fixed element in X  . If )1,0[∈β , then the IFS 

〉−〈= −ββ 11,0,)( cxc  is called vanishing IFP (VIVP, for short) in X  , where β  

denotes the degree of nonmembership of )(βc .  

The point ),( βαc  is said to be quasi-coincident with A , in symbol Aqc ),( βα  if  

α > )(cAγ or )(cAμβ < .  

Also, two IFS’s A  and B  are said to be quasi-coincident and denoted by qBA  if 

and only if there is Xx ∈  such that )()( xx BA γμ > or )()( xx BA μγ < .  

 
 
3. Neighborhood of IFP,s 
In this section we introduce the notion of Q-neighbourhood (Q-nbd, for short) in 
IFTS,s by  using  the relation of quasi-coincident [19] and we study some of its 
properties.  

Definition 3.1. Let ),( τX  be an IFTS and A  be IFS. Then A  is said to be Q-
neighbourhood (Q-nbd, for short) of ),( βαc  if there is an IFO set G such that 

AGqc ⊆),( βα .  

It is easy to prove the following  lemma.  

Lemma 3.2. Let A  and B  be an IFS’s. Then  

 (a) cBAiffBqA ⊆ .  

 (b) BqciffBA ),( βα⊆  for each ),( βαc , Aqc ),( βα .  

 (c) ),( βαc )( iAq U  iff there is Ji ∈0  such that ),( βαc
0i

Aq .  

Proposition 3.3. Let ),( τX  be an IFTS and τ∈V . Then, ).(AClqVAqV ⇔  for 
each IFS A.  

Proof: First, we prove that ).(AClqVAqV ⇒  Let AqV . Then cVA ⊆  and this 

implies cVACl ⊆)( , that is ).(AClqV On the other hand if ).(AClqV , we have 

.AqV   



32 S. A. El-Sheikh 

Lemma 3.4. Let f  be a function from X  into Y  and ),( βαc  be IFP in X . 
Then:  

 (a) If B  is IFS in Y   and ,),)(()),(( Bqcfcf βαβα = then ).(),( 1 Bfqc −βα  

 (b) If A  is IFS in  X  and Aqc ),,( βα , then )()),(( Afqcf βα .  

Proof: (a) Let .),)(()),(( Bqcfcf βαβα =  Then ))(( cfBγα >  or  

))(( cfBμβ < .  Next,  ))((1 cf Bγα −>  or ))((1 cf Bμβ −< . This implies 

〉〈= −−− ))((),)((,)(),( 111 xfxfxBfqc BB γμβα .  

 (b) Let )()),(( Afqcf βα . Then .)1(1),(,),)(( 〉−−〈 AA ffyqcf γμβα So,  

))()](1(1[ cff Aγα −−≤  and ))()(( cff Aμβ ≥ . Then,   

)())](([1 ccff AA μμβ ≥≥ − , that is )(cAμβ ≥ . Also,  

)(

)()1(

)()]1(([

))](1(1[))()](1(1[
1

1

c

c

cff

cffcff

A

c
A

c
A

AA

γ
γ

γ
γγα

=
−≤

−=

−−≤−−≤
−

−

 

Finally we have, )(cAγα ≤  and )(cAμβ ≥  , that is Aqc ),( βα which contradicts 
the assumption.  

Definition 3.5. Let YXf →:  be a function from IFTS X  into IFTS Y . Then:  

(a) f  is said to be fuzzy almost continuous  if )(1 Vf −  is IFO set in X  for each 
intutionistic fuzzy regular open (IFR, for short) open set V  in Y   [8].   

(b) f  is said to be fuzzy almost open if ))(())(( 11 UfClUClf −− ≤  for each IFO 
set  U  in  Y .  

(c) f  is said to be fuzzy weakly continuous if ))(()( 11 VClfIntVf −− ≤  for each 
IFO set V   in  Y  [8].  

(d) f  is said to be fuzzy almost open S  if  )(Vf  is IFO set  in Y  for each IFO 
set  V  in  X .  

