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Abstract

The concept of a fuzzy & -continuity in fuzzy topological  spaces was
introduced by Soha [20] and (Allam and Zahran [ 1]). In [14, 16, 18] the
notion of nearly compactness has been introduced. In this paper, we introduce
the notion of fuzzy & -continuity in intutionistic fuzzy topological spaces
(IFTS s, for short) and give a characterization of such notion. Also, we
introduce the notion of  (4,,4,) -near compact which depends on the notion

of (4,,4,)-shading . Finadly, we investigate the image of (4,,4,)-nearly
compact spaces under some types of continuous functions.

Keywords. Fuzzy topological spaces, intutionistic fuzzy sets, intutionistic
fuzzy topological spaces, ¢ — continuity, near compactness.

1. Introduction

In [2,3,5], Atanassov introduced the fundamental concepts of intutionistic fuzzy sets.
Latter this concepts was generalized to intutionistic L-fuzzy sets by [4]. Coker [9],
introduced the notion IFTS's,

In this paper, we introduce the notion of & -continuity between IFTSs. We define
the new notion of (4,,4,)-shading of X and introduce the notion of (4,,4,)-near
compact and study some of its properties. We investigate the image of (4,,4,)-nearly
compact under some types of intutionistic fuzzy continuous functions.
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2. Preliminaries

In this section we introduce some concepts which will be needed in the sequel. For
more information see [8, 9,10,11,12,15].

Definition 2.1. Let X be a non-empty fixed set. An intutionistic fuzzy set (IFS,
for short) is an object of the form

A={(X 15 (X).74(¥) : X< X}

where ¢, : X -1 =[01] and y,: X — 1 =[0]] denote the membership (non-
membership) functions of A and u,(X)(y.(X)) denote the degree (non-degree) of
membership of each element xe X totheset A suchthat 0< 2, (X) +7,(X) <1.

Remark 2.2 [8]. (a) An intuitionistic fuzzy set ~ A={(X, £,(X),7A(X)): xe X}
in X can be identified to an ordered pair (x,,7,) in 1*x1* or to an element in
(Ix1)*.

(b) For the sake of simplicity, we use the symbol A=(Xx,u,,7,) for the
intuitionistic fuzzy set A={(X, 1£,(X),7(X)) : xe X}.

(c) Every fuzzy set A on anonempty set X isobviously an IFS having the form
A={{X 11, ()1~ 11, () : xe X}

Definition 2.3. Let X # ¢, A and B belFSsin theform
A={X (9,74 (¥)) : x€ X}, B={(X,15(X),75(X)) : Xe X}
Then:

@AcCBIff g,(X)<ug(x) and y,(X) 2 75(X) Vxe X.

(b) A° ={(X7A(X), £ (X) : xe X} isthe complement of A.
(c) A=Biff AcBand Bc A.

(A) ANB={(x, 1, () A L5 (X), 74 (¥ v 75 (X))  XE X}

(&) AUB = {(x, 1, () v 15 (X), 74(¥) A 75 (X)) X X}.
Definition 2.4 . Let { A :ie J} bean arbitrary family of IFSsin X. Then:
(8 NA ={(X A 225 (0, v 74 () : x€ X}

(b) UA ={xv t2, (0,77, () x€ X}

Definition 25. 0={(x,01): xe X} and 1={(x10): xe X}.

Definition 2,6. Let AB,C,D and {A :ie J} be IFSsin X. Then:
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@ (UA)° =NA’ and (NA)° =UA".

(b) Ac B implies B® ¢ A°.

© (A7) = A

(d) (¢)° =1land ()° = ¢.

Definition 2.7. Let X and Y be two non-empty sets and f: X —>Y be a

function. If B={(y, uz(y),75(y)):ye Y} isan IFSin Y, then the preimage of B
under f , denoted by f *(B) istheFSin X defined by:

f(B) ={(X, T "(us)(®), f 7 (45)(x)) 1 xe X}.

