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Abstract

In this paper a particular numerical algorithm of linear k-step methods for solv-
ing initial value problem of Nth-order fuzzy differential equations is presented.
First of all we will transform an initial value problem of Nth-order fuzzy differen-
tial equations to an initial value problem of first-order systems of fuzzy differential
equations, then we solve this system, numerically. After that we obtain the approx-
imate solution of the initial value problem of Nth-order fuzzy differential equation.
Also we will prove that the algorithm converges to the exact solution as the stepsize
goes to zero and at the end the validity of the algorithm is illustrated by solving
some examples.
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1. Preliminaries

A fuzzy subset of R, the set of all real numbers, is a function # : R — [0, 1]. For each
r € (0, 1] the r—level set of u is defined by

[ul, ={x e R 1u(x) = r},
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and the support of u is defined as the closure of the union of all its level sets, that is,

[ulo=|J [ul

re(0,1]

We denote by E the set of all fuzzy subsets of R which are normal, convex and upper
semicontinuous with bounded r—level sets [4,8]. It means that, if u € E, then [u], is a
closed bounded interval which is denoted by

[l = [u(r), u(r)], re[0,1].

The elements of E are called fuzzy numbers. Assume that / be a subinterval of R. The
mapping y : I — FE is called a fuzzy process and for each x € [ its r—level set is
denoted by

[y =y r), y(x; )], re[0, 1]
The first derivative y'(x) of y(x) is defined by

'L =), Y& nl, xel, relo,1],

provided that this equation determines a fuzzy number, according to Seikkala [8]. Sim-
ilarly the jth derivative, y(j ), of y is defined, where j is a natural number.

In [6] and [7] the initial value problem(IVP) of first-order fuzzy differential equations
(FDESs) has been solved, numerically, by Euler method and two-step predictor-corrector
methods, respectively. In this paper we will solve the IVP of Nth-order fuzzy differential
equations by linear k-step methods.

Consider the IVP of Nth-order fuzzy differential equations given by
{ YV = oy, y @, vV V), x e o, F, (L1)

yo) =i, ...,y D (x0) = aw, '

where y(x) is a fuzzy function of the crisp variable x and for 1 < j < N, y(j ) is the
Jth fuzzy derivative of y, «; is a fuzzy number and f(x, y, y/, o,y Dy s a fuzzy
function of the crisp variable x and fuzzy variables y, y', - - -, y(N -D,

Since the FIVP (1.1) can be transformed to a first-order system of fuzzy differential
equations [9], it is sufficient to solve the IVP of first-order systems of FDEs, in general;
that is,

up(x) = filx, ur(x), ..., un(x)),

/ ) (1.2)
uy(x) = fn(x,ur(x),...,un(x)),
ui(xo) =ag,...,unx) = ay,
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where x € [xo,X] and for j,1 < j < N, u;(x) is a fuzzy function of crisp variable x,
fi(x,uyr, ..., uy) is a fuzzy function of the crisp variable x and fuzzy variables u ;, o

is a fuzzy number and u;. is the first derivative of fuzzy function u ;. Note that the FIVP
(1.2) can be written as:

’ _ —
u ('x) - f('x9 I/t(x)), X e [x07 x]? (1.3)
u(xo) = «a,
Whereu - (I/l], ""MN)t’ M/ - (u,]9 "'7u,]\/)l’ f = (f]’ st fN)[’ a = (a19 ---’aN)t'
For each r € [0, 1], the lower and upper r—level sets of the fuzzy N-vector a =
(ai, ...,an)", where aj, 1 < j < N,is afuzzy number, are defined as
a(r) = (a,(r),...,ayr)),
a(ry =@ (r),...,an(r)),
respectively. By using r-levels, (1.2) can be written as:
Wy (xir) = [ (), uy @):),
Uy (rr) = £ (), .. un ),
uy(x;r) = frx,ur(x), ..., unx);r),
Ty (xir) = FGe,ur(), ... un@);r),
Z](XO; r) :g](r)v‘*"ZN(xO;r):gN(r)’
uy(xp;r) =ay(r), ..., un(xo;r) =an(r).
By the extension principle [1], there exist functions F1, ..., Fy, G1, ..., Gy such that
z;(x;r) =Fi(x,u; (), o uy(xsr),up(x;r), ..o un(x;r)),
4 Uy (1) = Fy (e uy (), oy (s r) T (s 1), L T (x ),
ﬁl('x; r) = Gl(xvzl(x; r)7 e 9ZN(X; r)vﬁl(-x; r)a R 9ﬁN(x; r))’
Uy (xir) = Gy uy(xir), .y (), Ty (i), . Ty ().

