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Abstract

This paper deals with a class of backward doubly stochastic differential equation
driven by fractional Brownian motion with Hurst parameter H greater than 1/2.
We essentially establish existence and uniqueness of a solution in the case of
Lipschitz coefficients and integral-Lipschitz coefficients. The stochastic integral
used throughout the paper is the divergence type integral.
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1. INTODUCTION

Backward stochastic differential equations (BSDEs in short) were first introduced by
Pardoux and Peng [8]. They proved the celebrated existence and uniqueness result
under Lipschitz assumption. This pioneer work was extensively used in many fields
like stochastic interpretation of solutions of PDEs and financial mathematics.

Few years later, several authors investigated BSDEs with respect to fractional Brownian
motion (B/T),_
H # %, we cannot use the beautiful classical theory of stochastic calculus to define

with Hurst parameter H. Since B* is not a semimartingale when

the fractional stochastic integral. It is a significant and challenging problem to extend
the results in the classical stochastic calculus to this fractional Brownian motion.
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Essentially, two different types of integrals with respect to a fractional Brownian motion
have been defined and studied. The first one is the pathwise Riemann-Stieltjes integral
(see Young [11]). This integral has a proprieties of Stratonovich integral, which leads
to difficulties in applications. The second one, introduced in Decreusefond [4] is the
divergence operator (or Skorohod integral), defined as the adjoint of the derivative
operator in the framework of the Malliavin calculus. Since this stochastic integral
satisfies the zero mean property and it can be expressed as the limit of Riemann
sums defined using Wick products, it was later developed by many authors. Recently,
new classes of BSDEs driven by both standard and fractional Brownian motions were
introduced by Fei et al [5]. They established the existence and uniqueness of solutions.

In this paper, our aim is to generalize the result established in [5] to the following
equation called Backward doubly stochastic differential equations driven by fractional
Brownian motion:

T T T
Yt=£+/ f(s,ns,Ys,Zs>ds+/ g(s,ns,Ys,Zs)th—/ 2.4BY, te0,7),
t t t
(1.1)

where the integral with respect to (BtH ) is a divergence-type integral and the integral

>0
with respect to (Wt)t20 is a standard It6 integral. Inspired by the works of Aidara and
Sow [1], we prove that under integral-Lipschitz coefficients, the solution of the above

Backward doubly stochastic differential equations exists uniquely.

The paper is organized as follows: In Section 2, we introduce some preliminaries,
before studying the solvability of our equation under Lipschitz conditions on the
generator in Section 3. Using this result, we prove existence and uniqueness of the
solution with a coefficient satisfying integral-Lipschitz conditions in Section 4.

2. PRELIMINARIES

2.1. Fractional Stochastic calculus

Let (2 be a non-empty set, F a o—algebra of sets €2, P a probability measure defined
on F. The triplet (2, F,P) defines a probability space. Suppose that the process
(Bf),., and (W;),~, be two mutually independent processes, where (B/'),_ is a

one-dimensional fractional Brownian motion with Hurst parameter H € (1/2,1) and
(W4),> is a one-dimensional standard Brownian motion.

We consider the family (.%;)o<;<r given by
F=F v FY,  0<t<T,

where for any process {¢; }+>0, fis‘{’t = o{dp— s, s<r <tIVN, F= ﬁéf?t.
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4 denotes the class of P—null sets of .7 . Note that (.%;)o<;<r does not constitute a

classical filtration.

Denote ¢(t,s) = H(2H — 1)|t — s|*72) (t,s) € R? Let £ and 7 be measurable
functions on [0, T]. Define

<£,77>t=/0 /0 o(u, v)¢(w)n(v)dudv and [I€]7 = (€,€)..

Note that, for any ¢ € [0, T, (£, n): is a Hilbert scalar product. Let 7 be the completion
of the set of continuous functions under this Hilbert norm ||-||, and (&,,), be a sequence
in H such that (§;, &), = d;;. Let 25 be the set of all polynomials of fractional
Brownian motion. Namely, 2 contains all elements of the form

r) =1 ([ eawant. [ awast..... [ ewit)

where f is a polynomial function of n variables. The Malliavin derivative D} of F' is
given by

n T T T
DHF:ZSf (/ atast. [ ewast..... [ @(t)dBtH)@-(s) 0<s<T

Similarly, we can define the Malliavin derivative D;G of the Brownian functional
T T T
Gw)=f (/ fl(t)th,/ fg(t)th,...,/ fn(t)th) .
0 0 0

The divergence operator D is closable from L?(Q, F,P) to L*(Q2, F,P,H). Hence
we can consider the space D 5 is the completion of 22H with the norm

|1FI[i = BIF]* + E|| D] FI|7.