Also, if A={Xu,(X),7.(X)):xe X} isalFSin X, then theimage f(A) isthe
IFSin Y defined by:

F(A) =1y, T(ua)(y), T(7a)(y)) tye Y}
where, T(y,)(y)=1-1(A-7,) .

Theorem 2.8. LetA, A (ieJ) be IFSsin X, B, B (ie K) IFSsin Y and
f: X —>Y.Then:

@A cA = f(A)c F(A).

(b) B,c B, = f(B) c f(B,).

©AcC ff(A) (if fisl1 then A=ff(A).
(d) ff (B) c B(if f isonto, then ff (B) = B).
(e f(UB)=Uf"(B).

) f UA)=UF(A).

(@ f*(NB)=Nf"(B).

)y f (NA)<Nf(A)(f fis1l-1,then f (NA)=NTF(A)).
(i) f*M=1and f*(p)=¢.If fisonto, then
fM=1and f(p)=¢ .

() If f isonto, then f(A%) o (f(A)° .

(k) F7(B°)=(f(B))".
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Definition 2.9. An IFTS on a non-empty set X is a family zof IFSsin X
satisfying the following axioms:

@ 01le7.

(b) G,NG,ez forany G, G, e 7.
(c) UG, € 7 for any arbitrary family {G, :ie J} c 7.

In this case (X,7) is caled IFTS and each element of 7 is called intutionistic

fuzzy open set (IFO, for short) and its complement is said to be intutionistic fuzzy
closed set (IFC, for short).

Definition 2.10. Let (X,7) bean IFTSand A=(X,u,,7,) belFSinX. Then,
the fuzzy closure and fuzzy interior of A defined by:

ClI(A) =K :K is IFCS, K o A}.

Int(A) = {G:Gis IFOS, G c A.

It can be also shown that CI(A)isIFC set and Int(A) isIFOsetin X . Also,
(@ A isIFCSif andonly if A=CI(A).

(b) A isIFOSIif andonly if A= Int(A).

Definition 2.11. Let f :(X,7) — (Y,9) beafunction. Then

(@ f issad befuzzy continuous if, the preimage of each IFSin ¢ isanIFSin

(b) f issaidto befuzzy open if and only if theimage of each IFSin 7 isan IFS
ing.

Definition 2.12. Let (X,7) bean IFTS. Then

(@ If a family{(x, 4 .75 ):i€ J} of IFO sets in X satisfies the condition
U{(x b6 176 ) 1€ J} =1, thenitis called an open cover of X.

(b) AnIFTS (X, 7) is said to be compact if every open cover of X hasafinite
subcover.

Definition 2.13. Let A belFSin X . Then

(&) A issaidtoberegular openiff Int(Cl(A))=A

(b) A issaidto beregular closed iff Cl(Int(A)) = A.

The following definition is a natural generalization of fuzzy points given by Pu-
Liu[19].

Definition 2.14 [11, 12]. Let c¢ be a fixed point in X, «, feland
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(e (01], B€[0,))) suchthat o+ f <1. Theintutionistic fuzzy point (IFP, for short)
is of the form c(e, ) =(x,c,,1-c, ;) where a denotes the degree of membership of
c(a, ), [ the degree of non-membership of c(e, ) and ce X is the support of
(e, f).

Remark 2.15 [12]. () IFPsin X sometimes be inconvenient when we express
an IFSin X intermsof IFPs. This situation will occur if an IFS A contains some
points xe X suchthat u,(x)=0 and y,(x) e [0). Therefore, we define vanishing
|FP asfollows:

(b) Let X #¢p,ce Xbe fixed element in X . If fe€[01), then the IFS
c(B) =(x,0,1-c,,) is caled vanishing IFP (VIVP, for short) in X , where S
denotes the degree of nonmembership of c(f).

The point c(e, #) is said to be quasi-coincident with A, in symbol c(a, 5) qA if
a>ya(c)or f<u,(c).

Also, two IFSs A and B are said to be quasi-coincident and denoted by AgB if
and only if thereis xe X suchthat u,(X) > yg(X)or y,(X) < tgz(X).

