
Advance in Electronic and Electric Engineering. 
ISSN 2231-1297, Volume 4, Number 4 (2014), pp. 333-340 
© Research India Publications 
http://www.ripublication.com/aeee.htm 

 
 

Comparative Analysis of Different Approaches for 
Linearization of Non-linear Systems 

 
 

Rekha1, Rahul Kr. Rai2 and A.K. Singh3 

 
1,3Faculty, Electrical Engineering Department, NIT Jamshedpur, Jamshedpur, INDIA. 

2PG Student, Electrical Engg. Department, NIT Jamshedpur, Jamshedpur, INDIA. 
 
 

Abstract 
 
Controller design for non-linear system is analyzed here by taking 
different systems. Although linear control theory has variety of 
powerful methods and is having a long history of successful industrial 
applications but it has been found to be inadequate in many 
applications. This is mainly due to increasingly stringent performance 
requirements and large range of operation which violate the use of 
linearized models. Control of complex problem has evolved as an 
extremely important topic in the past few years as all practical systems 
are non-linear in nature. Nonlinearities are non-smooth or 
discontinuous and do not allow linear approximations. Stabilization is 
the most basic requirement in the most controller design problems.  
In a power system, the disturbance can be small in the form of load 
changes occurring continually, or large like a severe short-circuit on a 
transmission line.  Uncertainties mainly relate to the system structure 
and loads, some important parameters like the reactance of 
transmission lines are not constant due to fault in the transmission line 
which makes the system uncertain. Complex system models may be 
characterized as where a complete unified model of the system does 
not exist. Instead, numerous partial models of the systems behavior are 
available either as interconnected subsystems or as description in 
different operating states. 
In this paper, two different nonlinear systems are taken for analysis. 
First is the case of power system and second is the case of inverted 
pendulum. The mathematical models for both the cases are obtained 
and it is seen that the equations are nonlinear in nature. By using 
different linearizing technique, the systems are linearized. Power 
system model have been linearized using direct feedback linearization 
technique and the inverted pendulum problem has been linearized 
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using Jacobian matrix. Few simulation results have been presented for 
the above mentioned system. 
 
Keywords: DFL (direct feedback linearization), LQR (linear quadratic 
controller), inverted pendulum (IP). 
 

1. Introduction 
Linearization is the process of replacing the non-linear system model by its linear 
counterpart in a small region about its equilibrium point. There is a need for 
linearization, as well established tools are there to analyze and stabilize linear 
systems.As a typical unstable nonlinear system, inverted pendulum system is often 
used as a benchmark for verifying the performance and effectiveness of a new control 
method because of the simplicities of the structure [1-2]. The inverted pendulum is 
among the most difficult systems being an inherently unstable system, is a very 
common control problem, and so being one of the most important classical problems. 
Due to its importance this is a choice of dynamic system to analyze its dynamic model 
and proposed a control law. The aim is to stabilize the inverted pendulum (IP) such 
that the position of the cart on the track is controlled quickly and accurately so that the 
pendulum is always erected in its vertical position during such movements. 
Realistically, this simple system is representative of a class of altitude control 
problems whose goal is to maintain thedesired vertically oriented position all times [2-
6]. Second non-linear system is that of power system which is non-linear [8, 
9].Electrical power systems are complex multivariable dynamic systems as in 
reference paper of Chao-Chung Peng, Chieh-Li Chen (2009) and M.A.Mahmud, M.J. 
Hossani, H.R. Pota (2011) papers. Here in this paper SMIB model is taken for analysis 
as it can represent the complete behavior of power system. The simplified model as 
given in Wang et al(1993)paper has been considered here.  The fault consideredhere is 
a symmetrical 3-phase short circuit which occurs on one of the transmission lines.The 
design principles using direct feedback linearization (DFL) technique is used to design 
non-linear controller. 

The rest of the paper is organized as follows: in the section 2, the mathematical 
modeling of inverted pendulum and power system model has been discussed in short. 
The controller design has been discussed in section 3, section 4 presents the simulation 
results for few cases and in the last section 5 includes the concluding remarks and 
suggestions for future work. 

 
2. Mathematical Modeling of System 
2.1 Inverted pendulum system 
Inverted Pendulum is a very good platform for control engineers to verify and apply 
different logics in the field of control theory. Most of the modern technologies use the 
basic concept of Inverted Pendulum, such as attitude control of space satellites and 
rockets, landing of aircrafts, balancing of ship against tide, Seismometer (which 
monitors motion of the ground due to earthquake and nuclear explosions) etc. An 
Inverted Pendulum has its mass above the pivoted point, which ismounted on a 
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cartwhich can be moved horizontally. The pendulum is stable while hanging 
downwards, but the inverted pendulum is inherently unstable and need to be balanced. 
In this case the system has one input - the force applied to the cart, and two outputs - 
position of the cart and the angle of the pendulum [5], making it as a SIMO 
system.Thestandard linear techniques cannot model the non-linear dynamics of this 
system. This non-linearized system can be approximated as a linear system if the 
operating region is small, i.e. the variation of the angle from the normal. 
 

 
Fig. 1: Schematic diagram for inverted pendulum - cart system. 

 
2.1.1 Linear system equations of inverted pendulum 
The linear model for the system around the upright stationary point is derived by 
simply linearization of the nonlinear system and is given in equation below 
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The above model, equation (1) represents the non-linear system. The linearized 
form for the system is obtained using Jacobian matrix. 

