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Abstract

In this paper, we consider the equivalent conditions with W ~""P-version (m > 0
integer and 1 < p < oo) of the J. L. Lions lemma. As an applications, we consider
the Korn inequality. Furthermore, we consider the other fundamental results.
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1. INTRODUCTION

Assume that ) is a bounded domain of R with a Lipcshitz-continuous boundary. In
this paper, this means that € is a bounded and connected open subset of R? whose
boundary I' = 02 is Lipschitz-continuous and {2 is locally on the same side of I". The
classical J. L. Lions lemma asserts that any distribution in the space of H~'(Q) with the
gradient (in the distribution sense) belonging to H () is a function in L?(€2).

Amrouche et al. [1] derived the equivalent conditions with the J. L. Lions lemma. The
conditions are the classical and the general J. L. Lions lemma, the Necas inequality, the
coarse version of the de Rham theorem, the surjectivity of the operator div : H(2) —
L3(£2) and an approximation lemma. Some of these equivalent properties can be given
by a "direct” proof.

However, these equivalent conditions of L?-version of the J. L. Lions lemma are
insufficient for considering the Maxwell-Stokes type system containing p-curlcurl
operator. Thus it is important for us to improve the result to the LP-version of
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the equivalent relations with the J. L. Lions lemma. For an application to the
Maxwell-Stokes problem, see Aramaki [5, 3, 4] and Pan [12]. As an another
application, we derived the Korn inequality of LP-version. In order to show an extension
of the Korn inequality in L” to W ~""P-version, we have to extend the equivalent relation
to W~""P-version (m > 0 integer and 1 < p < oo) of the J. L. Lions lemma.

One of the purpose of this paper is an improvement of the result in the previous paper
[3] in which we derived the equivalent relation with the classical J. L. Lions lemma,
that is, if f € W~1P(Q) satisfies Vf € W 2(Q) (1 < p < o), then f € LP().
In this paper, we derive the classical J. L. Lions lemma: when m > 0 integer and
1 <p<ooif f e W™ LP(Q) satisfies Vf € W ""1P(Q), then f € WP((Q),
and its equivalence relations. For example, W ~"P- version of the Necas inequality
can be found in Necas [11, Theorem 1], Geymonat and Suquet [10, Lemma 1] and
Amrouche and Girault [2]. We show that using the Galdi [9, Theorem 3.2], we can
derive W ~""P-version of the J. L. Lions lemma directly.

The paper is organized as follows. In section 2, we give some preliminaries. In section
3, we derive W~ version of the J. L. Lions lemma and its equivalent relations.
Section 4 is devoted to consider the Korn inequality. In section 5, we show the
equivalence between the J. L. Lions lemma and a simplified version of the de Rham
theorem. Finally, section 6 is devoted to the direct proof of the J. L. Lions lemma using
a result of [9].

2. PRELIMINARIES

In this section, we shall state some preliminaries that are necessary in this paper. Let (2
be a bounded domain in R? (d > 2) (which means a bounded, connected open subset of
R?) with a Lipschitz-continuous boundary T, let 1 < p < oo and let p’ be the conjugate
exponent i.e., (1/p) + (1/p') = 1. From now on we use D(Q2), LP(§2), W™P(Q),
Wy (Q), WP (Q) = WP (Q)" = the dual space of W (Q), (m > 0, integer),
for the standard real C'*° functions with compact supports in €2, L? and Sobolev spaces
of real valued functions. For any above space 5, we denote B¢ by boldface character
B. Hereafter, we use this character to denote vector and vector-valued functions. We
denote the standard inner product of vectors a and b in R? by a -b. We denote the space
of distributions in 2 by D’(Q2). Moreover, for the dual space B’ of B (resp. B’ of B),
we denote the duality bracket between B’ and B (resp. B’ and B) by (-, )/ 5 (resp.

<'> '>B’,B)~
The gradient operator grad = V : D'(Q2) — D'(Q) is defined by

(VI @)p ) pe) = —{f,dive)p) pe for f € D'(Q2) and ¢ € D(Q).
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Since € is connected, we can see that if f € D'(Q) satisfies Vf = 0 in D'(Q), then
f 1is identified with a constant function (cf. Boyer and Fabrie [6, Chapter II. Lemma
11.2.44]). For f € W~™P(Q), we can regard V f as an element of W~""17(Q) by the
definition, and

<Vf, (P>W_m_1*7’(ﬂ),W6”+l’p/ ©) = — <f, div ('0>W—m’P(Q),WOm’p/ ©) (2 1)

for o € WI(Q). Then it is clear that V : W—"2(Q) — W ™" '7(Q) is a
linear and continuous operator. Since ker V. = R, we can also define an continuous
operator V : W™mP(Q)/R — W ™ 12(Q) by the definition V[f] = V[ for
[f] € W—™P(Q)/R, where [f] denotes the class in the quotient space W ~""?(Q)) /R
with a representative f.