Now we introduce the Malliavin ¢-derivative DI of F by
T
DAF = / o(t,s) DI Fds.
0

Let us recall the following result which is a useful tool in our work (see [[6] , Proposition
6.25])
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Theorem 2.1. Let F' : (Q, F,P) — H be a stochastic processes such that

T T
E <||F||2T+/ / |Dfﬂ|2dsdt) < 4o0.
0 0

Then, the Ito-Skorohod type stochastic integral denoted by fOT F,dBY exists in
L? (Q, F,P) and satisfies

T T 2 T (T
E(/ FsdBf):O and E(/ F@Bf) :E<||F\|2T+/ / DthDstdsdt).
0 0 0 0

We now give the fractional Itd6 formula of an Itd type process involving the stochastic
integral with respect to both standard and fractional Brownian motions.

Theorem 2.2. Let 01,0, € H be deterministic continuous functions. Denote
t t t
X, = Xy +/ a(s)ds +/ o1 (s)dW, +/ oo(s)dBY,
0 0 0

where X is a constant, o(t) is a deterministic function with fg la(s)|ds < +oo.
Let F(t,x) be continuously differentiable with respect to t and twice continuously
differentiable with respect to x. Then

t t
F(t X)) = F(0, Xo) + / OF o X.)ds+ / OF o x,)ax,
0 85 0 31:

1 [t F 9 d 9
—|—§ i W(S,XS) {01(3)%—%”02“8} ds, 0<t<T.

Let us finish this section by giving a fractional Itd chain rule (see [[5], Theorem 3.2]).

Theorem 2.3. Assume that the processes i, oy, s, [, o) and o, satisfy

/OT w(s)ds + /OT ai(s)ds + /OT as(s)ds + /OT W (s)ds + /OT aj(s)ds + /OT ah(s)ds

Suppose that D;o(s), Dicy (), DEay(s) and DE oly(s) are continuously differentiable
with respect to (s,t) € [0,T)? for almost all w € ). Let X; and Y; be two processes
satisfying

E < +o0.

t t t
X = Xo +/ w(s)ds +/ ay(s)dWy +/ ay(s)dBY, 0<t<T,
0 0 0

t t t
Yi=Yo+ / W (s)ds + / oy (s)dW +/ o (s)dBH, 0<t<T.
0 0 0
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If the following conditions hold:

T T T T
E{ / / |Dta1(s)|2dsdt1<+oo, E[ / / D uy(s) [2dst
0 0 0 0

T T T T
E [/ / |Dta’1(s)|2dsdt} < +o00, E {/ / |Dfa’2(s)|2dsdt} < 400,
o Jo o Jo

then

< +o0,

t t
X,Y; = XYy + / X,dY, + / Y.dx,
0 0
t
+ / (01 (8) DY, + & () Ds X + aa(s)DIY, + ah(s)DY X, ] ds,
0

which may be written formally as

d(X:Y;) = XedYi+Yid X+ [on () DY + o (1) D Xy + o (8)D[Y; + b (8)D)' X ] dt.

2.2. Definitions and notations
Let us consider

t t t
ne = Mo +/ b(s)ds +/ o1(s)dWs +/ os(s)dB?, 0<t<T
0 0 0
where the coefficients 7, b, 01 and o5 satisfy:

® 1) is a given constant,

e byoy,00 : [0,7] — R are deterministic continuous functions, ¢; and o9 are
t
differentiable and o4(t) # 0, o9(f) # 0 such that 65(t) = / o(t,v)oz(v)dv
0
and

t t
loull? = H(2H — 1) / / 1 — 0] 20 (w)ory (v) dudo.
0 0

The next Remark will be useful in the sequel

Remark 2.4. There exists a constant Cyy such that info<;<p

Ga(t)
o2 (0) > (.

