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Abstract

The problem of generalized type of entire functions of slow growth in terms of
best approximation and interpolation errors in several complex variables have been
investigated.
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1. INTRODUCTION

The growth of an entire function f(z) = Y °  a,z" can be measured in terms of
the order p defined by

: log log M (r, f)
p = limsup

r—00 logr

where M (r, f) := supy, <, |f(z)|. If the order is a positive real number the type 7" of
the function is defined by
log M
T = limsup og—(r,f).

r—00 rP
A function has slow growth if the order is equal to 0. For entire functions there is
a large literature concerning the growth of this topic (see e.g. [1-3], [7-9], [11-12],
[15-16], [18-20]) and others.
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The concept of order and type was generalized in the literature (see e.g. Seremeta
[13 ], Shah [14]), in particular to discuss subclasses of entire function of order p = 0
(functions of slow growth). Here one replaces the log function in the above formulae
by more general functions «, 3 defined on an interval (r(, 00), which are assumed to be
positive, strictly increasing and tending to infinity as » — oo, and satisfying properties
of class LY and A defined below:

Let a function h(z) is defined on [a, co) for some a > 0 and it is strongly monotonically
increasing and tends to oo as * — oo. According to Seremeta [13], this function
belongs to the class L if, for any real function ¢ such that ¢(z) — oo as x — oo, the

equality
h L
(i) i e et =,

It belongs to the class A if, for all ¢,0 < ¢ < oo,

.o . h(cz) -
(ll) 11m$_>oo W =1.

By using functions o and 3 from the classes L° and A, by analogy with [13], the
generalized order of an entire function f(z) is given by the formula:

~limsup Al M ALy o)
ple, B,.f) _h?f;}p Blog 7] _hmnsggo ﬁ(_%10g|an’)‘

a(n)

Further, for a(z),87'(z) and ~v(z) € LY the generalized type of an entire
transcendental function f(z) is given by
aflog M(r, /) aly)

Hleb =tm s =g om0 et a1

Y

where 0 < p < 0.

The historical background of my work is an old result of Bernstein characterization
when a continuous real-valued function f on the interval [-1,1] can be extended to an
entire (holomorphic) function in terms of the best approximation by polynomials of
degree < n. In 1968, Varga [20] has obtained results giving the order and type of the
entire extension.

Let g : CN,N > 1, be an entire transcendental function. For z = (21, 2,...,2n) €
CN, we put S(r,g) = sup{|g(2)| : |21]> + |22]* + - -+ + |2n]*> = r?},7 > 0. Then we
define the generalized order and generalized type of g(z) as:

o aflog S(r, g)]
pla, B, g) = hfgigp W
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and

. allogS(r,g)
T, B, g) = lim sup =grr s

Let K be a compact set in C" and let ||.||x denote the supnorm on K. The function
®x(2) = sup||p(2)|= : p — polynomial,deg.p < n,||p|lx <1,n=1,2,... and z €
CcN ], is called Siciak extremal function of the compact set K (see [5] and [6]). Given a
function f defined and bounded on K, we putforn = 1,2, ...

Erlz(f7K> = Hf _thK;
E?L(f? K) = Hf - ln”K;
Eﬁ-{—l(fv K) = ||ln+1 - ln||K

where t,, denotes the n'” Chebyshev polynomial of the best approximation to f on K
and [,, denotes the n'" Lagrange interpolation polynomial for f with nodes at extremal
points of K.

Janik ([4],[6]), investigated the order and generalized order of entire functions in terms
of the approximation errors defined above. Srivastava and Kumar [17] obtained the
characterizations of generalized type. For N = 1 these results were obtained by
Shah [14]. All these results mentioned above were obtained under certain conditions
which fail to hold if « = § = ~. To overcome this difficulty, we will use here the
concept of slow growth introduced by Kapoor and Nautiyal [10] and investigate the
generalized type in terms of approximation and interpolation errors defined above in
several complex variables.

Kapoor and Nautiyal [10] defined generalized order p(«, f) of slow growth with the
help of general functions as:

Let 2 be the class of functions h(x) defined above and
(iii) there exists a 0(z) € Q and zy, C; and C5 such that

d(h(z))
0 <= Us(log )

< 02 < 0
for all z > x,0(z) € Q.
Let () be the class of functions h(x) and

d(h(z))

=C,0<C .
z—o0 d(log ) et
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It has been shown [10] that classes €2 and € are contained in A. Further QN Q = ¢ and
they defined the generalized order p(«, f) of entire function f(z) of slow growth as

o allog M(r, f)]
pla, f) = hlrrii‘jp W

Y

where o) either belongs to € or (2.