훿풙 =  푱풙(풙ퟎ ,푢 )훿풙+  푱풖(풙ퟎ ,푢 )휹u  
Since the nonlinear vector-function is rather complicated,  the components of the 

Jacobian matrices are determined systematically, term by term. The elements of the 
first, second, third  and fourth columns of 푱풙(풙ퟎ ,푢 ) are given by:    

 
The value of  ,     ,   푎푛푑  at   (풙ퟎ, 푢 )   respectively. Thus , 

combining all these separate terms we obtained:                 
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The above is the open loop linearized model for the  inverted  pendulum  with a 

cart force ,   (written in perturbation form) . Thus, LTI system is in standard 
state space form. The general form is as follows : 

 (2) 
The above equation (2) is simplified linear modelused  to study the system 

behaviour and controller design. 
 

2.2 Dynamical model of power system 
 

 
Fig. 2: Single machine-infinite bus model. 

 
From the model discussed above, we know that the power system model is non-

linear [12]. In this section we discuss the design principles using DFL technique to 
design non-linear controller for a power system. 

The model for power system is linearized to obtain the model as: 

 
When the parameters in the power system are known, we can design a DFL control 

law to linearize the plant.Afterlinearization, we can employ linear control theory, such 
as LQ-optimal control theory, to design a feedback law 
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푣 (푡) =  푓(훿(푡),휔(푡),푃 (푡)) (3) 
To give the desired stability and performance properties,  푣 (푡) and 푃 (푡) are the 

control inputs. 
Voltage regulation is an important issue particularly in the past-transient period. 

∆푉̇ = 푓 (푡) 푤 +  ( )∆푃 + ( ) 푣   
f (t)andf (t)  are highly non-linear functions of δ, Pe and Vt. A new linearized 

system which is represented by the vector [ ∆Vt , w,∆P ] can be developed. 
Robust linear control techniques can be applied to obtain 

푣 =  −퐾 ∆푉푡 − 퐾 푤 −퐾 ∆푃푒 (4) 
Since voltage is introduced as a feedback variable, the post-fault voltage is 

prevented from excessive variation. 
 

3. Controller Design 
This technique uses a state -space approach to analyze a system.The method provides a 
systematic way of computing the state feedback control gain matrix.To determine the 
matrix K of the optimal control vector. 

U(t) = -K x(t) and to minimize the performance index 
J = ∫ (푥 ∗ 푄푥 + 푢 ∗ 푅푢)푑푡  (5) 

Where Q is a positive semi-definite and R is a positive definite matrix.Matrices Q 
and R determine the relative importance of the error. 

 

 
Fig. 3: Block diagram for optimal configuration. 

 
The equation can be simplified to  

퐴 ∗ 푃 + 푃퐴 − 푃퐵푅 퐵 ∗ 푃 + 푄 = 0 (6) 
 
Above equation is called Algebraic Riccati Equation (ARE). The ARE can be 

solved for finding the value of P.  
Substituting the matrix P in equation 
 

퐾 =  푅 퐵 ∗ 푃  (7) 
The resulting matrix K is the optimal matrix. Using LQR function, two parameters 

i.e. R and Q can be chosen.R and Q will balance the relative importance of the input. 
In the Q matrix, the elements in the diagonal matrix represent the weights of state 
variable. 

+ (t) = Ax(t) + B u 
y(t) = Cx(t) 

K 

u 

x 

y 

- 
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4. Simulation Results 
Case study-1: Inverted pendulum system 
The K matrix can be obtained by choosing a suitable value of Q and R using matlab 
command. For a particular gain matrix the response of power angle and terminal 
voltage can be plotted. Q and R matrix is adjusted by hit and trial method to obtain the 
desired response. For Q=diag (1,1,10,10) and R=0.1, the value for LQR controller is 
obtained as K=[-3.16  -6.85  -162.07   -36.92].The simulated results for input and 
output variables for inverted pendulum is shown in Fig. 4 and 5 respectively. 
 

   
Fig. 4: plot for input of IP   Fig. 5: Plot for output of IP. 

 
Case study-2: SMIB power system 
In this section, through simulation, results for the power angle and terminal voltage 
responses has been shownin Fig. 6 and 7 respectively for the DFL-LQ controller 
discussed in section 2.2. The controllers employed in the simulations are DFL-LQ 
controller by taking two set of values for Q matrix. 

 
 

  
Fig. 6: Power angle response for SMIB Fig. 7: Terminal voltage response SMIB. 
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DFL-LQ controller  
푣 = 22.36휕 + 11.73푤 − 46.46∆푃푒 + 푃푚표 (8) 

Another value for LQR gives: 
푣 = 10휕 + 10.4푤 − 44.63∆푃푒 + 푃푚표 (9) 

 
5. Conclusion 
The controller for inverted pendulum can be modified further for obtaining better 
results by using PID controller with LQR. 

The DFL method always needs the prioriknowledge of the dynamic system. If 
there are some unknown parameters which causesuncertainties in the dynamics, then 
other methods like backstepping would be more suitable.A large disturbance occurring 
near the generator in power system causes much change in load angle, power transfer 
and the generator voltage, which may cause machine to fall out of steps. The purpose 
of implementing controller is to prevent such instances of a generator losing 
synchronism after a large sudden disturbance. 
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