3. Neighborhood of IFP's

In this section we introduce the notion of Q-neighbourhood (Q-nbd, for short) in
IFTSs by using the relation of quasi-coincident [19] and we study some of its
properties.

Definition 3.1. Let (X,7) bean IFTSand A be IFS. Then A is said to be Q-
neighbourhood (Q-nbd, for short) of c(e, B) if there is an IFO set G such that
c(a, f)aG c A.

It is easy to prove the following lemma.
Lemma3.2. Let A and B bean IFSs. Then

(a) AgB iff Ac B°.
(b) Ac Biff c(e, B)gB for each c(a, f), c(e, B)qA.
(©) c(e, B) q(UA) iff thereis iy e J suchthat c(a, 5) qA, .

Proposition 3.3. Let (X,7) beanIFTSand Ve 7. Then, VqA< V qCI(A). for
each IFSA.

Proof: First, we provethat V q A=V qCl(A). Let VgA. Then AcV°® and this
implies CI(A) cV®, that is V q CI(A). On the other hand if V q CI(A)., we have
VagA
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Lemma 3.4. Let f be a function from X into Y and c(a, 8) be IFPin X.
Then:

(@ If BislIFSinY and f(c(e, B)) = f(c)(e, B)qB,then c(er, B)q f *(B).

(b) If AislFSin X and c(e,,5)qA ,then f(c(a,B))qf(A).

Proof: (8 Let f(c(e,B))=f(c)e,$)gB. Then a>yy(f(c) or
B<ug(f(c). Next, a>f7(y)c) or B<f(uy)c). This implies
(e, B)q f(B)=(x " (ug)(¥), f " (75)(X)) -

(b) Let f(c(er, 8))q f(A). Then f(c)(e, B)acy, f(uy)1- f(d-7,))- So,

a<[1-f1-y)I(f(c)) and B2t (u)(f (). Then,
B> (u)©) 2 p1,(0), thatis B> u,(c). Also,

o <[1- f@-y)I(f(0) < f 1~ f(L-¥)]()

=[f 7 (f Q-7
<@=74)°()
= 7A(C)

Finally we have, < y,(c) and > u,(c) , thatis c(e, ) q Awhich contradicts
the assumption.

Definition 3.5. Let f: X =Y beafunctionfrom IFTS X into IFTS Y. Then:

(@ f issaid to be fuzzy amost continuous if f (V) isIFO setin X for each
intutionistic fuzzy regular open (IFR, for short) openset V inY [§].

(b) f issaid to be fuzzy amost open if f*(ClI(U)) <ClI(f ")) for each IFO
set U in Y.

(c) f issaid to be fuzzy weakly continuous if f (V) < Int(f 'ClI(V)) for each
IFOsetV in Y [8].

(d) f issaidto befuzzy amost open S if f(V) isIFOset inY for each IFO
set Vin X.

Lemma3.6.1f f: X —Y isfuzzy weakly continuous, then
f(Int(A)) < Int(f (A))
foreachIFCset AinY.

Proof: Let A be IFC set in Y. Since Int(A) is an IFO set in Y, then by
definition 35 (), f(Int(A) < Int(f (CI(Int(A))). Hence
f(Int(A) < Int(f (CI(A) = Int(f *(A) (Since A inIFC set).
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4. Fuzzy & -closed setsand fuzzy 6 -open sets.

In this section we introduce the notion of |IF- ¢ —open sets and IF- § — closed sets by

using the quasi-coincident relation [19] and pseudo-quasi coincident relation [12].
Note that the point c(e, ) in X is said to be pseudo-coincident with the IFS

A=(X,l,,7 ), denoted by c(a, B)p A, iff a>y,(c)or B < u,(C). Also, two IFSs

A and B in X are said to be pseudo-coincident, denoted by A pB iff there exists

xe Xsuchthat u,(X)=yg(X) or 7,(X) < ug(x)[12].