We define the generalized type 7'(«,g) of an entire function g(z) having finite
generalized order p(«, g) as

= lim su M
T(a,g) =1 o T allog r])?

where a() either belongs to 2 or Q.

To the best of our knowledge, coefficient characterization for generalized type in terms
of approximation and interpolation errors defined above for slow growth have not been
obtained so far. In this paper, we have tried to fill this gap.

Notations: )
1. F[z; T, p| = a *{T[a(x)]? } where p is fixed number, 0 < p < coand T = T +¢.
2. E[F[z; T, pl] is an integer part of the function F.

2. AUXILLIARY RESULTS

Lemma 2.1. Let K be a compact setin CV such that ® is locally bounded in C". For
all7,0 < T < oo,
() If a(z) € €, then

dF[; T, p]

=0(1 .
ozt O(1) as * — oo

Let (p,)nen be a sequence of polynomials in C such that

(i1) deg.p, < n,n € N.
(ii1) there exists ng € NV such that

o= 11

Y

N~

p—1 n
[Pl < [exp{( )nF[—
P P

where T' = T + ¢ for small € > 0.

Then ) ° ,p, is an entire function and the generalized type o(«a, Y . p,) of this
entire function satisfies

o(a, i pn) <T
n=0
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provided }>° , p,, is not a polynomial.
Proof. By assumption, we have

||pal[r™ < r"lexp{( p JnF|

The inequality

(Upallr™)* < rlesp{—(2= 1) F| @.1)

DO | —

is fulfilled beginning with some n = n(r). Then

o o

> bt Y st

n=n(r)+1

2.2)
n=n(r)+1

Now from inequality (2.1) we have

p—1 n 1
2r < exp nF|—; = p—1]},
(P nF( = 1)

we can take n(r) = E[pa~{T(a(logr + log2))*~1}].

Let us consider the function

= r¥lex _p—l
p(z) = r'lexp{—( P

The maximum of ¢(x) is attained for a value of = by z*(r) where

r 1
)mF[;;?,p—l]}]-

p(at(r)) =  max p(z),

no<z<ni(r)
z*(r) = po {T(a(logr — a(r)))" "'},
where A > (0 and

dF[%: L. p—1
—A<a(r)= [pr |

dloga =) <A
Further
) rro {T(a(logr—a(r)))?~'}
lpallacr™ = max @) = T aoar et Hiogr—atr) 2.3)
= exp{a(r)pa” {T(a(logr — a(r)))""'}} |

< exp{Apa{T(a(logr + A))’"'}},n > ng,r > 0.

Put K, = {z € CV : &k (2) < r,r > 1}, then for every polynomial p of degree< n,
we have (see [6], pp. 323)

Pn(2)] < llpul| kP (2), 2 € TV 2.4)
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The series ) -, p, is convergent in every K,,r > 1,50 >~ p, is an entire function.
Put
M(r) = sup{||pn||x™ : n € N,r > 0}.
In view of inequality (2.3), for every r > 0, there exists a positive integer v(r) such that
M(r) = ||pu(r)||KTV(T)~
and
M(r) > ||pa] g™, n > v(r).

It is clear that v(r) increases with . Suppose that v(r) — oo as r — oco. Then putting
n = v(r) in (2.3) we get for sufficiently large r

M(r) < exp{Apa{T(a(logr + A))"~11}. (2.5)
Let us put
Y ={z€CY : Oy(2) =r,r > 1}

and
M (r) = sup{| an(z)] czE€yf,r> 1
n=0

Now taking into account the facts of Janik (see [6], pp. 323), we have for some positive
constant k,

S(r,Y " pn) < M(kr) < 2M (2kr). (2.6)
n=0

Considering (2.5) and (2.6), we obtain

S(r, an) < 2exp{Apa T (a(logr + A))"*}}.

n=0

or

Thus, we have

al4; log{35(r, X207 pa)}]
(a(logr + A))r
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Since a(z) € Q C A, proceeding to limits we get
Al log {28 (r, S o )}

li <T.
MR (allogr Ay —
or o
oo, pn) <T. 2.7)
n=0

In case v(r) is bounded then M(r) is also bounded, whence 3.°°  p, reduces to a
polynomial. Hence the proof of lemma is completed.

