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(E) is proved.
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1. Introduction and Preliminaries

The concept of fuzzy sets was introduced initially by Zadeh [15] in 1965. Since then,
to use this concept in topology and analysis many authors have expansively developed
the theory of fuzzy sets and application. George and Veeramani [6] and Kramosil and
Michalek [8] have introduced the concept of fuzzy topological spaces induced by fuzzy
metric which have very important applications in quantum particle physics particularly
in connections with both string and E-infinity theory which were given and studied by
El Naschie [2-5, 14]. Many authors [7, 10, 11, 13] have proved fixed point theorem
in fuzzy (probabilistic) metric spaces.One should there exists a space between spaces.
And one such generalization is generalized metric space or D-metric space initiated by
Dhage [1] in 1992.He proved some results on fixed points for a self-map satistying a
contraction for complete and bounded D-metric spaces. Rhoades [9] generalized Dhage’s
contractive condition by increasing the number of factors and proved the existence of
unique fixed point of a self-map in D-metric space. Recently, motivated by the concept
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of compatibility for metric space, Singh and Sharma [12] introduced the concept of D-
compatibility of maps in D-metric space and proved some fixed point theorems using a
contractive condition.

In what follows (X, D) will denote a D-metric space, N the set of all natural numbers,
and R the set of all positive real numbers.

Definition 1.1. Let X be a nonempty set. A generalized metric (or D-metric) on X is a
function: D : X°> —> R™ that satisfies the following conditions for each x, y, z,a € X.

(1) D(x,y,2) =0,
(2) D(x,y,z) =0ifandonlyifx =y = z,
(3) D(x,y,z) = D(p{x,y, z}),(symmetry) where p is a permutation function,
(4) D(x,y,z) = D(x,y,a)+ D(a, z, 2).
The pair (X, D) is called a generalized metric (or D-metric) space.
Immediate examples of such a function are
(@) D(x,y,z) =max{d(x, y),d(y, 2),d(z, x)},
(b) D(x,y,z) =d(x,y)+d(y,z) +d(z, x). Here, d is the ordinary metric on X.

(c) If X = R" then we define

1
D(x,y,2) = (llx = ylI” +lly — zll” + [lz — x||")”
for every p € RT.
(d) If X = R then we define

0 ifx =y=z¢,

D(x,y,z,t) = { max{x, y,z} otherwise ,

Remark 1.2. In a D-metric space, we prove that D(x, x, y) = D(x, y, y). For
(i) D(x,x,y) < D(x,x,x)+ D(x,y,y) = D(x, y, y) and similarly
(i) D(y,y,x) < D(y,y,y) + D(y,x,x) = D(y, x, x).
Hence by (i),(i1) we get D(x, x, y) = D(x, y, y).
Let (X, D) be a D-metric space. For r > 0 define

Bpx,r)={ye X:D(x,y,y) <r}
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Example 1.3. Let X = R. Denote D(x,y,z) = |[x — y| + |y — z| + |z — x| for all
x,y,z € R. Thus

Bp(1,2) ={yeR:D(,y,y) <2}={yeR:|y—1[+[y— 1| <2}
={yeR:[y-1]<1}=(0,2)
Definition 1.4. Let (X, D) be a D-metric space and A C X.

(1) If for every x € A there exist r > 0 such that Bp(x,r) C A, then subset A is
called open subset of X.

(2) Subset A of X is said to be D-bounded if there exists 7 > Osuchthat D(x, y,y) <r
forall x, y € A.

(3) Asequence {x,}in X convergestox ifand only if D(x,, x,, x) = D(x, x, x,) — 0
as n — oo.That is for each € > 0 there exist ng € N such that

Vn >ng=— D(x,x,x,) <€ (%)
This is equivalent with, for each € > 0 there exist ng € N such that
Vn,m>nyg = D(x, x,, x;) <€ (x%)

Indeed, if have (x),then

€ €
D(xp, Xm, x) = D(xp, X, X)) < D(xp, X, x) + D(X, X, X)) < 5 + E =€

Conversely, set m = n in (*xx) we have D(x,, x,, x) < €.