Definition 4.1. (@) An IFS A of an IFTS X is said to be RQ-nbd of an IFP
c(a, p) if and only if thereisa IFR open set B suchthat c(e, f) qB < A.

(b) A issaidto be RP-nbd of avanishing point ¢(f) if and only if thereisalFR
openset B suchthat c(f) pBc A

Definition 4.2. (a) An IFP c(e, f) issaid to be fuzzy Qd — cluster point of a IFS
A inan IFTS X if and only if each IFR open Q-nbd of c(ex, ) is quasi-coincident
with A.

(b) c(B)is said to be PJ —cluster point of alFS A inan IFTS X if and only if
each |FR open P-nbd of ¢(f) is pseudo-coincident with A.

(c) The union of all Qo —cluster point and Pd — cluster point of A is denoted by
0—-CI(A).If A=0-CI(A),then A iscdledalF- ¢ —closed. The complement of a
IF-6 —closed iscalled IF-6 — open.

It is easy to see that 6..CI(A)>CI(A) for each IFSA in IFTS X. For, if
c(a, ) <CI(A) and V be IFR open Q-nbd of c(a, ), then it is IFO Q-nbd of
c(a, f) suchthat V qA Hence c(a, f) < 0.CI(A) and therefore 6..ClI(A) > CI(A).

Theorem 4.3. AnIFS U is 6 —open if and only if:
(a) for each IFP c(ex, B) with c(e, 5)qU , thereis IFR openset V in X such
that c(e, ) qV cU .

(b) for each IVP c(f) with c(8) pU thereis IFR openset V in X such that
c(f)pV cU.

Proof: (=):Let U be IF-¢6 —open set such that c(e, 5)qU (resp. c(B)pU ).
Then c(e, ) £U° (c(B) ¢ U°) (see[12]). Since U € is § —closed, there is IFR open
Q-nbd V of c(a,p)(resp. P-nbd of c(B)) such that c(e, 5)qV (c(f)pV) and
VqUe(V pU®). HenceisV c U (resp. V cU).

Conversely, let U beany IFSsuchthat c(e, 8)qU (resp. c(5) pU ). Then there
is IFR open Q-nbd (resp. p.nbd) V of c(a, B)(resp. c(B))such that V c U (resp.
V cU) Hence c(a, B) £U °(resp. c(er, B) & U ). Therefore VqU° (resp. V pU°©.
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So, c(a, B) £ 0.CI(U°)(resp. c(B)g 6.CI(U°). Hence
OCIU®)cU°(resp.d.ClU°)cU°®). This implies that U° is ¢ —closed and
thereby U is ¢ —open.

Theorem 4.4. (a) Each IFR closed (IFR open) set is |F- 6 —closed (IF- & — open)
Set.

(b) Each IF- 6 —closed (IF- 6 —open) set is|F-closed (IF-open ) set.

Proof: (a) Let A belFR closed setand c(o,B) £ A(resp. c(f) ¢ A) . Since A is
IFR closed , Cl(Int(A)) = A. Then, there exits Q—nbd (resp. p.nbd) V of
c(e, B) (resp. c(B)) such that Int(A) qV (Int(A) pV). By proposition 3.3
Int(A) qCl (V) (resp. Int(A) pCl(V)), CI(V) 2 Cl(In(V)). Then
Int(A) qInt(Cl (V)(resp. Int(A) p Int(Cl(V)) and
Aq Int(CI(V))=U (resp. A p Int(CI(V)))=U). Since U is IR-open
c(a,B) £0.CI(A) (c(p)g 6.CI(A).Then 6.CI(A) < A(resp.d.CI(A) c A). Hence,
A=0CI(A) and A is 6 —closed.

The converse of the above theorem is not true in general (see[1]).

Theorem 4.5. Let A and B belFTSsinan IFTS X . The following statements
aretrue:

(@o.Cl (?) =¢ .

(b) If Ac B, then 6.CI(A) c 6.CI(B).