We introduce the following sets (where E the mathematical expectation with respect to
the probability measure P):

o L*(Fr,R) = {¢:Q — R|¢is Fr — measurable, E [|¢]°] < +oo};

e Vo ={Y=v(.n): ve ‘5;(;,2([0,T] x R), 2% is bounded, ¢ € [0,7]},
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¢ ]N}[IgyT] the completion of Vo 71 under the following norm (3 > 0)

T 1/2 T 1/2
Wi = ([ emmka) ([ CBenra)
0 0

~1

o %%(0,T) = V[o 7] X V[o 7] is a Banach space with the norm

1/2

T
1V 2) e = (E | eravie+ rth)dt)
0

Let f: Qx[0,T]xR* =R  and  ¢:Qx][0,T] x R*> — R. We are interested
in the following BDSDE:s driven by fractional Brownian motion (BDSDEF):

T T T
Vgt [ fomaYiZds+ [ glsn Y Z)aW, - [ 24Bl 0<e<T.
t ¢ t @0
Definition 2.5. A triplet of processes (Y, Zt)o<i<r is called a solution to BDSDEF
Q. if(Y,Z) € #%(0,T) and satisfies (2.1).
The next proposition will be useful in the sequel.

Proposition 2.6. Let (Y;, Z;)o<i<r be a solution of the BDSDEF (2.1). Then, we have
the stochastic representation

pry, =20 7 g<i<r,
o9 (t)

Proof. Since (Y3, Z;) satisfies the BDSDEF (2.1) then we have Y € V[o - This implies
Y = 4(-,n) where ¢ € %I;(f ([0, 7] x R). Note that Y = ¢ = (T, nr). Applying

[td’s formula, we obtain
Y(t,me) — /zﬁsnsds—/wsns ds—/¢snsal
/ by (5,75)02(s)d B! —7/ Vi (5,75)01 (s ds—f/ Vo (5,15) 7 ||02H§d8
= - / (1650 + 025, 10005) + 0o (6) + 0tasm) 5 ||02||§) ds

Tt
_ / L (5,m2)01 (5)dW, — / (5. m2)rs()dBY

Using eq. (2.1), we derive that the hand right side is equal to

T T T
/ f(s,ns,K,Zs)d8+/ g (s,ms,Ys, Zs) dWs—/ ZdBY, 0<t<T.
t t t



Backward doubly stochastic ditferential equations driven by fractional... 571

We deduce that g (s, 75, Ys, Zs) = WL (t,n)o1(t) and Z; = . (t,m:)02(t). Then we can
write

]D)tHYt / ot —r DHw(t ne)dr

= t77t/¢t—7“02

(t)w t 77t
Zy.

= 09
8

2(t)

q

O

We are now in position to move on to study our main subject. First we investigate the
case of Lipschitz coefficients.

3. THE CASE OF LIPSCHITZ COEFFICIENTS

We assume that the coefficients f and g of the BDSDEF are continuous functions and
satisfy the following assumption (H1):

(H1.1): There exists a constant L > 0 such that for any (w,?) € Q x [0,7], x € R,
(y,v') € R?and (2, 2') € R?; we have

2 2

f(t7x7y7z> _f(t7x’y/,2/)

\ 'g (t,il?,y, Z) —4g (t,x,y’,z’)

< L(|y—y'12 e |)

(H1.2): There exists § > 0 and a function h with bounded derivative & = h(nr),
E (eﬁT\§|2) < 400

The main result of this section is the following theorem:

Theorem 3.1. Let the assumptions (H1) be satisfied. Then the BDSDEF (2.1) has a
unique solution (Y, Z) in the space %*([0,T], R).

Proof. Let us consider the mapping ¥ : %%*([0,T],R) — %?([0,T],R) driven by
(U, V) — ¥(U, V) = (Y, 2).
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We will show that the mapping ¥ is a contraction, where (Y, Z) is a solution of the
following BDSDEF:

T T T
Y, —/ f(s,ns,Us,Vs)ds—/ g(s,ns, Us, Vi) dW; —/ Z,dB?, te0,T].
¢ ¢ ¢ G.1)
Let us define for a process 6 € {Y, Z,U,V}, § = § — ¢ and the functions

Af(t) :f(tvntu Ut: V;) - f(t777ta Utlv V;t,)
Ag(t) :g(t>nt7 Uta ‘/;) o g(t7nta Utla V;S/)
Then, the couple (Y, Z) solves the BDSDEF

T T T
Y, :/ Af(s)ds —/ Ag(s)dWi —/ Z.dBE, te0,T). (3.2)
¢ t t

By the fractional It6 chain rule, we have
o T T o T o
Y2 = 2/ YSAf(s)ds+2/ Ag(s)D,Y jds — 2/ Z DUY .ds
t t t
T T
+ 2/ Y Ag(s)dW, — 2/ Y.Z.dBY.
t t

