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Abstract

The scope of this paper, we have showed that the second kind Douglas space
with generalized form of (a,3)-metric F, is conformally transformed to a
second kind Douglas space. We have used the notations of Douglas space and
Conformal transformation. Further, we obtained certain results which prove that
the second kind Douglas space with different («, 5)-metrics such as Randers
metric, generalized Kropina metric and some generalized metrics are invariant
under conformal change.
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1. INTRODUCTION

A Finsler space with («, 5)-metric is said to be a Douglas space of second kind, if the
Douglas tensor Dzhj .. vanishes identically [8]. S. Bacso and M. Matsumoto [3] proposed
Douglas space as a generalisation of Berwald space from the perspective of geodesic
equations. They also consider the concept of Landsberg space as a generalisation
of Berwald space. S. Bacso and B. Szilagyi in 2022 [4], introduced the concept of
weakly-Berwald space as another generalisation of Berwald space. 1. Y. Lee [7] recently
examined Douglas space of second and discovered a criteria for a Finsler space with
Matsumoto metric to be a second kind Douglas space.
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The theory of sprays and Finsler space was studied in [1]. The authors have made
significant contributions to the development of Finsler geometry by developing theories
of Finsler space and Berwald space with an («, 5)-metric in ([8], [11]). M. S. Kneblman
[6] introduced the conformal theory of Finsler spaces in 1929, and M. Hashiguchi [5]
investigated it in depth. In [13], they demonstrated that a second kind Douglas space
with generalised Kropina metric and Matsumoto metric is a conformal second kind
Douglas space. Recently in ([2], [12]), they proved that the second kind Douglas space
with special («, 3)-metric is conformally changed to second kind Douglas space. And
also, they have obtained certain results which prove that the second kind Douglas space
with some («, §)-metrics are invariant under conformal change.

The main goal of this paper is to prove that a second kind Douglas space with
at—i—l

generalized («a, #)-metric given by F' = o + poff + ,U¢37, where 111, pi2 and s
are constants, is conformally changed to a second kind Douglas space. As a result, we
have obtained certain results which prove that the second kind Douglas space with some
(e, B)-metrics such as Randers metric, generalized Kropina metric and two generalized
form of (v, 5)-metrics is conformally changed to a second kind Douglas space. Firstly,
we gave a introduction for Douglas space in section one. In section two, we go through
some basic concepts of Douglas space and conformal transformation. In section three,
we have discussed the criteria of second kind Douglas space with («, 3)-metric. Also,
we have discussed the conformal transformation of second kind Douglas space with
(o, B)-metric in section four. Finally, in section five we have discussed certain results
which prove that the conformal transformations of second kind Douglas space with
generalized (v, 3)-metric.

2. PRELIMINARIES

Let F* = (M", F(«,3)) be a Finsler space is known to be with an («, 5)-metric,
if positively homogeneous function F'(«, ) in a and [ of degree one, whereas

a = y/a;;(x)y'ys is Riemannian metric and §8 is 1-form given by 3 = b;(x)y’. The
Riemannian space R" = (M, «) associated with F. We will employ the following
symbols

b2 = arsbrbsa bz = airbr’
2sij = big = byt 27ij = bt + iy,

_ r i o _ar
sj—brsj, §;=0a"$p;.

Let BT' = {G%.(z,y), G’} be the Berwald connection of Finsler space F plays a
significant role in the present work. Bj? . Tepresents the difference tensor of G; 5 and X; i
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as well as

with the subscript 0 and contracting by v, we get
G; = B; + X;‘ and 2G" = 2B"+ xb, (2)

and then B!, = 9, B} and B! = 9, B'.

Let F = (M", F') be a Finsler space, the geodesics of an n-dimensional "™ are given
by
Rt 2a o o R
J 122 G]z_sz. t__ . 3
Ty — sy =2y - GY); = 3)
By [3] we know that F™ be a Finsler space becomes a Douglas space if and only if

Douglas tensor
1
Diy, = Gy, — nl (Giiok + Gdl + Gridly + Gipny") | (4)

h

vanishes identically, here G, = 0, G}, is hv-curvature tensor of BT

Further, let /" be Finsler space of n-dimensional is known as Douglas space[10], if
DV = ~G'(z,y)y' + G'(z,y)y’ (5)

is second degree homogeneous polynomials in (y°).

Now, differentiating (5) by y™, we get the following definitions as a result

Definition 2.1. [10] Let F™ be a Finsler space is called a second kind Douglas space
if D™ = (n + 1)G" — G"™y' is second degree homogeneous polynomials in (y').