(©If V islFRopenin X ,then VgA<V qo.C(A).
(d) 6.ClI(6.CI(A)=0.CI(A).

(e) 0.CI(AUB) =9d.CI(A)UJ.CI(B).

(f) 0.CI(ANB) c o.CI(A)NJ.LCI(B).

Proof: Straightforward.

5. On I F-§ - Continuous Functions.
Definition 5.1. A function f from an IFTS (X,z) into IFTS (Y,8) is fuzzy

6 —continuousif and only if f (V) is §—openin zforal d—opensetV in 4.
Now we give a characterization of the fuzzy ¢ — continuous functions.

Theorem 5.2. Let f be a function from an IFTS X into an IFTS Y. The
following are equivalent:
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(@ f isfuzzy ¢ —continuous.
(b) For each IFRopenset V in Y, f *(V)isIF-6 —openinX .
(c) ForeachIFRclosed setV in Y, f*(V)isIF-6 —closedin X.

(d For each IFP X(e,f) in X and each IFR open st V in Y
with f (X(e, £))qV, there is IFR open set U in X with X(a,f)qU such
tha f(U)cV.

Proof: (a) = (b) Let (a) holdsand let V belFR openin Y. ThenV is d —open
(by theorem 4.4). By part (a) f (V) isIF-d —openin X.

(b)  (c): Obvious.

(c)= (d): Let © holds and let x(e, ) belFPin X and V beIFR openin Y
with f(x(e, £))qV . Since V isIFRopeninY, f (V) isIF-§ - open. By lemma
3.4, x(a, B)q f (V). Also, by theorem 4.3, thereis IFR openset U in X such that
x(er, B)qU < f (V). Hence U c f (V). Therefore, f(U) V. The proof in the
case of vanishing pointsissimilar.

(d)= (a): Let(d) holdsand let V belF-6 —openinY , weshow that f (V) is
IF-5—openin X. So, let x(e, ) q f (V) . Then, f(x(a, B))q ff V. Therefore,
f(X(a, £))qV . Using part (d), there is IFR open set U in X such that
X(a, f)qU and f(U) V. Then, f*fU)c f*(V)or U c f (V). By Theorem
4.3, f (V) isIF- §—openin X .Hencefis §— continuous.

Definition 5.3. (&) A net S={S(n)= A, :ne D} inanlIFTS (X,7) isafunction
S:D — 3(X),where D isadirected set and 3(X) istheset of IFSon X .

(b) A net S issaid to be R-convergent to IFP x(e, ) (resp. x(5)) in X relative
to 7 if and only if S is eventualy quasi-coincident with each IFR open Q-nbd (P-
nbd.) of x(a, B) (resp. x(/3)) . We denote this convergence by S, —F— x(«, ).

Lemma 54. Let U and V be IFR Q-nbd (resp. P-nbd) of x(e, £) (resp. Xx(5))
Then U NV isalFR Q-nbd (P-nbd. )of x(e, B) (resp. x(5)) .

Proof. See[1].

Definition 5.5. A function f: X —Y is said to be fuzzy weakly almost open
(FW-almost open, for short) if f*(CI(U)) < CI(f 'U) foral IFRopenset U inY.

Remark 5.6: It is clear that each F-almost open function is FW-almost open, but
the converse is not true as shown in the following example.

Example5.7. Let X ={a,b}. Also, let A,B,C and D be|FSson X such that:
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AR RS R A |
c=a(3 S {euna) meomcr =il )

It is easy to show that:

pa={ef2 (8 S a2, 53 2

Next, let 7 ={¢,1,B,D} and 6 ={¢,1, A B,C,A(1B,AUB}.

Let f: X — X beamapping defined by: f(a)=a and f(b)=b . Itisobvious
that A,B,AAB and AUB are fuzzy IRO sets of (X,8) while C is not. Now, it is
cler that f is an FW-amost open function, but not F-almost open, since
Ced, 6CI(C)=ANB,zCI(C)=D and
f *(8.CI(C)) = ANB g D =7.CI(C) = z.CI(f *(C)).