Applying Itd formula to €”|Y,|2, we obtain that

T T T
PUY |2 = 2/ P Y Af(s)ds + 2/ P Ag(s) DY ods — 2/ P Z DY (ds
t

t t
T T T
+ 2/ P Y (Ag(s)dW, — 2/ e”Y,ZdB — 5/ Y|P ds.
¢ t t

Therefore, we can write

T T
E [”Y,|’] + SE { / 655\7812&9} +2E { / 655751[)575(15]
tT B t , B
=2E [/ eﬁsYsAf(s)ds} +2E [/ eBSAg(s)DSYSds]
t t

5’2 (S)_

It is know that, by Proposition 2.6, }D)f ?S = 5205) Z . Then, we have

o T o T 52(8) o
E [¢”|Y’] + BE [/ eﬁS|Ys\2ds] +2E [/ e yzs\st}
t t o5(s)

= 2E [/tT eﬁsVSAf(s)ds} +2E [/tT 658|Ag(s)|2d5] (3.3)
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Using standard estimates 2ab < % + eb? (where a, b, e > 0) and asumption (H1.1), we
obtain that

A

o T o T O'Q(S) .
E [¢”']Y,’] + BE U eﬁs|Ys]2ds}+2E [/ e’ |Zs|2ds}
t t

o2(s)
2L [T 4= 4L L
< —E/ Jﬂyﬂw%]a [/ eﬁs(|U|Q+|Vl2)ds}
€ t t
Taking 3 such that g > 2C, + %, we get
T _ AL T o= =
E/ e’ (|Y|? + |Z4?) ds < e E/ e U )* + [V4[?) ds. (3.4)
Hence, if we choose € = ¢, satisfying Cy = %, we have
T o . 3 T o o
B[ (V2P ds< B [ SOV G
0 0

Thus, the mapping (U, V) —— Y (U,V) = (Y,Z) determined by the fractional
BDSDE:s (2.1) is a strict contraction on %2%([0, T], R). Using the fixed point principle,
we deduce the solution to the fractional BDSDEs (2.1) that exists uniquely. This
completes the proof. O]

4. THE CASE OF INTEGRAL-LIPSCHITZ COEFFICIENTS

We assume that the coefficients f and g of the BDSDEFs are continuous functions and
satisfy the following assumption (H2) :
(H2.1) : There exists K >0s.t. for 0<t< T, (y,v') € R? (2,2/) € R%, z € R,

[ty 2) = f(toy 2) PV gt 2y, 2) — gty )P < pltly —y'f°) + Kz = '
where p(t,v) : [0, 7] x Ry — R satisfies
e For fixed t € [0, 71, p(t, -) is a continuous, concave and nondecreasing s.t.
p(t,0) =0, and Va >0, ap(t,v) = p(t,av).
e The ordinary differential equation

V'(t) = —p(t,v(t)), o(T)=0, 4.1

has a unique solution v(¢) =0, 0<t<T.
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e There exists two continuous and non-negative functions a and b such that
T
p(t,v) <a(t)+b(t)v and / la(t) + b(t)]dt < +o0.
0
(H2.2) : the integrability condition holds

T
E<\5P+ / \f(s,ns,0,0)12d8> < too.

Our strategy in the proof of existence of solutions of the fractional BDSDEs (2.1) is
to use the Picard approximate sequence. To this end, we consider now the sequence
(Y}, Z1") >0 given by

Y =0

T T T
Y =¢ +/ f(s,ns, YL ZM)ds +/ g(s,ms, Y1, ZM)dW, —/ Z"dBY, n > 1.
t t t
“4.2)
In what follows, we establish two results which will be useful in the sequel.

Lemma 4.1. Let the assumption (H2) be satisfied. Then, for n, m > 1 we have

20, _2xa—yn (T
E (|Y;n+m o Y;n|2) § 70622’0—€K—1 / P (S,EHYZH_m_l - Y'Sn—1|2]) dS, 0 S ¢ S T
t

Smm

Proof. Let us define for a process § € {Y, Z}, n,m > 1, = 0"t™ — §™ and the

functions

AFOm(s) = fls,ms, Y 205 < f(s,m0, YU 20,

Ag"m™(s) = g(s,me, YL 200 — g(s,m,, Y Z7).