Lemma 3.6. If YXf →:  is fuzzy weakly continuous, then  

))(())(( 11 AfIntAIntf −− ≤  

for each IFC set A in Y.  

Proof: Let A  be IFC set  in Y . Since )(AInt  is an IFO set  in Y , then by 

definition 3.5 (c), )))(((())(( 11 AIntClfIntAIntf −− ≤ . Hence  

)(())((())(( 111 AfIntAClfIntAIntf −−− =≤  (Since A  in IFC set).  
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4. Fuzzy −δ closed sets and fuzzy −δ open sets. 
In this section we introduce the notion of  IF- −δ open sets and IF- −δ closed sets by 
using the quasi-coincident relation [19] and pseudo-quasi coincident relation [12].   

Note that the point ),( βαc  in X  is said to be pseudo-coincident with the IFS 

〉〈= AAxA γμ ,, , denoted by ),( βαc p A , iff )(cAγα ≥ or )(cAμβ ≤ . Also, two IFS,s 
A  and B  in X  are said to be pseudo-coincident, denoted by BpA  iff there exists 

Xx ∈ such that )()( xx BA γμ ≥  or )()( xx BA μγ ≤ [12].   

Definition 4.1. (a) An IFS  A  of an IFTS  X  is said to be RQ-nbd of an IFP 
),( βαc  if and only if there is a  IFR open set B   such that ),( βαc ABq ⊆ .  

(b) A  is said to be RP-nbd of a vanishing point )(βc  if and only if there is a IFR 
open set B   such that .)( ABpc ⊂β  

Definition 4.2. (a) An IFP ),( βαc  is said to be fuzzy Q −δ cluster point of a IFS 
A  in an IFTS X  if and only if each IFR open Q-nbd of ),( βαc  is quasi-coincident 
with  A .  

(b) )(βc is said to be −δP cluster point of a IFS A  in an IFTS X  if and only if 
each IFR open P-nbd of  )(βc  is pseudo-coincident with A .  

(c) The union of all Q −δ cluster point and P −δ cluster point of A  is denoted by 
)(ACl−δ . If )(AClA −= δ , then  A  is called a IF- −δ closed. The complement of a 

IF- −δ closed is called  IF- −δ open.  

It is easy to see that )()(.. AClACl ≥δ  for each IFS A  in IFTS  X . For, if 
),( βαc )(ACl≤  and V  be IFR open  Q-nbd of ),( βαc , then it is IFO Q-nbd of 
),( βαc  such that .AqV  Hence ),( βαc )(. AClδ≤  and there fore )()(.. AClACl ≥δ .  

Theorem 4.3. An IFS U  is −δ open if and only if:   

(a) for each IFP ),( βαc  with Uqc ),( βα , there is  IFR open set V   in X  such 
that UVqc ⊆),( βα .  

(b) for each IVP )(βc  with Upc )(β there is  IFR open set V  in  X   such that 
UVpc ⊂)(β .  

Proof: :)(⇒ Let U  be IF- −δ open set such that Uqc ),( βα (resp.  Upc )(β ). 

Then ))((),( cc UcUc ∉≤/ ββα (see [12]). Since cU  is −δ closed, there is IFR open 
Q-nbd V  of ),( βαc (resp. P-nbd of )(βc ) such that ))((),( VpcVqc ββα  and 

).( cc UpVUqV  Hence is UV ⊆ (resp. )UV ⊂ .  

Conversely, let U  be any  IFS such that Uqc ),( βα (resp. Upc )(β ). Then there 
is IFR open  Q-nbd (resp. p.nbd) V  of ))(.)(,( ββα crespc such that UV ⊆ (resp. 

)UV ⊂  Hence )),(.(),( cc UcrespUc ∉≤/ βαβα . Therefore cUqV  (resp. cUpV . 
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So, ),( βαc )(.)(.)((. cc UClcrespUCl δβδ ∉≤/ . Hence 

))(..()(. cccc UUClrespUUCl ⊂⊆ δδ . This implies that cU  is −δ closed and 
thereby  U  is −δ open.  