(4) Sequence {x,} in X is called a Cauchy sequence if for each € > 0, there exits
no € N such that D(x,, x,, x,,) < € for each n, m > ng. The D-metric space
(X, D) is said to be complete if every Cauchy sequence is convergent.

Let 7 be the set of all A C X with x € A if and only if there exist » > 0 such that
Bp(x,r) C A. Then 7 is a topology on X (induced by the D-metric D).

Lemma 1.5. Let (X, D) be a D-metric space. If r > 0, then ball Bp(x, r) with center
x € X and radius r is open ball.

Proof. Let z € Bp(x,r), hence D(x,z,z) <r. If set D(x,z,z) =8andr =7 —§
then we prove that Bp(z,7") € Bp(x,r). Let y € Bp(z, r’), by triangular inequality
we have D(x,y,y) = D(y,y,x) < D(y,y,z) + D(z,x,x) < r +8 = r. Hence
Bp(z,r") € Bp(x,r). Thatis ball Bp(x, r) is open ball. |

Lemma 1.6. Let (X, D) be a D-metric space. If sequence {x,} in X converges to x,then
X is unique.
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Proof. Let x, — y and y # x. Since {x,} converges to x and y, for each € > 0 there
€
exist ny € N such that for every n > ny =— D(x, x, x,) < > and n, € N such that for

€
everyn > n, = D(y,y,x,) < >
If set no = max{ny, ny}, then for every n > ng by triangular inequality we have

€

2

€
D(x,x,y) < D(x,x,x,)+ D(xp,y,y) < 3 + - =c.

Hence D(x, x, y) = 0 is a contradiction. So, x = y. [ |

Lemma 1.7. Let (X, D) be a D-metric space. If sequence {x,} in X is converges to x,
then sequence {x,} is a Cauchy sequence.

Proof. Since x, —> x foreach e > (there existsn; € Nsuch thatforeveryn > n| —
€ €
D(x,, xp, x) < > and ny € N such that for every m > no, = D(x, xp, Xpp) < >

If set no = max{ny, ny}, then for every n, m > ng by triangular inequality we have

€ €
D(xy, xXn, Xm) < D(xy, Xp, X) + D(x, X, Xpy) < 5 + 5 = €.

Hence sequence {x,} is a Cauchy sequence. |

Definition 1.8. A binary operation * : [0, 1] x [0, 1] — [0, 1] is a continuous t-norm
if it satisfies the following conditions

(1) = is associative and commutative,
(2) * is continuous,
3) ax1=aforalla € [0, 1],
(4) axb <cxdwhenevera <candb <d, foreacha, b, c,d € [0, 1].
Two typical examples of continuous t-norm are a * b = ab and a * b = min(a, b).

Definition 1.9. A 3-tuple (X, M, x) is called a M-fuzzy metric space if X is an arbitrary
(non-empty) set, * is a continuous t-norm, and M is a fuzzy set on X 3%(0, 00), satisfying
the following conditions for each x, y, z,a € X and ¢, s > 0,

(1) M(x,y,z,t) >0,

(2) M(x,y,z,t) =1ifandonlyifx =y = z,

3) M(x,y,z,t) = M(p{x,y, z}, t), (symmetry) where p is a permutation function,
4) M(x,y,a,t)* M(a,z,z,5) < M(x,y,z,t+5),

(5) M(x,y,z,.):(0,00) —> [0, 1] is continuous.
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Remark 1.10. Let (X, M, %) be a M-fuzzy metric space. We prove that for every
t >0, M(x,x,y,t) = M(x,y,y,t). Because for each € > 0 by triangular inequality
we have

(1) M(x,x,y,e+1)>M(x,x,x,€) x M(x,y,y,t) = M(x,y,y,t)