Theorem 5.8. A function f : X — Y is § —continuous if and only if for each IFP
X(a, ) in X and every IF-net {x(e,, ;) :i € D} which R-convergesto x(«, f3), if
M isaRQ-nbd of f(x(a,f)), then thereisa me Dsuch that f(x(«;,,))gM for
each i > m.

Proof: Let x(a,) bealFPin X, x(&;,B)——>x(e, ) and M be an RQ-
nbd. Of f(X(e,f)). There is IFR open set U in X with x(e,)q U and
f(U)<M (by theorem 5.2). Since x(¢;, B,)—=— X(, ) , there is me D such that
X(e;,B)quU (for each IFR Q-nbd U of x(e,f)) and for al i>m. Hence
f(X(e,,5,))a f(U)c M, i >2m and therefore f(x(e;,,5,))aM .

Conversely, let suppose that f is not IF- ¢ —continuous. Then there is at least
one IFP x(a, ) in X and IFRopenset M inY with f(x(a,)) M such that
for each IFR open set U in X with x(e,8)qU we have f(U)g M, that is

Ugf (M) =(x ()X, f (&, )(X)), xe X. Then there is xe X such that
Uy (X) >, ))or y, ()< fH(y, )(X). For al IFR open set U in X,
X(a,f)quU, choose o,0;>0 such tha «,=f"(y,)X)-0, and
By =T (uy)X)+0). Let ¢ be the family of al RQ-nbd of x(«,f). Clearly
({,2) isadirected set, where (U 2V < U c V. Now, theset {x(¢,,3,) :U e {} is
anet in X which R-converges to x(«, 8), on the other hand f(x(e, , 5, ) g M
which a contradiction.
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Theorem 59. If f: X —>Y is an FW-amost open and FW-continuous, then
f (V) isIFR open (closed) setin X for each IFR open (closed) setV in'Y.

Proof: (See[1], Theorem 3.10).

Theorem 510. If f:X —>Y is an FW-dmost open and fuzzy weakly
continuous, then f is aamost continuous.

Proof. Straightforward.

Corollary 5.11. If f:X —>Y is an IFW-amost open and fuzzy weakly
continuous, then f is ¢ — continuous.

Proof: It follows from theorem 4.4, theorem 5.2 and theorem 5.9.

Corollary 5.12. If f: X —Y isan F-amost open and fuzzy weakly continuous,
then f is o — continuous.

Proof: Ii follows from corollary 5.11 and the fact that each fuzzy aimost open is
FW-amost open [1].

Definition 5.13. A function f:X —>Y is sad to be IFW-open if
fU)cInt(f(CI(U)) foreachl|F-openset U of X.

Note that each F-almost open S function is fuzzy weakly open but the converseis
not true (See [1], Example 3.16 provided that each fuzzy set if IFS).

Theorem 5.14. If afunction f : X — Y isfuzzy weakly open and fuzzy amost
continuous then, f (V) isIFR open (closed) setin X for each IFR open (closed) set
VinY.

Proof: Let Ve RO(Y). Since f is amost continuous, f*(V) isIFO in X.
Also, f(V)<Int(Cl f V). Next, Int(Cl f *V)<CI(f V)< f 'CI(V). Moreover,
f isfuzzy weakly open, we obtain

f(Int(Cl f V) <Int(f (CI(Int(Cl f 7V))) <Int f (CI(Int f "'CI(V)))
<Int f (CI(f *CI(V))
<Int(f f *ClI(V))
=Int(Cl(V))
=V
snce V is IFR open in Y. Then, Int(Clf*V)<f™*(V) . Since
f (V) <Int(Cl f V), we have f (V) =Int(Cl f V) and therefore f (V) isIFR
open.
Corollary 5.15. If f:X —>Y is a fuzzy weakly open and fuzzy amost
continuous, then it isfuzzy & — continuous.
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Proof: It follows from theorem 4.4 and theorem 5.2.