Therefore, we have
w'(xsr) = fx,u(x)sr) = FQ,u(x;r), u(x;r)),
wW(x;r) = ?(x, ux);r)=Gx,ulx;r),u(x;r)), (1.4)
u(xo;r) = a(r), u(xo;r)=oa(r),

where F = (Fy, ..., Fy)',G =(Gy,...,Gn).
Remember that the IVP of first-order systems of ordinary differential equations given by

{ w'(x) = f(x,u(x)), x € [xg,x],

u(xo) = a,
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can be solved, numerically, by linear k-step methods[3, 9]. The linear k-step method
given by

k
Un = ttnt+h Y Bif Knisthni), (15)

i=0

where h = al ;\leo and x, = xo +ihfori =0, 1,...,]V, is of order g [3], if

k k
Y Bi=k jY ilT'p=k, 2<j<q.
i=0 i=1

In this paper we will use the linear k-step methods given by (1.5) for solving FIVPs
where B; > O for0 < j <k.
At the end of this section we state some lemmas which are employed in section two.

Lemma 1.1. Assume that all of constants Ay, ..., Ay are nonnegative and Ay > 0.
Then the equation

(A + 0T = A(A + 0% — = A (A +x) — A =0, (1.6)
has a positive root.

Proof. Denote the left-hand side of (1.6) by f(x). Then f is a continuous mapping,
f(0) <0Oand lim f(x) = oo. Therefore there exists a positive real number ¢ such that
X—> 00

f()=0. [ |
Lemma 1.2. Assume that {Tn}i\':k_1 be a sequence of nonnegative numbers such that
T, < AT,_1+B, k<n<N,

for some nonnegative constants A and B. If A # 1, then
n—k+1 _ 1

_, kfnf]\Nf.
A—-1

T, < A" T+ B

Proof. The proof is straightforward by the mathematical induction. [
Lemma 1.3. Suppose that {Pn},]?:() be a sequence of nonnegative numbers such that

Py < AiPioi+ -+ Ak Pait + AkPoi + B, k<n <N, (1.7)

where all of Ay, ..., Ag, B are nonnegative constants and Ay > 0. Also assume that 6;
be a positive root (Lemma 1.1) of the equation given by

X(AL+ ) = Ay(AL 02— — A (A 4 x) — A =0, (1.8)
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and
A+ 6, Ax—1+ 6k Ax
=— =", 1= .
A1+ 6, Al + 6 AL+ 6,

If Ay +60; # 1, then

1 (1.9)

Py+01Poy 4+ 01 Pt < (A1 400" [Py + 01 Pes + -+ + 01 Py

A 0 n—k—|—l_1 -
-|—B( L0 , k<n<N.
Al +601—1

(1.10)

Proof. According to (1.9) it is clear that 6; > 0, 2 < i < k — 1. Now by adding
01P,—1+ -+ 6k—1 Py—k+1 to both sides of (1.7) we obtain

Po+61Pi1+- + 01 Prkr1 (A1 +600D) P11+ ..o+ (Ak—1 + 6k—1) Pi—ik+1
+ Ay Py—y + B,
and then by (1.9) we have
Po+01Piy+ -+ 01 Prkt1 < (A1 +0) [P +01Pp2+ -
+ Ok—1Po—x] + B.

LetT, = P, +61Py—1+ -+ 61 Pr—ik+1, k <n < N. Now by Lemma 1.2, we
obtain the inequality (1.10). [

Lemma 1.4. If the vector function u € Cq“[xn_k, x,] and the order of linear k-step
method given by (1.5) is ¢, then

u It (&) pgg1 (Xn—k)
(g + 1!

k
u() = uCea i) +h Yy i (ni) —

i=0
o u @) py (i)

—h) A (g + D!

i=1

b

where py11(x) = (x — xn)q+1, Xn—k < & < x, and n; is between x,,_; and x,, for
i=1,...,k.