(i) M@y, y,x,e+1t) > My, y,y,€) « M(y,x,x,t) = M(y, x, x,1).
By taking limits of (i) and (ii) when € — 0, we obtain M (x, x, y, t) = M(x, y, y, t).
Let (X, M, %) be a M-fuzzy metric space . For r > 0, the open ball By (x, r, 1)
with center x € X and radius 0 < r < 1 is defined by
BM(-xvr9t) = {y € X:M(x7yvy9t) > 1 _r}'

A subset A of X is called open set if for each x € A thereexist > 0and 0 < r < 1
such that By(x,r,t) C A.

A sequence {x,} in X converges to x if and only if M(x, x, x,,t) — lasn —
oo,for each ¢ > 0. It s called a Cauchy sequence if for each 0 < € < 1 and ¢ > 0, there
exist ng € N such that M(x,, x,, x,,t) > 1 — € for each n,m > ny. The M-fuzzy
metric (X, M, %) is said to be complete if every Cauchy sequence is convergent.

Example 1.11. Let X is anonempty set and D is the D-metricon X . Denote a*b = a.b
forall a, b € [0, 1]. For each ¢ €]0, oo[, define

t
Mx,y,z,t) =

t+D(x,y,2)
for all x, y, z € X. Itis easy to see that (X, M, x) is a M-fuzzy metric space.

Lemma 1.12. Let (X, M, %) is a fuzzy metric space. If we define M : X3 x 0, 0) —
[0, 1] by
M(x,y,z,t) = M(x,y,t)« M(y,z,t) * M(z, x,t)

for every x, y, z in X, then (X, M, %) is a M-fuzzy metric space.
Proof.
(1) Itis easy to see that forevery x, y,z € X , M(x, y,z,t) >0 Vit > 0.
(2) M(x,y,z,t)=1ifand only if M(x,y,t) = M(y,z,t) = M(z,x,t) = l ifand
onlyifx =y =z
3) M(x,y,z,t) = M(p{x,y, z}, t), where p is a permutation function.
4)
Mx,y,z,t +5)=M(x,y, t +5)* M(y,z,t +5)* M(z,x,1+5)
>Mx,y, ) xM(y,a,t)* M(a,z,s)* M(z,a,s) * M(a, x, t)
= M(x,y,a,t)*M(a,z,s) * M(z,a,s) * M(z, z,s)
= M(x,y,a,t) * M(a,z,z,5)

for every s > 0. u
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Lemma 1.13. Let (X, M, %) be a M-fuzzy metric space. Then M(x, y, z,1) is
nondecreasing with respect to t, for all x, y, z in X.

Proof. By Definition 1.9 (4) foreach x, y, z,a € X andt, s > O we have M(x, y, a, t)*
Ma,z,z,5) < M(x,y,z,t +5). If seta = z we get M(x,y,z,1) * M(z2,2,2,5) <
M(x,y,z,t+s),thatis M(x, y,z,t +5) > M(x,y,z,1). n

Definition 1.14. Let (X, M, %) be a M-fuzzy metric space. M is said to be continuous
function on X> x (0, oo) if

llm M('xn’ yn, Zl’h tn) = M(-xa y7 Zs t)
n—oo

Whenever a sequence {(xy, Yn, Zn, tn)} iIn X 3 x (0, 0o0) converges to a point
(x,y,2,1) € X> x (0, 00) i.e.

lim x, =x, lim y, =y, lim z, =zand lim M(x,y,z,t,) = M(x,y,z,1)
n—00 n—>00 n—00 n—00

Lemma 1.15. Let (X, M, %) be a M-fuzzy metric space. Then M is continuous func-
tion on X° x (0, o0).

' t'), be a sequence in X* x (0, 0o)

Proof. Letx,y,z € X andt > 0, and let (x,, y,, z
that converges to (x, y, z, 1).