Theorem 4.4. (a) Each IFR closed  (IFR open) set is IF- −δ closed (IF- −δ open) 
set.  

(b) Each IF- −δ closed (IF- −δ open) set is IF-closed  (IF-open ) set.  

Proof: (a) Let A  be IFR closed  set and  ),( Βαc A≤/ (resp. )(βc )A∉ . Since A  is 
IFR closed ,  AAIntCl =))(( . Then, there exits nbdQ −  (resp. p.nbd) V  of 

),( βαc (resp. ))(βc  such that VqAInt )( ( ))( VpAInt . By proposition 3.3 

))(()()),()(.()()( VInClVClVClpAIntrespVClqAInt ⊇ . Then 

))(()(.)((()( VClIntpAIntrespVClIntqAInt  and 

))))((.())(( UVClIntpArespUVClIntqA == . Since U  is IR-open ,  
),( Βαc )).(.)(()(. AClcACl δβδ ∉≤/ Then ))(..()(. AAClrespAACl ⊂⊆ δδ . Hence,  

)(. AClA δ=  and A  is −δ closed.   

The converse of the above theorem is not true in general (see [1]).  

Theorem 4.5. Let A   and B  be IFTS’s in an IFTS X  . The following statements 
are true:  

 (a)
~~

. φφδ =⎟
⎠

⎞
⎜
⎝

⎛Cl  .   

 (b) If ,BA ⊆ then )(.)(. BClACl δδ ⊆ .  

 (c) If V  is IFR open in X , then ).(. ACqVAqV δ⇔    

 (d) )(.))(.(. AClAClCl δδδ = .  

 (e) ).(.)(.)(. BClAClBACl δδδ UU =  

 (f) ).(.)(.)(. BClAClBACl δδδ II ⊆  

Proof: Straightforward.  

 
 
  
5. On IF- −δ Continuous Functions. 
Definition 5.1. A function f  from an IFTS ),( τX   into IFTS ),( θY  is fuzzy 

−δ continuous if and only if  )(1 Vf −  is −δ open in τ for all −δ open set V  in θ .  

Now we give a characterization of the fuzzy −δ continuous functions.   

Theorem 5.2. Let f  be a function from an IFTS X  into an IFTS Y . The 
following are equivalent:  
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 (a) f  is fuzzy −δ continuous.  

 (b) For each IFR open set V  in  Y , )(1 Vf − is IF- −δ open in X .  

 (c)  For each IFR closed  set V  in Y , )(1 Vf − is IF- −δ closed in X .   

 (d) For each IFP ),( βαx  in X  and each IFR open set V  in Y   
with Vqxf )),(( βα , there is IFR open set U  in X  with Uqx ),( βα such 
that VUf ⊆)( .  

Proof: )()( ba ⇒  Let (a) holds and let V  be IFR open in Y . Then V  is −δ open 

(by theorem 4.4 ). By  part (a) )(1 Vf −  is IF- −δ open in  X .  

)()( cb ⇔ : Obvious.  

)()( dc ⇒ : Let © holds and let ),( βαx  be IFP in X  and V  be IFR open in Y  

with Vqxf )),(( βα . Since V  is IFR open in Y , )(1 Vf −  is IF- −δ  open. By lemma 

3.4, )(),( 1 Vfqx −βα . Also, by theorem 4.3, there is  IFR open set U  in X  such that 

).(),( 1 VfUqx −⊆βα  Hence )(1 VfU −⊆ . Therefore, VUf ⊆)( . The proof in the 
case of vanishing points is similar.  

)()( ad ⇒ : Let (d) holds and let V  be IF- −δ open in Y  , we show that )(1 Vf −  is 

IF- −δ open in X . So, let ),( βαx )(1 Vfq −  . Then, Vffqxf 1)),(( −βα . Therefore, 
Vqxf )),(( βα . Using part (d), there is IFR open set U  in X  such that 

Uqx ),( βα and VUf ⊆)( . Then, )()( 11 VfUff −− ⊆ or ).(1 VfU −⊆  By Theorem 

4.3, )(1 Vf −  is IF- −δ open in  X . Hence f is −δ  continuous.  

