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Abstract

Given two fuzzy graphs G1 = (σ1, µ1) and G2 = (σ2, µ2). We consider some pa-
rameters of domination such as dominating sets, connected dominating sets, total
dominating sets, independent dominating sets and dominating cliques in Cartesian
product and composition of G1 and G2. Then we introduce the concepts of cate-
gorical and strong product of G1 and G2 and study above parameters for them.

AMS Subject Classification:
Keywords: Dominating set, cartesian product, categorical product, strong product,
composition.

1. Introduction

The first definition of fuzzy graphs was proposed by Kafmann [3], from the fuzzy rela-
tions introduced by Zadeh [10]. Although Rosenfeld [6] introduced another elaborated
definition , including fuzzy vertex and fuzzy edges, and several fuzzy analogs of graph
theoretic concepts such as paths, cycles, connectedness and etc. Then after it many con-
cepts such as fuzzy outomorphic groups, fuzzy intersection graphs, fuzzy line graphs,
was introduced, (see [1], [4], [5]). The concept of domination in fuzzy graphs was in-
vestigated by A. Somasundaram, S. Somasundaram [7] and A. Somasundaram present
the concepts of independent domination, total domination, connected domination and
domination in Cartesian product and composition of fuzzy graphs ([8], [9]). In this pa-
per we develop the domination in Cartesian and composition of fuzzy graphs to another
domination parameters and investigate the concepts of domination in categorical and
strong product of fuzzy graphs.
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2. Preliminaries

We review some definitions in fuzzy graphs. Let V be a finite nonempty set. Let E be
the collection of all two-element subsets of V . A fuzzy graph G = (σ, µ) is a set with
two functions σ : V → [0, 1] and µ : E → [0, 1] such that µ({x, y}) ≤ σ(x)∧σ(y) for
all x, y ∈ V . We write µ(xy) for µ({x, y}). An edge e = xy of a fuzzy graph is called
an effective edge if µ(xy) = σ(x) ∧ σ(y). N(x) = {y ∈ V | µ(xy) = σ(x) ∧ σ(y)} is
called the neighborhood of x.

Let G = (σ, µ) be a fuzzy graph on V . Let u, v ∈ V . We say that u dominates v in
G if µ(uv) = σ(u) ∧ σ(v). A subset S of V is called a dominating set in G if for every
v ∈ V − S, there exists u ∈ S such that u dominates v. The minimum fuzzy cardinality
of a dominating set in G is called the domination number of G and denote by γ (G) or
simply γ .

A vertex u of a fuzzy graph G is said to be an isolated vertex if µ(uv) < σ(u)∧σ(v)

for all v ∈ V − {u}.
Let G = (σ, µ) be a fuzzy graph on V . A subset S of V is said to be an independent

set if µ(uv) < σ(u) ∧ σ(v) for all u, v ∈ S. The minimum fuzzy cardinality of an
independent dominating set of G is called the independent domination number of G and
is denoted by γi(G) or simply γi .

Let G be a fuzzy graph without isolated vertices. A subset S of V is called a total
dominating set of G if every vertex in V is dominated by a vertex in S or equivalently
S is a dominating set of G and the induced subgraph G[S] has no isolated vertices. The
minimum fuzzy cardinality of a total dominating set of G is called the total domination
number of G and denoted by γt(G) or simply γt .

A path p in fuzzy graph G = (σ, µ) is a sequence of distinct vertices (u0, u1,

u2, . . . , un) such that µ(ui−1, ui) > 0, i = 1, 2, . . . , n and n is called the length of p.
The path p is called u0 − un path.

The strength of a path p is defined to be ∧n
i=1µ(ui−1ui). In other word, the strength

of the path p is the weight of the weakest edge of p. The fuzzy graph G is said to be
connected if there exists a u − v path in G for any two vertices u and v.

Let G be connected fuzzy graph of V . A subset S of V is called a connected
dominating set of G if S is a dominating set and G[S] is connected subgraph of G.
The minimum fuzzy cardinality of a connected dominating set is called the connected
domination number of G and is denoted by γc(G) or simply γc.

Let G = (σ, µ) be fuzzy graph on V and D ⊆ V , then the scaler cardinality of D is
defined to be �v∈D σ(v). We denote the scaler cardinality of D by |D|s .