Since (M (x,/l, y,/l, z;,, f,/,))n isasequencein (0, 1], thereis asubsequence (X, yu, Zn, th)n
of sequence (x,, v/, z,

> t,/l)n such that sequence (M (xy, Yn, Zn, tn))n converges to some
point of [0, 1].

t
Fix § > 0 such that § < 3 Then, there is ng € N such that |t — 1,| < § for every

n > ng. Hence,

M(xn’ Yn, Zny ) > M(xna Yn, Zn, t —6)

45 d
2 M (xl’H yl’h Z, r— ?) * M <Z7 Zns Zns 5)

56 ) )
ZM(xn»Z’y»t_?)*M()”Yn»)’n» g) *M<Z3vazna g)

1 8
ZM(Z,y,xat_28)*M<X,xn,xn, g) *M(y,yn,yna_>

3
)
* M (Z9 Zns Zns g)
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and

M(x’y’zat+28) ZM(X,y,Z,tn"‘(S)

25 5
EM (xay’zn’ln—i_?) *M<ZH7Z’Z’ 5)

8 5 8
ZM<X,Zn7yn’tn+§) *M<yn,y,)7» g) *M(Zn,Z,Z, 5)

) )
Z M(Zl’l’ yn,xn,tn) *M <xn5-x7-x9 g) *M (yl’h y’ y9 _>

3
)
* M (zn,z,z, 3),

for all n > ng. By taking limits when n —> 00, we obtain
liml’l—)OOM(xl’lv y}’l’ Zn, t}’l) 2 M(xa y’ Z7 t - 28) * 1 * 1 * 1 = M(x7 ya Z7 t - 28)
and

M(x’ y7 Z’ t +28) 2 llm M(.Xn, )’n’ Z}’Ht}’l)l * 1 * 1 = llm M(xns yl’h Z}’la t}’l)v
n—oo n—oo

respectively.
So,by continuity of the function t — M (x, y, z, t), we immediately deduce that

limy— oM X, Yn, 2n, tn) = M(x,y, 2, 1).
Therefore M is continuous on X° x (0, 00). [ |

Definition 1.16. Let A and B be two self-mappings of a M-fuzzy metric space (X, M, x).
We say that A and B satisfy the property (E), if there exists a sequence {x,} such that

lim M(Ax,,u,u,t) = lim M(Bx,,u,u,t) =1

n—oo n—oo

forsome u € X and ¢t > 0.

t
Example 1.17. Let X = R and M(x, y, z,t) = for
t+lx —yl+ly—zl+x -z
every x,y,z € Xandt > 0. Let A and B defined

Ax=2x+1, Bx=x+2.
1
Consider the sequence x, = — + 1, n =1, 2, ---. Thus we have
n
lim M(Ax,,3,3,t) = lim M(Bx,,3,3,1) =1
n— 00 n—o0o

for every t > 0. Then A and B satisfying in the property (E).
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In the next example we show that there are some mappings that have not
property (E).

t
Example 1.18. Let X = R and M(x, y,z,t) = for
t+x—yl+|y—zl+x —z
every x,y,z € Xandt > 0. Let Ax = x + 1 and Bx = x + 2, if sequence {x,} there

exist such that

lim M(Ax,,u,u,t) = lim M(Bx,,u,u,t) =1
n—oo

n—oo

for some u € X. Therefore

Iim M(Ax,,u,u,t) = ILH(}OM(X" + 1l u,u,t)= ILHOIOM(X”’ u—1l,u—11=1,
n n

n—o0

and

Iim M(Bx,,u,u,t) = lim M(x, +2,u,u,t) = lim M(x,,u —2,u—2,t) =1.
n—oo

n— oo n—oo

We conclude that, x, — u — 1 and x,, — u — 2.Which is a contradiction. Hence A and
B do not satisfy the property (E).

Definition 1.19. Let A and S be mappings from a M-fuzzy metric space (X, M, *)
into itself. Then the mappings are said to be weak compatible if they commute at their
coincidence point, that is, Ax = Sx implies that ASx = SAx.