Definition 5.3. (a)  A net }:)({ DnAnSS n ∈==   in an IFTS ),( τX  is a function 

)(: XDS ℑ→ , where D is a directed set and )(Xℑ  is the set of  IFS on X .  

 (b) A net S  is said to be R-convergent to IFP ),( βαx (resp. ))(βx  in  X  relative 
to τ  if and only if S  is eventually quasi-coincident with each IFR open  Q-nbd (P-
nbd.) of ),( βαx (resp. ))(βx . We denote this convergence by ),( βαxS R

n ⎯→⎯ .  

Lemma 5.4. Let U  and V  be IFR Q-nbd (resp. P-nbd) of ),( βαx (resp. ))(βx   
Then VU I  is a IFR Q-nbd (P-nbd. )of ),( βαx (resp. ))(βx .   

Proof. See [1]. 

Definition 5.5. A function YXf →:  is said to be fuzzy weakly almost open 

(FW-almost open, for short) if )())(( 11 UfClUClf −− ⊆ for all IFR open set U  in Y. 

Remark 5.6: It is clear that each F-almost open function is FW-almost open, but 
the converse is not true as shown in the following example.  

Example 5.7. Let },{ baX = . Also, let CBA ,,  and D  be IFS’s on X such that:   
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

1.03.0
,

2.00
,

baba
xA ,   ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

2.00
,

1.03.0
,

baba
xAB c ,  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

2.04.0
,

1.00
,

baba
xC  and ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
==

1.00
,

2.04.0
,

baba
xCD c .  

It is easy to show that:  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=∧

2.03.0
,

1.00
,

baba
xBA  and ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=∨

1.00
,

2.03..0
,

baba
xBA   

Next, let },,1,{
~~

DBφτ =  and θ },,,,,1,{
~~

BABACBA UIφ= .  

Let XXf →:  be a mapping defined by: aaf =)(  and bbf =)( . It is obvious 
that BABA ∧,,  and BAU  are fuzzy IRO sets of ),( θX  while C is not. Now, it is 
clear that f  is an FW-almost open function, but not F-almost open, since 

,θ∈C DCClBACCl == )(.,)(. τθ I  and 

)).((.)(.))(.( 11 CfClCClDBACClf −− ==⊆/= ττθ I  

Theorem 5.8. A function YXf →:  is −δ continuous if and only if for each IFP 

),( βαx  in X  and every IF-net }:),({ Dix ii ∈βα  which R-converges to ),( βαx , if 

M  is a RQ-nbd of )),(( βαxf , then there is a Dm ∈ such that Mqxf ii )),(( βα for 

each mi ≥ .   

Proof: Let ),( βαx  be a IFP in X , ),(),( βαβα xx R
ii ⎯→⎯  and M  be an RQ- 

nbd. Of  )),(( βαxf . There is IFR open set U  in X   with ),( βαx q U  and 

MUf ≤)( (by theorem 5.2). Since  ),(),( βαβα xx R
ii ⎯→⎯ , there is Dm ∈  such that 

Uqx ii ),( βα (for each IFR Q-nbd U  of ),( βαx ) and for all mi ≥ . Hence  

miMUfqxf ii ≥⊆ ,)()),(( βα  and therefore  Mqxf ii )),(( βα .  

Conversely, let suppose that f  is not IF- −δ continuous. Then there is at least 

one IFP ),( βαx  in X  and IFR open set M  in Y   with Mqxf )),(( βα  such that 
for each IFR open set U  in X   with Uqx ),( βα  we have MUf ⊆/)( , that is 

XxxfxfxMfqU MM
c ∈〉〈= −−− ,))((),)((,)( 111 μγ . Then there is Xx ∈  such that 

))(()( 1 xfx MU μμ −> or ).)(()( 1 xfx MU γγ −<  For all IFR open set U  in X , 

Uqx ),( βα , choose 0, 21 >UU σσ  such that 11 ))(( UMU xf σγα −= −  and 
21 ))(( UMU xf σμβ += − . Let ζ  be the family of all RQ-nbd of ),( βαx . Clearly 

),( ≥ζ  is a directed set , where VUVU ⊆⇔≥( . Now, the set }:),({ ζβα ∈Ux UU  is 

a net in X  which R-converges to ),( βαx , on the other hand Mqxf UU )),(( βα  

which a contradiction.  
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Theorem 5.9. If YXf →:  is an FW-almost open and FW-continuous, then 

)(1 Vf − is IFR open (closed) set in  X  for each  IFR open (closed) set V  in Y .  