A. Somasundaram introduced the following definitions [9].

Definition 2.1. Let G1 = (σ1, µ1) and G2 = (σ2, µ2) be two fuzzy graphs on V1 and
V2 respectively. Then the composition of G1 and G2, denoted by G1 ◦ G2, is the fuzzy
graph on V1 × V2 defined as follows:

G1 ◦ G2 = (σ1 ◦ σ2, µ1 ◦ µ2)



On Domination in Fuzzy Graphs 3

where
σ1 ◦ σ2(u1, u2) = σ1(u1) ∧ σ2(u2)

and

µ1 ◦ µ2((u1, u2), (v1, v2)) =
{

σ1(u1) ∧ µ2(u2v2) if u1 = v1, u2 �= v2

σ2(u2) ∧ σ2(v2) ∧ µ1(u1v1) otherwise.

Definition 2.2. Let G1 = (σ1, µ1) and G2 = (σ2, µ2) be two fuzzy graphs on V1 and
V2 respectively. Then the Cartesian product of G1 and G2, denoted by G1�G2, is the
fuzzy graph on V1 × V2 defined as follows:

G1�G2 = (σ1�σ2, µ1�µ2)

where
σ1�σ2(u1, u2) = σ1(u1) ∧ σ2(u2)

and

µ1�µ2((u1, u2), (v1, v2)) =



σ1(u1) ∧ µ2(u2v2) if u1 = v1

σ2(u2) ∧ µ1(u1v1) if u2 = v2

0 otherwise.

The followings are useful.

Theorem 2.3. [9] Let D1 and D2 be dominating sets of the fuzzy graphs G1 = (σ1, µ1)

and G2 = (σ2, µ2) respectively. Then D1 × D2 is a dominating set of G1 ◦ G2.

Theorem 2.4. [9] Let D1 and D2 be minimum dominating sets of G1 = (σ1, µ1) and
G2 = (σ2, µ2) respectively. Then

γ (G1�G2) ≤ min{|D1 × V2|s, |V1 × D2|s}.

3. Main Results

Theorem 3.1. Let G1, G2 be connected and D1, D2 be dominating sets of G1 and G2,
respectively. Then G1�G2 is connected and we have:

(i) If D1 is connected then D1 × V2 is a connected dominating set of G1�G2.
(ii) If D2 is connected then V1 × D2 is a connected dominating set of G1�G2.

Proof. For connectivity of G1�G2 we consider two arbitrary distinct vertices of V1 ×V2
such as (xi, yj ) and (xl, yk). We show that there exists a path between this two vertices
in each three following cases:

Case (i) xi = xl . There exists a path p : yj , yi1, yi2, . . . , yk because of connectivity
of G2 such that µ2(uv) > 0 for each two vertices u, v of path p. But this implies
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that µ((xi, u), (xi, v)) = σ1(xi) ∧ µ2(uv) > 0 and hence p′ : (xi, yj ), (xi, yi1), (xi,

yi2), . . . , (xi, yk) is the path between (xi, yj ) and (xl, yk) in G1�G2.

Case (ii) yj = yk. Consider the path q : xi, xj1, xj2, . . . , xl and therefore q ′ :
(xi, yj ), (xj1, yj ), (xj2, yj ), . . . , (xl, yj ) is the needed path.

Case (iii) xi �= xl, yj �= yk. Find a path between (xi, yj ), (xi, yk) by case (i) and a
path from (xi, yk) to (xl, yk) by case (ii). The union of this two disjoint paths is a path
between (xi, yj ), (xl, yk).

D1 × V2 and V1 × D2 are dominating sets (Theorem 2.4) and the connectivity of
them is similarly proved as above. �

Theorem 3.2. Suppose that G1 has no isolated vertex and D1 is a total dominating set
of G1. Then G1�G2 has no isolated vertex and D1 × V2 is a total dominating set of
G1�G2.

Proof. Let (u, v) be an arbitrary vertex in V1 × V2. There exists a vertex x in D1 such
that u ∈ N(x). Now

µ((u, v), (x, v)) = µ1(ux) ∧ σ2(v)

= σ1(u) ∧ σ1(x) ∧ σ2(v)

= σ(u, v) ∧ σ(x, v)

implies that (u, v) ∈ N((x, v)). So (u, v) is not an isolated vertex and since (x, v) ∈
D1 × V2 the proof is complete. �

Remark 3.3. Under the similar conditions V1 ×D2 is a total dominating set of G1�G2.

Theorem 3.4. Let D1 and D2 be dominating sets of G1 and G2 respectively.

(a) D1 ×V2 is an independent dominating set of G1�G2 if and only if D1 is indepen-
dent and

µ1(uv) < σ2(w) u, v ∈ D1, w ∈ V2. (3.1){
(i) µ2(wz) < σ1(u) u ∈ D1, w, z ∈ V2;
(ii) µ2(wz) < σ2(w) ∧ σ2(z) w, z ∈ V2.