Definition 1.20. Let A and S be mappings from a M-fuzzy metric space (X, M, ) into
itself. Then the mappings are said to be compatible if

lim M(ASx,, SAx,,, SAx,,t) =1,Vt >0

n—oo

whenever {x,} is a sequence in X such that

lim Ax, = lim Sx, =x € X.
n—oo n—oo

2. The Main Results

A class of implicit relation

Let ®@ denotes a family of mappings such that each ¢ € ®, ¢ : [0, 1]12 — [0, 1], and
¢ is continuous and increasing in each co-ordinate variable. Also ¢ (s, s, --- ,s) > s for
every s € [0, 1).

Example 2.1. Let ¢ : [0, 1]'> —> [0, 1] is define by
G (x1,x2, -+, x12) = (min {x; )"

forsome 0 < h < 1.
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We begin by recalling some basic concepts of the main theory of this paper.

Theorem 2.2. Let A, B, S and T be self-mappings of a M-fuzzy metric space (X, M, *)
satisfying:

(i) A(X) € T(X), B(X) € S(X) and T(X) or S(X) is a complete fuzzy metric
subspace of X,

(ii) The pair (A, S) and (B, T') are weakly compatible and (A, S) or (B, T) satisfy
the property (E),

(iii)

M(Ax, By, Bz, t)
( M(Sx, Ty, Tz, kt), M(Sx, By, Tz, kt), M(Sx, Ty, Bz, kt), M(Sx, By, By, kt) )
> ¢ .

M(Ty, By, Bz, kt), M(Ty, Ty, Bz, kt), M(Ty, By, By, kt), M(Ty, Bz, Bz, kt)
M(By, Ty, Tz, kt), M(By, By, Tz, kt), M(By, Tz, Tz, kt), M(Tz, Bz, Bz, kt)

Then A, B, S and T have a unique common fixed point in X.

Proof. Let the pair (B, T) satisfy in property (E), hence there exist a sequence {x,} such
that,

Iim M(Bx,,u,u,t) = lim M(Tx,,u,u,t)=1
n—oo

n—oo
for some u € X and every t > 0. As BX C SX, there exist a sequence {y,} such
that,Bx, = Sy,, hence lim M(Sy,,u,u,t) = 1.
n—o0

We prove that lim M (Ay,, u,u,t) = 1. Since
n—oo

M(Aynv ans an+17 t)

M Syn, Txy, Txyy, kt), M(Syn, Bxy, Txyq12, kt), M(Syy, Txy,, Bxpy1, kt),
M(Syy, Bxy, Bxy, kt), M(Txy, Bxy, Bxny1, kt), M(Txpn, Txy, Bxpy1, kt),

M(Txy, Bxy, Bxy, kt), M(Tx,, Bxyt1, Bxyy1, kt), M(Bxp, Txn, Txyy1, kt),
M(Bxy, Bxy, Txpi1, kt), M(Bxy, Txpy1, Txps1, kt), M(Txy 412, Bxpt1, Bxp41, kt)

On making n — oo the above inequality, we get

hm M(Ay}’l’ ana an—{-l, t)

> oM, u,u, kt), M(u, u,u, kt), -, Mu,u,u, kt)) =1.

Therefore, lim M (Ay,, u,u,t) = 1, hence
n—oo

> ¢

lim Ay, = lim Sy, = lim Bx, = lim Tx, = u.

n—o00 n—o00 n—oo n—00
Let S(X) be complete M-fuzzy metric space, then there exist x € X such that Sx = u.
If Ax # u, then we have

M (Ax, Bx,, Bxpq1,1)