In contrast, a Finsler space with («a, #)-metric is a second kind Douglas-space if and
only if
B, = =By + B'(n+1) (6)

is second degree homogeneous polynomial in (y'), where B is given in [10].
Moreover, differentiating (4) by ", 7 and y*, we get

By = B = 0. (7)

Definition 2.2. Let F™ be a Finsler space with («, 3)-metric is called a second kind
Douglas space if B'™ = —B™y'+(n+1) B’ is second degree homogeneous polynomial
in (y').
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3. DOUGLAS SPACE OF SECOND KIND WITH («, 3)-METRIC.

In the present section, we will look into the requirements for a Finsler space with a
(e, B)-metric being a second kind Douglas space.

Let us consider the spray co-efficients G'(x,y) of F™ be a Finsler space with an
(o, B)-metric. As stated by [9], G*(x, y) of Finsler space F" can be written as

2G" = b + 2B, (8)
: BFs , aF.. (y° ol aFs
Bz — * i J P
where
C* o 1 O./ﬁ (20./SQF5 — TooFa)
2 (ax?Foa + PF,) (10)

= =B+ Bal.
Considering x4, = X’ (x)y'y" is hp(2), then (7) becomes

a?F,, Fg, . »
BE, TB(SO_Séy)' (11)

we derive the following lemma [10] using (5) and (11)

B = C* (bl — Vy) + >

Lemma 3.1. Let F" be a Finsler space with an («, 3)-metric is a Douglas space if and
only if BY = Byl — Bly' are hp(3).

Differentiating (11) by ", 3*, y? and y?, we have fo;pq = 0, which is related to
Ditom = (n+1)Dj,,, = 0. Thus, F™ be a Finsler space that satisfies the criteria
D;fkpq = 0 is known as Douglas-space. Further, differentiating (11) by y™ and
transvecting m and j in the resultant equation, yields

a{(n+ 1)a?QF,.b" + By Ay'} roo N (n+ 1)aFps)

b= 20 - Fa (12)
a2 {(n+ 1)a?QFsF..b" + By'} so o Fay'ro
F,Q2 Q
where
A =3F,Fpo+ aFyFrna — 30 (Foo)
Q = (ax*Faa + B°F,) , provided that 2 # 0, and (13)

B =QFFoo + aBX’FoFsFoaa + B{(3X* — 8%) Foa — 4ax*Foa } F3Fua.
We will make use of the following result in the next section.

Theorem 3.1. Let F'™ be a Finsler space is a second kind Douglas space if and only if
B™ is homogeneous polynomials of degree two in (y™), whereas B'™ is provided by

(12) and (13), given that Q) # 0.
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4. CONFORMAL TRANSFORMATION OF SECOND KIND DOUGLAS
SPACE WITH (a, 8)-METRIC

Under this section, we discuss the conditions for second kind Douglas space with
(e, B)-metric is invariant under conformal change.

Let us consider two Finsler spaces I = (M" F) and F" = (M", F) defined on
manifold M™. If we have o(z) be a function in each co-ordinate neighbourhood of M™
such that F' = e“@) F(z, %), then F™ is known as conformal to F™ and F — F is known
as conformal transformation.

A conformal transformation of a (o, 5)-metric is denoted as («, 3) — (@, ), here
B = e’ and & = e’ . Then we have

bi = €Ubi, Ezl-j = 620&1']" (14)
V'=e b, @’ =e*ad", (15)

and b2 = (lijbibj = &1]616]
From (15), the conformal transformation of Christoffel symbols is provided by

ng — Xé‘k + 6;@, +6i0j — o'aj, (16)
where o' = a"0; and 0; = d;0.
Using (15) and (16), we receive the following axioms

ngi = 60 (paij — O'Z'bj + V]bl) s

Fij = 60

2

1

1
paij + 7"1']' - = (bjO'i + biO'j)} ,

1
Sij = ¢’ [5 (bioj — bjos) + S”} ’

—i —0 1 7 i %
st =e {§(baj—bj0)+sj},

J

1
'§j =S§j + 5 (b20'j — pb]) s (17)

where p = 0,.b".
Using (16) and (17), we may easily obtain

)260 = Xéo + 200yi — oz2aj, (18)

oo = €7 (pa® + roo — 003) , (19)
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) 1 ) ) )
§i=eC 3 (os0b’ — Bo’) + sp| (20)
1 .
S0 =5 (000" = pB) + s0. (21)

Next, we get the conformal change of B which is given by (11). We have F'(a, 3) :=
e’ F(«, B) then

Fz=F3, Fs=F, Fsa=e¢"Fo, X =€\ (22)
By using (10), (21), (22) and Theorem 3.1, we get
C*=e’ (D*+C%), (23)

where
aff [a (pf — b00) Fig = (00 — fa’) Fu]