(3.2)

(b) V1 ×D2 is an independent dominating set of G1�G2 if and only if D2 is indepen-
dent and {

(i) µ1(uv) < σ2(w) u, v ∈ V1, w ∈ D2;
(ii) µ1(uv) < σ1(u) ∧ σ1(v) u, v ∈ V1.

(3.3)

µ2(wz) < σ1(u) u ∈ V1, w, z ∈ D2. (3.4)

Proof. (a) Sufficiency: We show that every two distinct vertices of D1 × V2 such as
(x1, y1), (x2, y2) are not adjacent. If x1 = x2, then by (2)(i) and (2) (ii)

µ((x1, y1), (x1, y2)) = σ1(x1) ∧ µ2(y1y2)
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= µ2(y1y2)

< σ2(y1) ∧ σ2(y2) ∧ σ1(x1)

= σ(x1, y1) ∧ σ(x1, y2).

If y1 = y2 the request result will be obtained by independence of D1 and inequal-
ity (1) and we omit the details. If x1 �= x2, y1 �= y2 then by Definition B we have
µ((x1, y1), (x2, y2)) = 0, so (x1, y1) and (x2, y2) con not be adjacent.

Necessity: We use contrapositive law. That is we show if D1 is not independent or
D1 × V2 dos not satisfy in (1) or (2)(i) or (2)(ii) then D1 × V2 is not an independent
dominating set of G1�G2. Here we have proved the necessity of (2)(ii) and left the easy
proof of others to the reader. Suppose that (2)(ii) is false, i.e., there exists w, z ∈ V2
such that µ2(wz) = σ2(w) ∧ σ2(z). Then if u is any vertex of D1, we will have

µ((u, w), (u, z)) = σ1(u) ∧ µ2(wz)

= σ1(u) ∧ σ2(w) ∧ σ2(z)

= σ(u, w) ∧ σ(u, z).

But this means D1 × V2 is not independent. The proof of (a) is complete. The same
proof is right for (b). �

Definition 3.5. Let D be a dominating set of a fuzzy graph G. We say D is a dominating
clique if G[D] is a complete fuzzy graph. The minimum fuzzy cardinality among all
dominating cliques is the clique domination number of G and denote by γcl(G).

Lemma 3.6. If S1 × S2 is a dominating set of G1�G2 where Si ⊆ Vi, i = 1, 2 then at
least one of the subsets equals to the its hyper set.

Proof. Let Si ⊆ Vi , i = 1, 2 and S1 ×S2 be any dominating set of G1�G2 and moreover
on the contrary suppose that S1 �= V1, S2 �= V2. Therefore if x ∈ V1 − S1, y ∈ V2 − S2
then for each member of S1 × S2 such as (s1, s2) we have µ((s1, s2), (x, y)) = 0. But
this means that (x, y) is not dominated by S1 × S2. This contradiction to establish the
lemma. �

By a similar argument we have the following generalization of Lemma 3.6.

Proposition 3.7. If A = {(x1, y1), . . . , (xk, yl)} be any dominating set of G1�G2, then
∪k

i=1{xi} = V1 or ∪l
j=1{yj } = V2.

Theorem 3.8. Let G1 and G2 be two fuzzy graphs. If |V1|, |V2| ≥ 2 then any dominating
clique of G1�G2 has one of the following forms:

(1) {x} × V2 for a vertex x ∈ V1

(2) V1 × {y} for a vertex y ∈ V2.
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Proof. If D = {(x1, y1), . . . , (xk, yl)} is a dominating clique of G1�G2 then by Propo-

sition 6,
k⋃

i=1

xi = V1 or
l⋃

j=1

yj = V2. Suppose that
k⋃

i=1

xi = V1. Since |V1| ≥ 2,

we can choose two vertices x, x′ ∈ V1. Let (x, y), (x′, y′) ∈ D. If y �= y′ then
µ((x, y), (x′, y′)) = 0 which is a contradiction because of G1�G2[D] is a complete

subgraph. So y = y′ and therefore D = V1 ×{y}. Similarly if
l⋃

j=1

yj = V2 then we will

have D = {x} × V2. �

Connectivity of G1 ◦ G2 obtained very easier than the connectivity of G1�G2.

Theorem 3.9. Let G1 be a connected fuzzy graph, D1 be a connected dominating set
of G1 and D2 be a dominating set of G2 . Then G1 ◦ G2 is connected and D1 × D2 is a
connected dominating set of it.

Proof. Suppose that (u, v), (w, z) ∈ V1 × V2. Sine G1 is connected, there exists
a path p : u, x1, x2, . . . , xn−1, w in G1. But this implies that p′ : (u, v), (x1, v),

(x2, v), . . . , (xn−1, v), (w, z) is a (u, v) − (w, z) path in G1 ◦ G2. A same argument
prove that D1 × D2 is connected too. �

The proof of the next theorem is similar to the proof of the Theorem 3.9 and we omit
it.