We introduce the closed subspace of a reflexive Banach space W (""(2) which is a
basic space in our argument.

WiP(Q,div0) = {u € W"*(Q);divu = 0 in Q}.
Moreover, we define a closed subspace of ;""" (2) by
WiP(Q) = {f € WS””“(Q);/Qfd:): = o} ifm >0,
L2(Q) = {f e L”(Q);/Qfdm - 0} ifm =0
endowed with the norm of W™?(Q2). We note that the dual space (W ~""(Q2)/R)" of

W=mr(Q) /R is identified with W™ (Q).

Now we state a theorem on the property of the domain €2 without its proof.

Theorem 2.1. Let ) be a bounded domain of R®. Then there exist domains €;
(j = 1,2,...) of R such that the boundary 0%); is of class C*, ; C Qjy1 C
and €} = U32,2;.

For the proof, see [6].

3. W~MP.VERSION OF THE J. L. LIONS LEMMA AND ITS EQUIVALENT
RELATIONS

In this section, we assume that €2 is a bounded domain of R¢ with a Lipschitz-continuous
boundary.

We derive the following theorem.
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Theorem 3.1. Assume that Q is a bounded domain of R* (d > 2) with a
Lipschitz-continuous boundary. Let m > 0 be an integer and 1 < p < oo. Then
the following (a), (b), ..., (f) are equivalent.

(a) Classical J. L. Lions lemma: if f € W~""1P(Q) satisfies
Vfew ™t (Q),

then f € W=2(Q)).

(b) The Necas inequality: there exists a constant C' = C(m, p, Q) such that
[fllw=me@) < CUfllw=m-100) + IV fllw-m-15q) for all f € W™™P(Q).

(c) The operator grad has a closed range: grad (IWW~—""(Q)/R) is a closed subspace
of W™ 1P(Q),

(d) A coarse version of the de Rham theorem: for any h € W ""1(Q), there

exists a unique ] € W~"P(Q) /R, where ] denotes the class in the quotient space
W=m2(Q) /R with the representative , such that h = V7 in W~""""(Q) if and only

if

(h,v) Wl ) = 0forall v € WP Q) div 0).

w—m=Lp(Q)
(e) The operator div is surjective: the operator

div : W Q) — Wrmr ().
is linear, continuous and surjective.
Consequently, for any | € Wén P ,(Q), there exists a unique
[u;] € Wi (Q) /Ker div

where Ker div. = W (Q, div 0) and [u | denotes the class in the quotient space
W (Q) /Ker div with the representative wy such that div [us] == divuy = fin
Q. Therefore, the operator

div : W (Q) /Ker div — W ()

is linear, continuous and bijective. Hence, by the Banach open mapping theorem, there

exists a constant c1(m, p, <)) > 0 such that

0t 1 oy acenasy < €212 Q) F oy for all € T (€2).
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In addition, for ¢ € D(Q), where

D) = {w c p(@);/gwx - o} ,

we can choose u, € D() such that div u, = .

(f) The J. L. Lions lemma: if f € D'(Q) satisfies Vf € W ""(Q), then
feWw—mr(Q).

Remark 3.2. Though the authors of [1] derived this theorem in L*-framework in the
classical J. L. Lions lemma in the sense that f € H*(Q) and Vf € H (Q)
implies f € L*(Q), our Theorem 3.1 is an improvement of [1]. In the previous
paper [3], we extended the results of [1] to LP-version and applied the results to
the Maxwell-Stokes problem containing p-curlcurl equation and the Korn inequality
in LP-version. However, according to Theorem 3.1, we will show the Korn inequality in
W ="P-version in section 4.

Proof of Theorem 3.1

(a) implies (b). Define a Banach space
V(Q) ={feWw ™ Q) VfeW ™ (Q)},
equipped with the norm

1fllvie) = [ fllw-m-10@) + |V fllw-m-10(q)-

The canonical injection i : W~"P(Q2) — V() is linear, continuous and bijective
according to (a). Hence, it follows from Banach open mapping theorem that i ! is also
linear and continuous, that is, there exists a constant co(m, p, 2) > 0 such that

| fllw-ma@) < co(m, p, Q) f lw-m-re@) + |V fllw-m-150))
forall f € W—™2(Q).
(b) implies (c). It suffices to show that there exists a constant C'(m, p, 2) > 0 such that
1wz < Clom,p. IVl G.1)

for all [f] € W~™?(Q)/R. If the inequality (3.1) is false, then there exists a sequence
{[fx]} € W=™P(Q)/R such that