Proof. See [3]. |

2. Linear k-step Methods for Solving the IVP of
First-Order Systems of Fuzzy Differential Equations

Consider the IVP of first-order system of FDEs given by
{ w'(x) = fx,u(x),  x € [xo, ],

u(xp) = a. 2.1
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First of all note that the equation (1.5) is fuzzified by equations

k
w,(r) =, () +h Y Bif Conittnii 1),

i=0

] L (2.2)
Un(r) =up—(r) +h Z ;Bif(xn—i’ Up_i3T),
i=0
where n = k, ..., N. In order to start with the linear k-step methods we will use the

Euler method from [6] to find u;(r),u;(r) for 1 < i < k — 1. Now we prove the
convergence of linear k-step methods for solving FIVPs.

Theorem 2.1. Let K = {(x,uy,...,ug,v1,...,0) : X0 < x < X,—00 < uj <
vj,—00 < v; < o0, 1 < j < k} and suppose that F(x, U, V) and G(x,U, V) [see
(1.4)] are in C"™(K), where U = (uy,...,ux), V = (vi, ..., vr) and m is the order of
linear k-step method given by (1.5). Also assume that the partial derivatives of F and G
are bounded on K and

| Fr,U,U) = F(x, V, V) < Lmax{| U =V ||, | U =V ||},
o - o (2.3)
G, U, U)=Gx, V., V) sLmax{| U -V .| U=V},

: . 1 : :
where L is a positive constant, L # — and the norm in use is £o,c—norm. Then the

approximate solution of FIVP (2.1) converges to its exact solution as the stepsize goes
to zero; that is, for fixedr, 0 <r < 1,

lim ug(r) = ulxg; r), lim@g() = @(xg;r).
lim () = w(xgir), lim () = Wy r)

Proof. Assume thatw, = |lu, (r)—u(x,; )|, vn = un(r)—u(x,; r)|landz, = vy+wy,

where 0 <r < landn =0,1,..., N. Suppose that u(x) is the exact solution of the

FIVP (2.1), then by Lemma 1.4, (1.4) and (2.2) we have

i, (r) — wCens 7) 1< g ) — uCinis ) |+ sup [ u™ Ve r) || .M
XE[Xp—k,Xn]

k
+h Y Bi | F @ity (), Wi () = F iy wCnis 1), Ui 1) |,
i=0
1 1 &
where M = mkm+l + — ;(,Bi)im. Then by (2.3) we obtain

I w, () — w(xn; 7) |1< Wy + M(r). M2

k
+hL Y Bimax(| w, () — u—iz r) |l | Tnei (r) = Wiz 1) ),
i=0
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where M(r) = sup || g(mH)(x; r) ||. Therefore we have
XE[Xp—k,Xn]
k
Wy < Wyk +hL Y Biza—i + M(r).MA"T. (2.4)
i=0

Similarly by Lemma 1.4, (1.4), (2.2) and (2.3) we obtain

k
Up Uk LY Biza—i + M(r).M.A"T (2.5)
i=0
where M(r) = sup || @™ TD(x;r) ||. Now by (2.4)-(2.5) we have
XE[Xn—k,Xn]
U onLg; 1+ 2hLB M(@r).M.h"+! ~
Zn = —lZn—i‘i‘—Zn—k ;, k<n<N,
1 —2hLBy 1 —2hLBy 1 —2hLABy

where M (r) = M(r) + M(r) and h > 0 is such that I — 2LhBy > 0. Suppose that

2hL; _142nLB . M(r).M.A"T!

= R 4= , B= L 1<i<k—1.(26)
1 —2hLBy 1 —2hLBo 1 —2hLBy

i
By Lemma 1.3, we get

Zn F Oznet 4+ Ok 1Znks1 < (A1 400"z 4+ 6122 + - - + B_120]

A 0 n—k+1_1 -
+B(]+') , k<n<N.
(Ar+6p) —1

Ifn = ﬁ, then

O<zy+btizy_+  +Ok-125_r41
(Ay +opNFH

< (A 00 g 4Ozt + 120l + B
(A4 1) [Zk—1 12k—2 k—120] (A 10 —1

Let us denote the positive root of (1.8) which depends on / by 6 (7). Since all coefficients
of (1.8) are continuous, when they are considered as functions of z according to (2.6), by
(1.8) we have ]}imOQI(h) = 1. It is clear from (1.9) that %in})el-(h) =1, 2<i<k-1.
e e
Also %in%)zj =0, 0<j<k-—I1(see [6]) and I}irrb(Al(h) 4+ 01(h)) = 2L. Thus we
obtain
(A1 + o)V -