D" = 24
2 (0" Fau & 9°F) .
Hence, the conformal change of B% can be expressed as
Hij ?Foq % (14 ] i i aFg i i
BY = =0 (Vy! = ¥y) + = (sby’ — suy')
aocoFg  o?F,, ., o - afFg , . o
D g — ) — 2228 (g — gl
+< 2 +5Fa (b'y y') oF (o7y? — o7y
B = B 4 O,
where
. Q2Faa aUOF,B o . aﬁFﬂ . o
Cl]: D* blj_b]’l_ Z]_jZ‘
(ﬁFa t )(y y') SE. ('Y’ —o’y')
From (13), we have
A=e"4, Q=60 and B=¢*B. (25)
Next, we apply conformal change to B™™ and we get
B! = B!™ + K™ (26)
where
, HF , , 2 1)QF,,b 2 Ay
2K7znm:a(n; ) ﬁ(O’obz—ﬁ(f@)—F@{a (7’L—|— ) QQ +BX y}(pOéQ_O'(]ﬁ)
a?{a?(n+ 1)QFsF..b' + By'y  a3Faay'| /.5
— FaQQ — O :| (b oo — p,@) .
(27)

Hence, we have the following result

Theorem 4.1. A second kind Douglas space is invariant under conformal

transformation if and only if K™ is second degree homogeneous polynomial in (y").
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S. CONFORMAL TRANSFORMATION OF SECOND KIND DOUGLAS

T+1

SPACE WITH GENERALIZED (o, 5)-METRIC F = iy« + poff + Hgﬁ—T

Let us define a Finsler space with generalized («, 3)-metric is given by

t+1

a
F = o+ pf+ MS?a (28)

where i1, (42 and p3 are constants.
Then from (28), we obtain

Oét

Fa = 1 + [Lg(t + 1)@,
Oétfl

Foo = pst(t +1)——

g 29)

at—?

Faaa = /,Lgt(t + 1)(t — 1)7,
attl
Fg = pa — Hstw-

Hence, using (13) we obtain

t 2 2
0= o+ Lo DG 0

_ pst(t 4 Da! (2B’ + 250’ + put B — 2ust*a’) (30)
a2t ’

A

B:Bl+B27

where

pst(t + 1)at™!
— T
—papsxtat Y
_ pst(t 4 1)t !
- (3t
ﬁt+2(1 + t)] )

B, (157t (382 + 2t — 1) + B2 (tpax® + o + 2u2x°)

B, [M§a2t+lﬁ2(t )2+ 2o 2t BT (L — £2) + 24 pzalt T
€1y

Thus, using (29) , K™ can be written as

a(n + 1) (ueBT — pstal™) (opb® — Bo?)

+ T+ To+Ts+ T+ Ty, (32

2K =
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where

_ ps(n+ Dt + 1)a" 1V (pa® — 003)

I a0+ 0 (B2 + 62 + mf2)
£y _ B DB (B2 4 0) 4 2ps0(1— ) (po — o)
(st (1 + 1) (B2 + tx2) + i fH+2)° ’
7 = “Hs(n+1)(E+ Do el (o — psta’™) (o0b” — pB3)
y =

B (1Bt + ps(t + 1)at) (usal(14-t) (8% 4 tx2) + pa f1+2)’

— ot (t 1 t+1,4 b2 o
T, = pst(t + "y (o9 : P5)2 — [u§a2t+1(52 22 4 328
(118" + ps(t + 1)at) (usal (L +8) (62 + Ex3) + pa 172
=Xt 2652+ 125%) + B2 (e + 29X + patx?) + 2papsa (4 1) + 2p0ps

tXZOétﬁt-Fl(l _ tz) _ M1M3X2t04t+1ﬁt] 7

pst(t + 1)a' 2y’ (aob® — pB)
(usat(141) (6% +1x?) + m f2)

T5 -

This shows that K™ is a second degree homogeneous polynomial in (y?).
Using this we have the following

Theorem 5.1. A second kind Douglas space with generalized («, 3)-metric F' =
t+1

e+ pof + p3——, where p, ps and p3 are constants, is conformally changed to a

second kind Douglas space.

From the theorem(5.1), we can show that a second kind Douglas-space with a Finsler
space of some («, [3)-metric is conformally changed to a second kind Douglas-space.
Using this there are several cases that might occur, as follows.