Corollary 5.16. If f:X —>Y is a fuzzy amost open S and fuzzy almost
continuous, then f is IF- 6 — continuous.

Proof: It follows from corollary 5.15 and the fact that each fuzzy almost open S
mapping is FW-open [1].

Definition 5.17. A function f : X =Y issaid to be IWF-8 —continuous if for all

IFP X(e, #) and for each IFO set V with f(x(e, 8)) qV, thereisalFO set U of
x(ax, B) with x(e, 8)qU and f (Int(ClI(U))) c V.

Note that , fuzzy almost continuity implies fuzzy weakly 6 — continuity and this
implies fuzzy weakly continuity. But the converse need not be true in general (see
Example 3.22in[1])

Theorem 5.18. If afunction f : X — Yisfuzzy weakly € —continuous and fuzzy
almost open S, then f is | F- 6 — continuous.

Proof: Let x(a,f)be IFP in X and let V be IFR open in Y such that
f(X(a, )) qV. Then, there is IF-open set U such that x(e,B)qU and
f(Int(Cl(U)))<Cl(V). Since f is afuzzy amost open S and Int(Cl(U))is IFR
openin X, f(Int(Cl(U))) < Int(Cl(V)) =V . Hence the result.

6. Functions and (4,,4,)-nearly compact Intuitionistic Fuzzy
Topological Spaces

In this section we introduce the notion of (4,,4,) —shading and we use this definition
to define the concept of (4,,4,)—nearly compact in intuitionistic fuzzy topological
spaces. Also, we study some of its properties.

Definition 6.1. Let 7 = 3%, beafamily of IFSson X. Then::
(@ If A isIFS, then the support of A denoted by S(A) and
defined as follows:

S(A) ={xe X:u,(x) >0, y,(x) <3

(b) nc=3*, issad to be (4,4,)—shading of S(A) if and only if for all
xe S(A) thereisU e i suchthat u,(X) >4, ory, (X)<4,, 0S4, + 4, <1.

Definition 6.2 [17]. Let A beanIFSand (4,,4,)e(l), (4,,4,) #(01). Then:
A<11,12> ={xe X ::uA(X) > Z117’A(X) < /12}-
isthe strong (4,,4,) —cut of A.
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Definition 6.3. An IFS A of an IFTS (X,7) issaid to be fuzzy (4,,4,) — nearly
compact iff every IF-open (4,,4,) —shading of S(A) has afinite subfamily such that
the fuzzy interior of the fuzzy closure of its member are (1,,4,) — shading of S(A).

Theorem 6.4. A IFS A is fuzzy (1,,4,)—nearly compact relative to an IFTS
(X,7) if and only if each IFR open (A,,4,)—shading of S(A) has a finite
(A, A,) — sub-shading.

Proof: It follows from the above definition and the definition of IFR open
(A, A,y —shading.

Theorem 6.5. An IFS A isfuzzy (4,,4,)—nearly compact relative to an IFTS
X if and only if each (4,,4,)—shading of S(A) by IF-6 — open sets has a finite
(4, 4,) — sub-shading.

Proof: Let {V.:ie J} be an (1,,4,)—shading of S(A) by IF-J —open sets of
X . Thenfor dl xe S(A), thereismsuchthat Ve {V. :ie J} and

Hy, (X) > A, or p, (X) < 4,.

Now, the IFP X(4;,4,) =(Y, X, 1-x_, ) such that x(4,,4,) qV,, =<y, 4, , 7y )
Since V,, is 0 —open, thereisIR-open set H, such that

X(4,,4)qH,<V,. Hence A, <u, (X) or A,>p, (X). Hence, the family
{H, :xe S(A)} is an IR-open (4,,4,)—shading of S(A). By the above theorem
there is a finite subfamily {H, :i=12...n} which is (4;,4,)—shading of S(A)).
Hence{V, :i =12,...,n} isan (4,,4,) —shading of S(A).

Conversely, since each IFR open set is IF-0—open , the converse follows
immediately.