1- A 9 ﬁ—k“r‘l _ 9 _ P 9_ B :Ov
hl_rf}){( 1+ 61) [zk—1 +O12k—2 + - + Ok—120] + AL +6—1 }
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k—1

and then %1_1)110[@\7 + Z;szﬁ_j] = 0. Therefore }11_1)nozﬁ = 0 and the proof is
j:

completed. [

Convergence theorem. The approximate solution of the FIVP given by (1.1) converges
to its exact solution as the step size goes to zero.

3. Numerical Results

In this section we will solve some examples by the following explicit methods.
Linear 2-step method of order two:

u,(r) =u, o(r) +2hf (xn—1, Un-15 1),
Un(r) =un—2(r) +2h f (Xp—1, Un—1;7), 3.1
O<r<1, n=2,...,N.

Linear 3-step method of order three:

3
u,(r) =u, 3(r)+ Zh{3i(xn-1, Un—1571) + f(xn—3, un—3; 1)},

_ _ 3 _
| Tn) = Tams() + ThBT Gttt ) + F G n-3: ), 3-2)
0<r<1, n=3,...,N.
Example 3.1. Consider the FIVP given by
Y (x) = 2xy (x) + y(x), x €0, 1],
y(0;r) =04exp(r) —0.3,  y(0;r) =0.57"-03, (3.3)

¥(0;r) =04exp(2 —r) — 0.3, 7 (0;r) =0.2(1 — ) +0.2,
where 0 < r < 1. The exact solution of the FIVP (3.3) is

(4j—|—1)><---><9><5><1x2j+2
(27 +2)!

yer) =yO:r) [ 1+
j=0

(4j—1)><---x7><3x2j+1
2j+ 1!

9

oo
+ X/(O; r) | x+ Z
j=1

(4j+1)x---><9><5><1x2j+2
(27 +2)!

Foir) =y0:r) |1+ )
=0

(4j—1)><---x7><3x2j+1
2j+ 1!

b

o0
+5 O | x+ )
j=1
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where x € [0, 1], 0 <r < 1. In order to obtain the approximate solution of FIVP (3.3),
suppose that

ui(x) = y(x),
34
{ u2(x) = ¥ (x). GH
Then the FDE of (3.3) is transformed to the first-order system of FDEs given by
uy (x) = ua(x),
uy(x) = 2xuz(x) + u (x).
Now by using r—level sets we have
uy(xsr) = up(x; 1), uy(0;r) = 0.4exp (r) — 0.3,
uy(x;r) = up(x; r), u1(0;r)=04exp(2—-r)—0.3, (3.5)

uh(x; 1) = 2xu5 (x5 1) +uy (x5 1), uy(0;7) =0.5:9° —0.3,
wWh(x;r) = 2xta(x; 1) +up(x;r),  wa(0;r) =0.2(1 — )% +0.2.

After computing the approximate solution of FIVP (3.5) using method given by (3.1),
the approximate solution of FIVP (3.3), that is, [y5], = [Xﬁ(r),iﬁ(r)], 0<r<li,
according to (3.4) is obtained. For some values of r, 0 < r < 1, the approximate and
exact solutions of FIVP (3.3) at x = 1 with N = 300 have been given in table 1 and
their graphs in figure 1.

0.9r

Approximate: o
Exact: ————

0.8

0.7

0.6

0.5

0.4

0.3r

0.2f

0.1

Figure 1: h =



32

M.T. Khodadad and M. Mohseni Moghadam

r Y5 () y(xg:r) Y () Y(xyir)

0 | -0.3408197277 | -0.3408342109 | 5.4426412521 | 5.4427351756
0.2 | 0.2049205492 | 0.2049212245 | 4.4478203772 | 4.4478987597
0.4 | 0.5588298024 | 0.5588386689 | 3.6217602825 | 3.6218255593
0.6 | 0.9182423072 | 0.9182587731 | 2.9301845005 | 2.9302385436
0.8 | 1.3106485495 | 1.3106727594 | 2.3401112668 | 2.3401553246

1 1.7546066087 | 1.7546391105 | 1.7546066087 | 1.7546391105

Table 1: Approximate and exact solutions.