[[felllw-me@ymr =1fork=1,2,... and |V fi|ly-m-10) — 0 as k — oo.
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We can easily see that the quotient norm || [ f]||w-m.r)r = Inf{||f + c|lw-mr@);c €
R} is achieved, so we may assume that f, € W™?(Q), | fellw-mr@) = 1 and
Vi — 0in W™ '2(Q) as k — oo. Since {f,} is bounded in W~"?(12), there
exist a subsequence {fy, } of {fi} and f € W~"?(Q) such that f,, — f weakly in
W=mP(Q). Since the canonical injection operator

io s WP (Q) s W12 (Q)

is compact, because i is the dual operator of the compact canonical injection operator
WP (Q) < W (Q), thus we see that f,, — f strongly in W~=""12((2). On the
other hand, since V f, — 0 in W~™""12(Q), it follows from the hypothesis (b) that
we can see that { fi, } is a Cauchy sequence in W~"™?(Q). Hence fi, — f strongly in
W="P(Q) as | — oo. Since V : W™™P(Q) — W ""12(Q) is continuous, we have
Vfy, — Vf = 0in W"""?(Q). This implies that f = const., so [f] = 0. Thus
I dllw—me@ym = [[[fe, = flllw-mr@m < lf5 = fllw-mr@) — 0asl — oo. This
is a contradiction.

(c) is equivalent to (d). We note that the operator grad = V : W?(Q)/R —
W ""17(Q) is the dual operator of

—div : Wit (Q) — (WP (Q)/R) = W™ ()

and satisfies

<V[f]7 50>W—m—1,p(9)’wgl+1vpl(g) = <Vf> 90>W—m—1,p(g)7w(r)n+l,p’(9)

= — ([ AV )y (g

for all [f] € W—™2(Q)/R and ¢ € W (Q). Therefore, if we apply the Banach
closed range theorem, Im V is a closed subspace of W ~""17(Q) if and only if

ImV =*(Kerdiv) := {h € W™ 12(Q); =0

<h’ (P>W7m71’p(Q),WgL+l'p/(Q)
for all p € Kerdiv = W (Q, div 0)}.

This means that (c) and (d) are equivalent.

(d) implies (e). Assume that (d) and (c) hold. Since grad (W ~""?(2)/R) is a closed
subspace of W ~™"12((Q)) from (c), it follows from the Banach closed range theorem
that we have Im div = (Ker V). Since Ker V = R, we have Im div = W™ (Q2), so
we can see that

div : W (Q) /Ker div — W™ (Q)
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is a continuous and bijective linear operator. Therefore, from the Banach open mapping
theorem, the inverse operator is continuous. Thus for any [ € Wé” P ,(Q), there exists
a unique [u;] € Wi (Q)/Ker div such that divuy; = f in W, (Q), and there
exists a constant C'(m, p, 2) such that

H[U’f}HWOm"'l’pl(Q)/Kerdiv S C(mﬂp7 Q)HfHngP,(Q)

In particular, if ¢ € T?(Q), according to the Diening et al. [8, Thereom 14.3.15], we
can choose u,, € D((2) such that divu, = ¢.

(e) implies (f). Let f € D'(Q) satisfy Vf € W™ ""17(Q). It suffices to prove that
there exists a constant Cy = Cy(m, p, f,€2) such that

’<f7 §0>D’(Q),'D(Q)| S COHSOHWJ"’Z)I(Q) for all ©® € D(Q) (32)

Indeed, assume that (3.2) holds. Since D({2) is contained in W™ '(€2) densely, for any
© € W (), there exists a sequence {¢,} C D(€2) such that ¢, — ¢ in W (Q).
From (3.2), we have

[(fs en)p).p@) — (s em)pr@).p0)] < Collen — SOmHWSn,p’(Q)'

Therefore, {(f, ¢H>D/(Q)7D(Q)} is a Cauchy sequence in R. Define a linear functional f
on W% () by

(f,e) = Ji_{lc}o<f7 ©n)pr(0),D(@) fOr ¥ € Wy (). (3.3)

We can clearly recognize that the definition is independent of the choice of {(,, } with
©n — © in WP (). From (3.2),
[(fol = nh_{lc}o [(f, on) D)D)
= COHSOHWC;WP'(Q) for all pE W(;mp (Q)
Thus f € (WP () = W-™2(1). In particular, if we choose ¢ € D(€) in (3.3), we
have
(f,0) = {f,9)p (@) forall p € D(Q).
Thatistosay, f = f € W=m2(Q)).
We derive (3.2). Let ¢; € D(Q) such that [, p;dx = 1. For any ¢ € D(), define

Yo=p— </Qsodx> o1 € D(Q).
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Then it follows from the Holder inequality that

leolygorey < Ielygoray + [ 1ekdeliorlhyprg
[l gy + Orllellvion 101y
< CQ|’¢||WS”’I7/(Q)'