M(Sx, Tx,, Txps1, kt), M(Sx, Bx,, Txy412, kt), M(Sx, Tx,,, Bxpy1, kt),

M(Sx, Bxy, Bxy, kt), M(Tx,,, Bx,, Bx, 11, kt), M(Txy, Tx,, Bxp+1, kt),

M(Txy, Bx,, Bxy, kt), M(Tx,, Bxy+1, Bxy+1, kt), M(Bxy, Txp, Txpy1, kt),
M(Bxy,, Bxy, Txpi1, kt), M(Bxy, Txpy1, Txps1, kt), M(Txy412, Bxpt+1, Bxnt1, kt)

> ¢
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On making n —> oo we get M(Ax,u,u,t) =1, hence Ax =u = Sx. By (A, S) be
weakly compatible , we have ASx = SAx, so

AAx = ASx = SAx = SSX.

As AX C TX, there exist v € X such that Ax = Tv. We prove that Tv = Bv. If
Tv # Bv then

M(Ax, Bv, B, 1)

M(Sx,Tv, Tv, kt), M(Sx, Bv, Tv, kt), M(Sx, Tv, Bv, kt), M(Sx, Bv, Bv, kt)
>¢| M(Tv, Bv, Bv, kt), M(Tv, Tv, Bv, kt), M(Tv, Bv, Bv, kt), M(Tv, Bv, Bv, kt) |.
M(Bv, Tv, Tv, kt), M(Bv, Bv, Tv, kt), M(Bv, Tv, Tv, kt), M(Tv, Bv, Bv, kt)

If Bv # u then
M(Ax, Bv, Bv,t) > M(Ax, Bv, Bv, kt),

is a contradiction. Thus Tv = Bv = u. By B and T be weakly compatible, we get
TTv=TBv=BTv= BBv,soTu = Bu. We prove Au = u, for

M(Au,u,u,t) = M(Au, Bv, Bv, 1)

M(Su, Tv, Tv, kt), M(Su, Bv, Tv, kt), M(Su, Tv, Bv, kt), M(Su, Bv, Bv, kt)
>¢| M(Tv, Bv, Bv, kt), M(Tv, Tv, Bv, kt), M(Tv, Bv, Bv, kt), M(Tv, Bv, Bv, kt)
M(Bv, Tv, Tv, kt), M(Bv, Bv, Tv, kt), M(Bv, Tv, Tv, kt), M(Tv, Bv, Bv, kt)

If Au # u, then
MAu, u,u,t) > M(Au, u, u, kt),

is a contradiction. Thus Au = Su = u. Now, we prove Bu = u. For

M(u, Bu, Bu,t) = M(Au, Bu, Bu,t)

M(Su, Tu, Tu, kt), M(Su, Bu, Tu, kt), M(Su, Tu, Bu, kt), M(Su, Bu, Buv, kt)
>¢| M(Tu, Bu, Bu,kt), M(Tu, Tu, Bu, kt), M(Tu, Bu, Bu, kt), M(Tu, Bu, Bu, kt)
MBu, Tu, Tu, kt), M(Bu, Bu, Tu, kt), M(Bu, Tu, Tu, kt), M(Tu, Bu, Bu, kt)

If Bu # u, then
M(u, Bu, Bu,t) > M(u, Bu, Bu, kt),

is a contradiction. Thus Au = Bu = Su = Tu = u. So, A, B, S and T have a fixed
common point u.

Now to prove uniqueness, if possible v # u be another common fixed point of A, B, S
and T. Then
M, u,u,t) = M(Av, Bu, Bu,t)

M(Sv, Tu, Tu, kt), M(Sv, Bu, Tu, kt), M(Sv, Tu, Bu, kt), M(Sv, Bu, Bu, kt)
>¢| M(Tu, Bu, Bu, kt), M(Tu, Tu, Bu, kt), M(Tu, Bu, Bu, kt), M(Tu, Bu, Bu, kt)
M(Bu,Tu, Tu, kt), M(Bu, Bu, Tu, kt), M(Bu, Tu, Tu, kt), M(Tu, Bu, Bu, kt)

> M(v, u,u,kt),

1s contradiction. [ ]
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