It is easily seen that the pair of processes (Y, ", Z, " )o<i<r solves the BDSDEF
n,m r r r —n,m
A / A0 (5)ds + / Ag™m™ (s)dW, — / Z.)"dBR 0<t<T.
t t t
Applying again Itd’s formula to |?f’m|2, we obtain forn,m > land 0 <t < T,

T T T
|7:L’m|2 = 2/ YZ’mAf("’m)(s)ds + / VZ’mAg(”’m)(s)dWs + 2/ |Ag("’m)(s)|2d8
¢ ¢ ¢

S S

T T
—2 / Y. " ZP"aBE — 2 / DEY" 7" ds. (4.3)
t t
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Hence we deduce from (4.3)

T
E (|?Z’m|2 + 2/ DEY " 7Y mds>
t
T T
—2E / YU AF) ()ds + 2 / |Ag™™ (s5)|ds (4.4)

t t

Using standard estimates and assumption (H2.1), we have
2}/537 Af(n,m)<s) <e {Ys’ ‘2 +=p (87 D/er_m_l - }/sn_1|2) + _|Zs7 |27
€ €

and

2[Ag™ ™ (s)[* < 2p (s, [Y; 7 = ¥ UR) 4 2K (20,

Putting pieces together, we deduce from eq. (4.4),

T
(|Y”m|2 +2C, / |7§’m|2ds> (4.5)
t

T o (142 K(1+26) —nm
< [CB(errmp e B2 (e -y B2 7
t

€

which implies

—nmy 200 — K(142¢) [T _um
€ t

T T
—nm 1+2
geE/ Y, \2ds+( * E)/ Elp (s, [V =Y ?)]ds.
t 6

t

Choosing € = %,we obtain
5N, m T ——n,m
B(1vr"p [ 120+ ) @)
t

K T —nm (2C, —1) [T
<—F Y. "Rd E yrtm=1 _yn=12)]ds.
< s —ar=g® [ W pas+ S Rl (s ) ds

Applying Gronwall’s lemma and Jensen inequality (since p(¢, -) is concave), we obtain

2Cy— 1) xan (T
( (}( )620071(71 / 0 (S’EHYZLerfl . Y;’n71|2]) ds
t

2 - [T
< ;062?;{21{1 / p (S, EHY;nerfl _ Y'Sn71|2]) ds.
t

E (V") <
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Lemma 4.2. Let the assumption (H2) be satisfied. Then there exist I' > 0 and
0 < Ty < T not depending on & and such that

vn>1, E(|Y"]’) <T, W <t<T.
Proof. Using the same method as in the the proof of Lemma 4.1, we have

T T
VPP =l [ VR Y Zds 42 [ Yol YW,
t

t

T T T
—2/ YS”ZQdBf—Q/ DfY;‘ZQdHQ/ lg(s,ms, Y1, ZM)Pds. (4.8)
t t t

Assumption (H2.1) and the same computations as before imply

2Cy r 2K T
E(JY"?) < = E Y 2)d —E/ Y*d
ey < 22 v B [ pts v Pas| 4 g [ s
4.9)
where
K 2 ’ 2
pe= |5 BIET+HE [ [f(s,15,0,0)[ds |
200 t
Applying once again Gronwall’s lemma, we deduce that
9 200 2K (T—t) T 119
B(|Y,'[") < S0 |+ E | pls, [ P)ds (4.10)
t
B (2C) — 2K —1)In (%)
LetT) =max T — Y ,0
Then we have
T —_—
E (1Y) < +/ p (s, E[[Y'?])ds, T1<t<T. 4.11)
t
Define
T
F:,uo—i-/ a(s)ds > 0. (4.12)
0

Arguing as in [10, Lemma 2], we choose Tl such that

T
u0+/ p(s,0)ds <T, tell,T]. (4.13)
t
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Define 77 = max {Tl, Tl}. By inequalities (4.11) and (4.13), we have for 7} <t < T,

B[]

IN

T
Nt+/ p(s,0)ds <o <T,
t
T

r - T
E |Yt2‘2 Sut—k/ p<S’E[|Y81‘2]> d8§M0+/ p(s,T)ds <T,
L | ] )

T

T
Sut—l—/ p(s,EHYf’desSuo—k/ p(s,T)ds <T.
t t

E[[v}]

Hence by induction, one can prove that foralln > 1,¢ € [T}, T

E[|y;"]?] <T. (4.14)

We are now in position to prove our main result

Theorem 4.3. Let the assumption (H2) be satisfied. Then, the BDSDEF (2.1) has a
unique solution (Y, Z) in the space %*([0,T], R).