Corollary 6.6. AnIFTS X isfuzzy (1,,4,)—nearly compact if and only if each
IF- & —open shading of X hasafinite (1, 4,) — shading.

Theorem 6.7.1f f: X —Y islIF-¢ —continuousand A isfuzzy (4,,4,)—nearly
compact relativeto X , then f(A) isafuzzy (4,,4,) —nearly compact relativeto Y .

Proof: Let {V,:ieJ} be IR-open (A,,4,)—shading of the support of
f(A) (S(f(A)), for short). Then { f *(V,):ie J} isan (1, 4,) —shading of S(A) by
IF- 6 —open sets of X . For, if xe S(A), f(x)e f(S(A)) =S(f(A)) and hence there
is m such that ty (F(X) > A 0r p, (f(X)<4,. Hence
f ™y ) > Aor f7(p, )(X)<A,. Since A is fuzzy (4,,4,)—nearly compact
relative to X , then by theorem 4.3 there is a finite subfamily {f *(V,):i =12,...,n}
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which forms an (4,,4,) —shading of S(A). For ye S(f(A)), f(x)=y, for some
xe S(A) . Hence there is m such that My )(x) > A, or Yt < A, which implies
ty, (F(X)) =y (y) > A ory, (F(X) =2, (Y) <4,. Hence {V,:i=12..n} is an
(A4, 4,) —shading of S(f(A)). Therefore f(A) is (4,,4,)—nearly compact.

Corollary 6.8. If f:X —Y isafuzzy - continuous surjective function and
X is (4,,4,) —nearly compact , thensois Y.

Corollary 6.9. If f: X —Y is afuzzy weakly open, fuzzy amost continuous
surjectiveand X is (4,;,4,) — nearly compact, then sois Y .

Proof: It follows from corollary 5.15 and corollary 6.8.

Corollary 6.10. If f: X —Y isan FW-amost open, fuzzy weakly continuous
surjective function and X is (4,,4,) — nearly compact, thensois Y.

Proof: It follows from corollary 5.11 and corollary 6.8.

Corollary 6.11. If f: X —Y is an F-amost open, fuzzy weakly continuous
surjectiveand X is (4,,4,)—nearly compact, then sois 'Y .

Proof: It follows from corollary 6.10 and the fact that each fuzzy amost open
function is FW-amost open [1].

Corollary 6.12. If f:X —>Y is a fuzzy amost open S, fuzzy weakly
6 — continuous surjective functionand X is (4,,4,) — nearly compact, then sois Y .

Proof: It follows from theorem 5.19 and theorem 6.8.

Lemma6.13. If A islF- 6 —closed of an IFTS X and x¢ S(A), then there is
IFRopenV in X suchthat g, (x) > 4,0r 3, (X)< A, foral (4,,4,)e(l).

Proof: Let x¢ S(A). Then u,(x)=0o0ry,(x)=1. Hence for al (1,,4,)e(l)
we have x(4,,4,)q (¥, i,y = A°. Since A° is J —open, so thereis IFR open set V
in X suchthat x(4,,4,)qV c A°.Hence 4, >y, (X)or A4, < u,(X).

Theorem 6.14. If A isalF- ¢ —closed set of an (4,,4,) —nearly compact IFTS
X .Then A isfuzzy (1,,4,)— nearly compact relativeto X .

Proof: Let n={U, :ie J} bean (1,,4,)—shading of S(A) by IFR open sets of
X. For xg S(A)(xe S(A)) there is IFR open set V, in X such that
ty (X) >4, or 4, >y, (X)(by the above lemma). Now, the family

nU{V, :xe (S(A)} is an (A,4,)—shading of X by IFR open sets of X.

SinceX is (4,4,)— nearly compact, there is a finite subfamily
{U, U, UBULY, ti=22,..,np  which is an  (4,,4,)—shading of X.
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Consequently, {U,,U,,..,U,} is an (4,4,)—shading of S(A). Hence A is
(4, 4,) — nearly compact relativeto X .
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