Proof: (See [1],  Theorem 3.10).  

Theorem 5.10. If YXf →:  is an FW-almost open and fuzzy weakly 
continuous, then f is a almost continuous.  

Proof. Straightforward.  

Corollary 5.11. If YXf →:  is an IFW-almost open and fuzzy weakly 
continuous, then f is −δ continuous.  

Proof: It follows from theorem 4.4, theorem 5.2 and theorem 5.9.   

Corollary 5.12. If YXf →:  is an F-almost open and fuzzy weakly continuous, 
then f is −δ continuous.  

Proof: Ii follows from corollary 5.11 and  the fact that each fuzzy almost open is 
FW-almost open [1].  

Definition 5.13. A function YXf →:  is said to be  IFW-open if 
))((()( UClfIntUf ⊆   for each IF-open set U  of  X .  

Note that each F-almost open S function is fuzzy weakly open but the converse is 
not true (See [1], Example 3.16  provided that each fuzzy set if IFS).    

Theorem 5.14. If a function YXf →:  is fuzzy weakly open and fuzzy almost 

continuous then, )(1 Vf −  is IFR open (closed) set in X  for each IFR open (closed) set 
V  in Y .  

Proof: Let )(YROV ∈ . Since f  is almost continuous, )(1 Vf −  is IFO in X . 

Also, )()( 11 VfClIntVf −− ≤ . Next, )()()( 111 VClfVfClVfClInt −−− ≤≤ . Moreover, 
f  is fuzzy weakly open, we obtain 

V

VClInt

VClffInt

VClfClfInt

VClfIntClfIntVfClIntClfIntVfClIntf

=
=
≤
≤

≤≤

−

−

−−−

))((

))((

))(((

)))((()))(((()((

1

1

111

 

since V  is IFR open in Y . Then, )()( 11 VfVfClInt −− ≤  . Since 

)()( 11 VfClIntVf −− ≤ , we have )()( 11 VfClIntVf −− =  and therefore )(1 Vf −  is IFR 
open.  

Corollary 5.15. If YXf →:  is a fuzzy weakly open and fuzzy almost 
continuous, then it is fuzzy −δ continuous.  
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Proof: It follows from  theorem 4.4 and theorem 5.2.  

Corollary 5.16. If YXf →:  is a fuzzy almost open S and fuzzy almost  
continuous, then f is IF- −δ continuous.  

Proof: It follows from corollary 5.15 and the fact that each fuzzy almost open S 
mapping is FW-open [1].  

Definition 5.17.  A function YXf →:  is said to be IWF- −θ continuous if for all 
IFP ),( βαx  and for each IFO set V  with Vqxf )),(( βα , there is a IFO set U  of 

),( βαx  with Uqx ),( βα and .)))((( VUClIntf ⊆  

Note that , fuzzy almost continuity implies fuzzy weakly −θ  continuity and this 
implies fuzzy weakly continuity.  But the converse need not be true in general (see 
Example 3.22 in [1])  

Theorem 5.18. If a function YXf →: is fuzzy weakly −θ continuous and  fuzzy 
almost open S, then f is IF- −δ continuous.  

Proof: Let ),( βαx be IFP in X  and let V  be IFR open in Y  such that 
Vqxf )),(( βα . Then, there is IF-open set U  such that Uqx ),( βα  and 

).()))((( VClUClIntf ≤   Since f  is a fuzzy almost open S and ))(( UClInt is IFR 
open in X ,  VVClIntUClIntf =≤ ))(()))((( . Hence the result.  