Example 3.2. Consider the FIVP given by

YP@ ="+ 0+ Y0 +2yx),  xel0,1],
y(0;r) =05 -03,  50;r)=02(1-r)° +0.2,

1 Y'(0:r) =0.4exp(r) — 0.3, '(0; ) = 0.4exp(2 —r) — 0.3,
y"(0; r) = exp(r), Y'(0; r) = exp(2 — 1),

Y0y =r+2, Y'0;r)y=4—r,

(3.6)

where 0 < r < 1. The exact solution of the FIVP (3.6) is

y(x:r) = ((10y(0; r) = 5y(0; r) + 10y (0; ) — 5y (0; r))/30) exp(—x)
+ (05 7) 4+ ¥'(0; ) + y"(0; r) + y"(0; 7)) /15) exp(2x)
+ ((18y(0; r) + 3y'(0; r) — 12y"(0; r) + 3y"(0; 1)) /30) cos(x)
+ ((6y(0; r) 4 21y(0; r) 4 6y"(0; 1) — 9y"(0: 1)) /30)sin(x);
Y(x;r) = ((105(0; r) — 55'(0; r) 4+ 105" (0; r) — 55" (0; r)) /30) exp(—x)
+ (305 r) +3'(0: r) +5"(0; ) + 3" (0: r))/15) exp(2x)
+ ((18Y(0; r) + 3y'(0; r) — 125”(0; r) + 3" (0; r)) /30) cos(x)
+ ((65(0; ) + 215'(0; ) 4 6" (0; ) — 95" (0; 1)) /30)sin(x);

where x € [0, 1], 0 < r < 1. In order to obtain the approximate solution of FIVP (3.6)
suppose that

ur(x) = y(x),
uz(x) = y'(x),
uz(x) =y’ (x),

"

ug(x) =y (x).

(3.7

Then the FDE of (3.6) is transformed to the first-order system of FDEs given by

U (x) = uz(x),
ur(x) = u3(x),
uy(x) = ua(x),
uy(x) = ua(x) + uz(x) + ua(x) + 2ui(x).
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Now by using r—level sets we have

ui(x;r) = uy(x;r),
wy(x;r) =us(x;r),
why(x;r) = us(x;r),
wy(x;r) = u3(x;r),
ui(xsr) = uy(x;r),
wy(x;r) = us(x;r),
ug(;r) = ug(;r) +us (e r) +uy (s r) + 2u, (x5 r),
uy(x;r) =ug(x;r) +us(x; r) +un(x; r) + 2up(x;r),

u,(0;r) = 0.5¢%° — 0.3,
1(0;r) =021 =% +0.2,
uy(0;r) =0.4exp(r) — 0.3,

u2(0;r) =0.4exp(2 —r) — 0.3,

u3(0; r) = exp(r),
u3(0;r) =exp(2 —r),

us(0;r) =r+2,
us(0;r)y=4—r.

33

(3.8)

After computing the approximate solution of FIVP (3.8) using method given by (3.2), the
approximate solution of FIVP (3.6) according to (3.7) is obtained. For some values of
r, 0 <r < 1, the approximate and exact solutions of FIVP (3.6) at x = 1 with N = 400
have been given in table 2 and their graphs in figure 2.

r

Y

y(xg:r)

YN(r)

Y(xg;7)

0

0.8082702555

0.8082856664

8.4201587020

8.4202453971

0.2

1.3233027959

1.3233224575

7.0146244316

7.0146979557

0.4

1.7421210580

1.7421446516

5.8480294088

5.8480919382

0.6

2.1967685502

2.1967964911

4.8747046894

4.8747579935

0.8

27119777948

2.7120106786

4.0541144953

4.0541599939

1

3.3083532458

3.3083918378

3.3083532458

3.3083918378

Table 2: Approximate and exact solutions.

0.9r

0.8

0.7

0.6

0.5

0.4

0.31

0.2

0.1

Approximate: o
Exact: ————
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