3. MAIN RESULTS

Theorem 3.1. Let K be a compact set in CV such that ® is locally bounded in CcN
and a(x) € Q. Then the function f, defined and bounded on K, is the restriction of an
entire function g of generalized order p; 1 < p < oo, is of the generalized type o(a, g)
if and only if

a(®)
o(a, g) = lim su £ T ;S
(O g) =t o e gl (f, )] ]

p—

=1,2,3,

provided 5552 = O(1) as a — oo, forall T,0 < T' < .

Proof. Let f has an entire function extension g of generalized type o = o(«, g). Put

| o(2)
0y = lim sup T ;S
n—oo {257 logl B (f, K)ot

=1,2,3.

Here EX = EZ(g|k, K). we have to show that 0 = d,,s = 1,2,3. From [21] it is
known that

E! <E?=(n.+2)E},n>0, (3.1)

E?<2(n,+2)E: [ ,n>1, (3.2)

n—1

where n, = (n + N)¢,,. Using Stirling formula we have

_ 1
n! ~ e "n"t2/2m,

and
N
Ny R N for all large values of n.
Hence, we have E} < E2 < 7[1 4 o(1)]E} and E? < 227[1 + o(1)] EL.

Thus, d3 < 9o < 9y and it suffices to prove that §; < o < 4.
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First we prove that §; < o. Using the definition of generalized type for ¢ > 0 and
r > ro(e), we get

S(r,g) < exp{a™ {7 (a(logr))}},

where ¢ = o + ¢ provided r is sufficiently large. Without loss of generality we may
suppose that

KCB={zeC" |21+ 2>+ +|an|* < 1}
Then E! < E!(g, B). Now following Janik (see [6], pp.324) we get
E,(g.B) <r7"S(r.g).,r > 2,n >0,
or
E, <r "exp{a”{7(a(logr))"}}.

Putting r = r(n) = exp[ail[(%a(%))ﬁ]] = exp{F'[2; 1 p— 1]} we obtain

B! <exp{-nF + ﬁF}
p

or

or

Proceeding to limits, we get

. a(})
o > lim sup —
n—voo {257 log[ B ] !
or
o> 0. (3.3)

Inequality (3.3) obviously holds when o = oo.
Next we will prove o < 3. Suppose that 93 < ¢. Then for every 0,63 < 6§ < o,

<40
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for sufficiently large n. Hence

E? < exp{-nF[—;

—1]+pF[ .p—1]}.

Q::II =

n
p

%II =

n
p’
Using Lemma 2.1, we get

oc<§f

where 0 = o(«, g) is the generalized type of g(z). Since € has been chosen less than o,
we get a contradiction. Thus o < §s.

Now assume that f be a function defined and bounded on K and such that for
s=1,2,3,

ds = lim sup
noo {a[ 527 log B3 (f, K)|7n]}e=t

For every 6 > ¢, and for sufficiently large n, we have

: <0
{a[5 log[E;]w] et

or

1 1
E < Fl—=,p—1]+ " =,p— 1]}
exp{—nF[~ Pl ] P [ il I}

n
P
Proceeding to limits as n — oo, we get

lim [E?]# < 0.

n—o0

Also, it is obvious that

lim [E#] > 0.
n—oo

Hence, it gives
lim [ES]% = 0.
n—oo

Thus, following Janik ([6], Prop. 3.1), we conclude that the function f can be
continuously extended to an entire function. Let us put

n=1

where {[,} is the sequence of Lagrange interpolation polynomials of f as defined
earlier.



464 R.K. Vishnoi,D. Kumar

Now we have to show that g is the required continuation of f and o(«, g) = Js. For
every ¢, > 3 and for sufficiently large n, we have

E? <exp{-nF + EF}
p
or

1l — s || < exp{—nF + %F}.

Now in view of Lemma 2.1, we obtain

o(a,g) < 6.
Since 6; > 03 is arbitrary, it gives

oo, g) < 3.

Taking into account the inequalities (3.1), (3.2) with the proof of first part given above,
we have o(«, g) = 03 as required. Hence the proof is completed.
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