 
 
 
6. Functions and −),( 21 λλ nearly compact Intuitionistic Fuzzy 
Topological Spaces 
In this section we introduce the notion of −),( 21 λλ shading and we use this definition 

to define the concept of −),( 21 λλ nearly compact in intuitionistic fuzzy topological 
spaces. Also, we study some of its properties.  

Definition 6.1. Let Xℑ⊆η , be a family of IFS’s on X. Then :  

(a) If  A  is IFS , then the support of A  denoted by  )(AS  and  

defined as follows:  

}1)(,0)(:{)( <>∈= xxXxAS AA γμ   

 (b) Xℑ⊆η ,  is said  to be −),( 21 λλ shading of )(AS  if and only if  for all 

)(ASx ∈  there is η∈U  such that 21 )()( λγλμ <> xorx UU , 10 21 ≤+≤ λλ .  

Definition 6.2 [17]. Let A  be an IFS and 〉〈∈〉〈 I21 ,λλ ,  〉〈≠〉〈 1,0, 21 λλ . Then:  

}.)(,)(:{ 21, 21
λγλμλλ <>∈=〉〈 xxXxA AA    

is the strong −〉〈 21 ,λλ cut of A.  
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Definition 6.3. An IFS A  of an IFTS ),( τX  is said to be fuzzy −〉〈 21 ,λλ  nearly 

compact iff every IF-open −〉〈 21 ,λλ shading of )(AS  has a finite subfamily such that 

the fuzzy interior of the fuzzy closure of its member are −〉〈 21 ,λλ shading of )(AS .   

Theorem 6.4. A IFS A  is fuzzy −〉〈 21 ,λλ nearly compact relative to an IFTS 

),( τX  if and only if each IFR open  −〉〈 21 ,λλ shading of )(AS  has a finite 

−〉〈 21 ,λλ sub-shading.  

Proof: It follows from the above definition and the definition of IFR open  
−〉〈 21 ,λλ shading.  

Theorem 6.5. An  IFS A  is fuzzy −〉〈 21 ,λλ nearly compact relative to an IFTS 

X  if and only if each −〉〈 21 ,λλ shading of  )(AS  by IF- −δ  open sets has a finite 

−〉〈 21 ,λλ sub-shading.  

Proof: Let }:{ JiVi ∈  be an −〉〈 21 ,λλ shading of )(AS  by IF- −δ open sets of  

X . Then for all )(ASx ∈ , there is m such that }:{ JiVV im ∈∈  and  

1)( λμ >x
mV  or 2)( λγ <x

mV .  

Now, the IFP 〉〈 21 ,λλx 〉−〈= − 21 11,, λλ xxy  such that 〉〈=〉〈
mm VVm yVqx γμλλ ,,, 12   

Since mV  is −δ open , there is IR-open set  xH  such that  

mx VHqx ≤),( 12 λλ . Hence )(1 x
xHμλ <  or )(2 x

xHγλ > . Hence, the family 

)}(:{ ASxH x ∈  is an IR-open −〉〈 21 ,λλ shading of )(AS . By the above theorem 

there is a finite subfamily },...2,1:{ niH
ix =  which is −〉〈 21 ,λλ shading of )(AS ). 

Hence },...,2,1:{ niVi =  is an −〉〈 21 ,λλ shading of )(AS .  

Conversely, since each IFR open set is IF- −δ open , the converse follows 
immediately.  

Corollary 6.6.  An IFTS X  is fuzzy −〉〈 21 ,λλ nearly compact if and only if each 

IF- −δ open shading of  X  has a finite −〉〈 21 ,λλ shading.  

Theorem 6.7. If YXf →:  is IF- −δ continuous and A  is fuzzy −〉〈 21 ,λλ nearly 

compact relative to X , then )(Af  is a fuzzy −〉〈 21 ,λλ nearly compact relative to Y .   