Proof. Existence. Let us consider the sequence (,,),,-, given by

T T
el = [ ps.Dds )= [ ol pals)) ds
t t
Then for all ¢ € [T7, T, from the proof of Lemma 4.2 we have the following inequalities
T
@o(t) = / p(s,I)ds <T,
t
T T
o) = [ (s ds < [ plsD)ds = () <T.
t t
T T
prlt) = [ psais)ds < [ plsanls)ds =0 <T.
t t
By induction, one can prove that for all n > 1, ¢, (¢) satisfies

0 < @ni1(t) < @nlt) <. <n(t) < golt) <T.

Then {,(t),t € [T1,T1},>, is uniformly bounded. For all n > 1 and ¢y, € [T1, 77,

we obtain
[2)
< / p(s,I')ds
t1

[n(t1) — pultz)| =

[ ot uatonas

t1
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T
Since, for fixed v, / p (s,v)ds < +oc. Therefore

0

sup [pn(t1) — @n(te)| = 0 as |ty —ts] — 0,

which means that {¢,(t),t € [T1,T]},-, is an equicontinuous family of functions.
Therefore, by the Ascoli-Arzela theorem, we can define ©(t) the limit function of
(on(t)),>;- By (4.1), we have ¢(t) = 0,t € [T, T].

Now for all ¢t € [T1,T], n,m > 1 in view of Lemma 4.1 and Lemma 4.2, we have the

inequalities
r T 20 2K (T—t) T T
B |y - V| < Sero / p (s BIY") ds < / p(s,T)ds = po(t) <T,
- - t t
r 7 20 2K (T—t) T
E ||V - VP[] < Ser i / p (s BV =Y ds < i) < T
- - t

r 1 20 2K (T—t) T
E ‘Y;?)—i-m o }/;3’2 < KO€2CO—2K—1 / P <S, EHY;2+m — Y?f]) ds < QOQ(t) < I.
- - t

By induction, we can derive that
=1, B[yt <paa@), Ti<t<T
which implies in particular

n-rm n 2
sup E DYt Y, ! } < sup @n-1(t) = @n1(11) = 0, as n — oo.
T <t<T T <t<T

We see immediately that (Y, Z") is a Cauchy sequence in the Banach space
#B*(|T1,T),R).

Then there exists a pair of processes (Y,Z2) € %*([T1,T],R) being a limit of
(Yn’ Zn>n21 1e
n—-+00 n—-+00

T T
lim E/ V" —~Y,’ds =0 and lim E/ |Z" — Z,|*ds = 0.
0 0

It remains to show that the pair of processes (Y, Z) satisfies eq.(2.1) on the interval
[Ty, T). We have for any ¢ € [T}, T,

T T
lim ( -V &+ / f(s,ms, Y Z0)ds + / g(s,ms, Y, Z;‘)dWs)
t t

n——+o00
T T
=-Y, +¢ +/ f(s,ms, Ys, Zs)ds +/ 9(s,1ms, Ys, Zs)dW5 := ®(t) in LQ(Q,}",P).
t ¢

We show that (Y, 7)., satisfies eq.(2.1) on [T3, T]. Note that from Lemma 4.2, T}
does not depend on the final value £. Hence one we can deduce by iteration the existence
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on [T — 7(T — Ty), T}, for each 7, and therefore the existence on the whole [0, T].

Uniqueness. Let (Y, Z) and (37, Z ), be two solutions of eq.(2.1). Define § = § — § for
d € {Y, Z}. By the 1td formula, we have

— r__ T — 1 — K(1 _
E(\Yt\2+200/ |Zs|2ds) g/ E(e]YS|2+( jﬁ)p(s,|m2)+ﬂ|zsﬁ) ds.
t t

€

(4.15)

Using the same computations as in Lemma 4.1, we deduce that

_ 20, a-n [T —
E [V < 7%550?1/ p (s E[Yi)ds, 0<t<T.
t

2C) — K —1)In (K/2C
Define § — 20 2}2 n(K/2C0) hna v = [T'/6] + 1. If (t;)o<;j<n denotes the

uniform subdivision of [0, 7] givenby Ty =0, 1; =T — (N —j)6, j > 1, we have

T
E [[V}’] g/ p (s, E[[Y,’])ds, Ty <t<T.
t

From the comparison theorem of ODEs, we deduce that E (|Y;|*) < r(t), where (%)
is the maximum of solution of equation (4.1) on [Ty_1,T]. As a consequence, we have
Y, = Y, for t € [Ty_y1,T). From (4.15), we deduce Z, = Z, fort € [Ty_1,T]. Then
we can use the same argument to prove that uniqueness of the solution also holds on
15, Tj41], 5 =0,...,N — 2. This completes the proof. ]
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