Case(i). If uy = 1, uo = 1 and pu3 = 0, then generalized («, $)-metric becomes
F := o + [, this is known as Randers metric. In this instance, 2Kﬁnm obtained as

2K'™ = a(n + 1)(oob" — o). (33)

This shows that K™ is a second degree homogeneous polynomial in (y°).

Noting that 7} =T, =15 = T, = T5 = 0 in this case. Hence, we have the following
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Corollary 5.1.1. A second kind Douglas space with Randers metric F' := o + f3, is
invariant under conformal transformation.

Case(ii). If 1 = 0, uo = 0 and pg = 1, then generalized («, 3)-metric becomes
t+

F=

5 which is known as generalized Kropina metric. In this instance, 2K™ can

be written as

—t(n + 1)a?(ogb’ — Bot)
(t+1)p

QKZZH — +51+SQ+SS+S4+SB> (34)

where )
(n + 1)ta?d’ (pa® — 0of3)

o1 = Frod)

g 2x%t(1 — t) By’ (pa?* — oo3)
2= 2
(82 +tx?)

Y

(n + 1)t2b'a? (oob* — pf)

AT Y e

Y

g, _ W B — Xt + 157 + ) (00b” — pf)
4 (140 (8 +0)°

g ta?y (oob? — pp)
ST (Bt

This proves that K™ is s second degree homogeneous polynomial in (y?). Hence, we

have the following

Corollary 5.1.2. A second kind Douglas space with generalized Kropina metric F' =
altl

B

is invariant under conformal transformation.

Case(iii). If 41 = 1, uo = 1 and p3 = 1, then generalized («, 5)-metric reduces to
t+1

F=a+p8+ In this instance, 2Kfnm can be written as

gt

a(n + 1)(BH — ta ™) (ogb® — Bo?)
Btat + ot + (t)

QKM = + Wi+ Wo+ Wi+ Wy + Wi, (35)
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where

(4 Dt + 1) Y (pa? — 09f)
(@ (1+1¢) (B2 +tx2) + p412) 7

1=

X2t(t+1)8y" (BY(2 +t) + 2t (1 — %)) (pa® — 003)

Wa = .
(af(1+1) (B2 + tx?) + B12)

i

—(TL + 1)(t + 1)biat+1 (ﬁt-i-l _ tat-‘rl) (Uob2 _ ,OB)

W= 30+ G Dah) (@ (10 (Bt tx) + 7%

= —HE 1)at+1yi (UObZ _ ’OB) 2641 2 2,2 2,3 .2 2
s (Bt + (t+ D)at) (at(1 +t) (82 + tx2) + Bi+2)? [ 187 + 2% + 3x°t° — X%t + 2t

+t252) 4 52t+2 (a + 2X2 + tXQ) + 2at+1ﬁt+2(t + 1) 4 2tX2atl6t+1(1 - t2) o X2tat+1,8t} ,

t(t + 1)t 2yt (oob® — pB)
(af(1+1) (B2 +tx?) + f+12)

5 =

This proves that K™ is s second degree homogeneous polynomial in (y*). Hence, we
have the following

t+1

Corollary 5.1.3. A second kind Douglas space with («, 5)-metric F = o+ 3 + 5

is conformally changed to a second kind Douglas space.

Case(iv). If 13 = 1, g = 1, u3 = 1 and ¢ = 1, then generalized («, #)-metric reduces
2

« L. , )
to ' = a + B + —-. In this instance, 2K, can be written as

B

a(n+1)(8? — a?)(ogb® — pot)

2o’ = 50a 1 p)

+Vi+Vat+Vs+ Vit Vs, (36)

where
2(n + 1)a?b* (pa? — oo3)
20 (B2 +x%) +58%)

Vi =

_ 6x°B%' (pa® — 09)
(20 (B2 + x2) + %)
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_ —2n+ Dba? (52 — a?) (aub? — pB)

N TR Y Rt R

_ —a’y’ (oob® — pP) 30432 2 3 2 203 .2 2
‘/4_ (ﬁ+2a>(2a(ﬂ2+x2)+63)2 [Oé <4ﬁ +4X )‘i‘ﬁ (Oé+3X)+40é B X« ﬂ],
Vi — 203yt (ob* — pB)

(20 (8% + x?) + %)
This proves that K™ is s second degree homogeneous polynomial in (y'). Hence, we
have the following

2

Corollary 5.1.4. A second kind Douglas space with («, 3)-metric F' = o+ 3 + %, is

invariant under conformal transformation.

6. CONCLUSION

In this current work, we have been proved that the second kind Douglas space of with
generalized (o, 3)-metric F, is invariant under conformal transformation. And also,
we have obtained certain results which prove that the second kind Douglas space with
some («, (3)-metrics are conformally invariant.
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