Proof: Let  }:{ JiVi ∈  be IR-open  −〉〈 21 ,λλ shading of the support of 

)(Af ( ))(( AfS , for short). Then }:)({ 1 JiVf i ∈−  is an −〉〈 21 ,λλ shading of )(AS  by 

IF- −δ open sets of X . For, if ))(())(()(),( AfSASfxfASx =∈∈  and hence there 

is m  such that 21 ))(())(( λγλμ <> xforxf
mm VV . Hence 

2
1

1
1 ))(())(( λγλμ <> −− xforxf

mm VV . Since A  is fuzzy −〉〈 21 ,λλ nearly compact 

relative to X , then by theorem 4.3 there is a finite subfamily },...,2,1:)({ 1 niVf i =−  
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which forms an −〉〈 21 ,λλ shading of )(AS . For yxfAfSy =∈ )()),(( , for  some 

)(ASx ∈  . Hence there is m  such that 2)(1)( 11 )( λγλμ <> −−
mm VfVf

orx  which implies 

21 )())(()())(( λγγλμμ <=>= yxforyxf
mmmm VVVV . Hence },...,2,1:{ niVi =  is an 

−〉〈 21 ,λλ shading of  )(( AfS ). Therefore  )(Af  is  −〉〈 21 ,λλ nearly compact.  

Corollary 6.8.  If  YXf →:  is a fuzzy −δ continuous surjective function and  

X  is  −〉〈 21 ,λλ nearly compact , then so is Y . 

Corollary 6.9. If YXf →:  is a fuzzy weakly open, fuzzy almost continuous 

surjective and X  is −〉〈 21 ,λλ nearly compact, then so is Y .  

Proof: It follows from corollary 5.15 and corollary 6.8.  

Corollary 6.10. If YXf →:  is an FW-almost open, fuzzy weakly continuous 

surjective function and X  is −〉〈 21 ,λλ nearly compact, then so is Y .  

Proof: It follows from corollary 5.11 and corollary 6.8.   

Corollary 6.11. If YXf →:  is an F-almost open, fuzzy weakly continuous 

surjective and  X  is  −〉〈 21 ,λλ nearly compact, then so is Y .  

Proof: It follows from  corollary 6.10 and the fact that each fuzzy almost open 
function is FW-almost open [1].  

Corollary 6.12. If  YXf →:  is a fuzzy almost open S, fuzzy weakly 

−θ continuous surjective function and  X  is −〉〈 21 ,λλ nearly compact, then so is Y .  

Proof: It follows from theorem 5.19 and theorem 6.8.    

Lemma 6.13.  If A  is IF- −δ closed of an IFTS X  and )(ASx ∉ , then there is 

IFR open V  in X   such that 21 )()( λγλμ <> xorx VV  for all 〉〈∈〉〈 I21 ,λλ .  

Proof: Let )(ASx ∉ . Then  .1)(0)( == xorx AA γμ  Hence for all 〉〈∈〉〈 I21 ,λλ  

we have c
AA Aqx =〉〈 μγλλ ,),( 12 . Since cA  is −δ open, so there is IFR open set V  

in X  such that cAVqx ⊆),( 12 λλ . Hence )()( 12 xorx VV μλγλ <> .  

Theorem 6.14. If A  is a IF- −δ closed set of an −〉〈 21 ,λλ nearly compact IFTS 

X . Then  A  is fuzzy −〉〈 21 ,λλ nearly compact relative to X .  

Proof: Let }:{ JiU i ∈=η  be an −〉〈 21 ,λλ shading of  )(AS  by IFR open sets of 

X . For ))(()( ′∈∉ ASxASx  there is IFR open set xV  in X  such that 

)()( 21 xorx
Xx VV γλλμ >> (by the above lemma). Now, the family  

}))((:{ ′∈ ASxVxUη  is an −〉〈 21 ,λλ shading of X  by IFR open sets of X . 

Since X  is −〉〈 21 ,λλ  nearly compact, there is a finite subfamily 

},...,2,1:{},...,,{ 21 niVUUU
ixn =U  which is an −〉〈 21 ,λλ shading of X . 
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Consequently, },...,,{ 21 nUUU  is an −〉〈 21 ,λλ shading of )(AS . Hence A  is 

−〉〈 21 ,λλ nearly compact relative to X  .  
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