Theorem 3.10. Let D1 and D2 be dominating sets of G1 and G2 respectively. Then
D1 × D2 is an independent dominating set of G1 ◦ G2 if and only if D1 and D2 are
independent and

(1) µ1(uv) < σ2(w) u, v ∈ D1, w ∈ D2;

(2) µ2(wz) < σ1(u) u ∈ D1, w, z ∈ D2.

Dominating cliques in G1 ◦G2 have more variation in comparison with G1�G2. We
give two types of them in the next two propositions, which the proofs are straightforward.

Proposition 3.11. If Di is a dominating clique of Gi (i = 1, 2) then D1 × D2 is a
dominating clique of G1 ◦ G2.

Proposition 3.12. Let D1 and D2 be dominating sets of G1 and G2 respectively. Then
under the following conditions D1 × D2 is a dominating clique of G1 ◦ G2.

(1) µ1(u, v) ≥ σ2(w) u, v ∈ D1, w ∈ D2;

(2) µ2(w, z) ≥ σ1(u) u ∈ D1, w, z ∈ D2.
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Definition 3.13. Let G1 = (V1, σ1, µ1), G2 = (V2, σ2, µ2) be two fuzzy graphs on
V1, V2 respectively. Then the categorical product of G1 and G2 denoted by G1 × G2 is
the fuzzy graph on V1 × V2 defined as follows:

G1 × G2 = (σ1 × σ2, µ1 × µ2)

where
σ1 × σ2(u1, u2) = σ1(u1) ∧ σ2(u2)

and

µ1 × µ2((u1, u2), (v1, v2)) =
{

µ1(u1v1) ∧ µ2(u2v2) if u1 �= v1, u2 �= v2

0 otherwise.

By the definition we have

Corollary 3.14. If Di is a total dominating set of Gi for i = 1, 2 such that D1, D2 both
contain at least two vertices, then D1 × D2 is a total dominating set of G1 × G2.

Remark 3.15. If some of Di in the last corollary is just a dominating set or don’t have
the mentioned property then D1 × D2 is not necessary a dominating set of G1 × G2.
Consider the fuzzy graph G1 = (σ1, µ1) and G2 = (σ2, µ2) below and the categorical
product of them whit D1 = {x1, x3} and D2 = {y1, y3} or D1 = {x2} and D2 = {y2}.

G1

G2

X 2 X 3 X 1 

y 1 y 2 y 3 

(X 1, y 1) 
 

(X 1, y 2) 
 

(X 1, y 3) 
 

(X 2, y 1) 
 

(X 3, y 1) 
 

(X 3, y 2) 
 

(X 2, y 2) 
 

(X 2, y 3) 
 

(X3, y 3) 
 

   G1    G2  
 

σ1 = (x1|0.3, x2|0.4, x3|0.5), σ2 = (y1|0.4, y2|0.3, y3|0.5), µ1 = (x1x2|0.3, x2x3|0.4),
µ2 = (y1y2|0.3, y2y3|0.3) and σ1 × σ2 = ((x1, y1)|0.3, (x1, y2)|0.3,
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(x1, y3)|0.3, (x2, y1)|0.4, (x2, y2)|0.3,

(x2, y3)|0.4, (x3, y1)|0.4, (x3, y2)|0.3, (x3, y3)|0.5) and µ1 × µ2((s, t), (s
′, t ′)) = 0.3

for every s, s′ ∈ V1 and t, t ′ ∈ V2.

Corollary 3.16. If we give up the trivial case that both of V1 and V2 contain just one
vertex, then G1 × G2 don’t have a dominating clique.

Proof. First note that a vertex can not be a dominating set of G1 × G2. Assume that
|V1|, |V2| ≥ 2. If S = {(u1, v1), . . . , (uk, vk)} be a complete subgraph of G1×G2 where
k = |S| ≥ 2, then it is clear that ui �= uj , vi �= vj for i, j = 1, . . . , k. So if v �= vi

for each i = 1, . . . , k then neither (u1, v) ∈ S nor (u1, v) is dominated by a vertex of S.
Therefore S can not be a dominating set of G1 × G2. If |V1| = 1 or |V2| = 1 then the
proof is very easy and we skip the proof. �

Theorem 3.17. Let G1 and G1 be fuzzy graphs on V1 and V2 with total connected
dominating sets D1 and D2 respectively where both contain at least two vertices. If
for each x, x′ ∈ V1 and y, y′ ∈ V2 there exists paths p and q between x, x′ and y, y′
respectively such that the length of p and q are both even or both odd then G1 × G2 is
connected and more over D1 × D2 is a total connected dominating set of G1 × G2.

Proof. Let (x, x′), (y, y′) ∈ V1 × V2, and suppose that p : x, x1, x2, . . . , xn−1, x
′ and

q : y, y1, y2, . . . , ym−1, y
′ be the x−x′ and y−y′ paths and n ≤ m. If n, m are both even

then let the sequence R of vertices in V1 × V2 to be R = (x, y), (x1, y1), (x2, y2), . . . ,

(xn−1, yn−1), (xn−2, yn), (xn−1, yn+1), (xn−2, yn+2), (xn−1, yn+3), . . . , (xn−2, ym−4),

(xn−1, ym−3), (xn−2, ym−2), (xn−1, ym−1), (x
′, y′). Note that the number of vertices in

R equals to m+1 and the number of bold vertices (which equals to m-n-2) is even. More
over for each two consecutive vertices (s, t) and (s′, t ′) since s, s′ and t, t ′ are consecu-
tive in p and q respectively, then we have µ((s, t), (s′, t ′)) = µ1(s, s

′) ∧ µ2(t, t
′)) > 0.

Therefore R is a path between (x, y), (x′, y′) in G1 × G2. If n, m are both odd then let
R = (x, y), (x1, y1), (x2, y2), . . . , (xn−1, yn−1), (xn−2, yn),

(xn−1, yn+1), . . . , (xn−2, ym−2), (xn−1, ym−1), (x
′, y′). �

Definition 3.18. Let G1 = (σ1, µ1) and G2 = (σ2, µ2) be two fuzzy graphs on V1 and
V2 respectively. Then the strong product of G1 and G2, denoted by G1�t imesG2, is the
fuzzy graph on V1 × V2 defined as follows:

G1�t imesG2 = (σ1�t imesσ2, µ1�t imesµ2)

where
σ1�t imesσ2(u1, u2) = σ1(u1) ∧ σ2(u2)

and

µ1�t imesµ2((u1, u2), (v1, v2)) =



σ1(u1) ∧ µ2(u2v2) if u1 = v1

σ2(u2) ∧ µ1(u1v1) if u2 = v2

µ1(u1v1) ∧ µ2(u2v2) otherwise.
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G1�t imesG2 treat very similar to G1 ◦ G2 about dominating sets by its definition.
So we give up the proofs of the following results except Theorem 21. Note that this as-
sumptions that D2 is connected added to Theorem 21, in comparison with Theorem 3.17.
More over with the conditions of Proposition 3.11 the similar result is not correct.

Corollary 3.19. If D1 and D2 be minimum dominating sets of G1 and G2 respectively,
then D1 × D2 is a minimum dominating set of G1�t imesG2.

Corollary 3.20. Suppose that G1 and G2 be two fuzzy graphs having no isolated ver-
tices. If D1 and D2 are minimum total dominating sets of G1 and G2 respectively then
γt(G1�t imesG2) ≤ |D1 × D2|s .

Corollary 3.21. Let D1 and D2 be dominating sets of G1 and G2 respectively. Then
D1 × D2 is an independent dominating set of G1�t imesG2 if and only if D1 and D2
are independent and

(1) µ1(uv) < σ2(w) u, v ∈ D1, w ∈ D2

(2) µ2(wz) < σ1(u) u ∈ D1, w, z ∈ D2.

Corollary 3.22. Let D1 and D2 be minimum dominating cliques of G1 and G2 respec-
tively. Then γcl(G1�t imesG2) ≤ |D1 × D2|s .

Theorem 3.23. Let D1, D2 be connected dominating sets of connected fuzzy graphs
G1 and G2 respectively. Then G1�t imesG2 is connected and γc(G1�t imesG2) ≤
|D1 × D2|s .

Proof. Given any two vertices (u, v), (w, z) of V1 × V2, there exists paths p =
u, x1, x2, . . . , xn−1, w and q = v, y1, y2, . . . , ym−1, z. If n ≤ m then let R =
(u, v), (x1, y1), (x2, y2), . . . , (xn−1, yn−1), (xn−2, yn), (xn−1, yn+1), . . . , (xn−1, ym−1),

(xn−2, ym−1), (w, z). Ifm < n then letR = (u, v), (x1, y1), (x2, y2), . . . , (xm−1, ym−1),

(xm, ym−1), (xm+1, ym−1), . . . , (xn−1, ym−1), (w, z). In each case R is the needed path
by definition of G1�t imesG2. �
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