IA

Here we note that for any v € D((2),

|(f, divv)pa) oy = V[, v)p )@yl < HVfHW*m*LP(Q)H’UHWSHHW’(Q)-

From (e), there exists v € D(2) such that divv = ¢q and

”[U]|’W6n+1’pl(0)/KerdiV S CSH%OOHW(T’I’I(Q) S 0203”90”]/[/6”,17’(9)-

Hence
<f7 90>D'(Q),D(Q) = <f= <P0>D'(Q),D(Q)+/<Pd$<fa <P1>D/(Q),D(Q)
Q
= (f, diVU>D'(Q),D(Q)+/S@d$<f7 ©1)D/(Q),D(Q)-
Q
So, we have
[(f, P) @@l = [(f, @o)pf(g),p(g)ﬂL/)SOdI(f, ©1)D/(Q),D(Q)
Q
< [V, ’U>D'(Q),D(Q)| + |Q|1/p||80||LP’(Q)|<f, <P1>D’(Q),D(Q)|
< IVl (WL Q) /Kerdiv )/ 2] HWS”“”’/(Q)/Kerdiv
+Callell o o) IS, 1) D) p@)]

<

CollV sl o
+CG|<f7 @1>D’(Q),D(Q) | ||S0HWOm,P’(Q)
< GV Sl + Dl o

Here we identified (W7 () /Kerdiv )’ with

(Kerdiv )* = {g € W™ 2(Q); (g, v) o = Oforallv e Kerdiv }.

mefl,p(Q)7W6n+1,p/(
Thus (3.2) holds.
(f) implies (a). Clear.

This completes the proof of Theorem 3.1.
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Remark 3.3. Since we can prove that the classical J. L. Lions lemma (a) holds (cf.
Ciarlet [7, p. 381 and the footnote]), or the Necas inequality (b) (cf. [11, Theorem
1] or [6, Remark IV.1.1]) directly, consequently if () is a bounded domain with a
Lipschitz-continuous boundary, then all of (a), ..., (f) are true. In section 6, we prove
that the J. L. Loins lemma (Theorem 3.1 (f)) holds using [9, Theorem 3.2]. According
to our best knowledge, it seems that the proof is new.

4. AN APPLICATION OF THE J. L. LIONS LEMMA TO THE KORN
INEQUALITY

In this section, we consider the Korn inequality which plays a crucial role in linearized
elasticity.

We introduce the following Korn inequality in W'?(€2) which is proved in the previous
paper [3].

Theorem 4.1. Assume that Q is a bounded domain of R? (d > 2) with a
Lipschitz-continuous boundary and 1 < p < oo. Then the J. L. Lions lemma (Theorem
3.1 (a) with m = 0) implies the following Korn inequality in W*(Q): there exists a
constant C' = C(p, Q) > 0 such that

[vllwir@) < Cllvller@ + )| Lee) for allv € WH(Q), 4.1)
where e(v) = (e;;(v))1<i j<a With
1
eij('v) = 5(@%—1—&%), UV = (Ul,...,l)d).
For the proof, see [3, Theorem 5.1].

In this paper, we consider the Korn inequality in W ~"" ().

Theorem 4.2. Assume that Q is a bounded domain of R* (d > 2) with a
Lipschitz-continuous boundary, m > —1 is an integer and 1 < p < oo. Then the
classical J. L. Lions lemma (Theorem 3.1 (a)) implies the following Korn inequality:
there exists a constant C' = C(p, m, Q) > 0 such that

[ollw—mr@) < Cl[vllw-m-1r@) +[le@)w-m-1s) for allv € WTP(Q), (4.2)

Conversely, (4.2) with m > 0 implies the classical J. L. Lions lemma in Theorem 3.1

(a).

Proof. If m = —1, the theorem is just Theorem 4.1. Hence let m > 0.
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Step 1. If we define
Fmoir(Q) = {v e W HP(Q) e(v) € WTHP(Q)}

equlpped With the norm ||'U||F7m71,p(ﬂ) - ||'U||W7m71,p(Q) —I— ||e('v) ||W7m71,p(Q), then we
can see that FF~"~"P(Q) is a Banach space. We claim that F~™"'*(Q) = W ~"™P(Q).
Indeed, clearly we can see that W™"™7(Q) ¢ F"'(Q). Letv = (vy,...,v4) €
F~™712(Q). Since v; € W—""17(Q), we have Oyv; € W"722(Q)) and

8j (&Cvl) = ajeik(v) + erij (’U) — @ejk(v) € WﬁmiQ’p(Q).

By Theorem 3.1 (a), we have Oyv; € W—™"LP(Q) for every & = 1,...,d, so
Vu; € W"12(Q). Using again Theorem 3.1 (a), we can see that v; € W ~""(Q) for
everyi=1,...,d,sov e W "P(Q).

Step 2. The canonical injection i : W~"7(Q) — F~™"'2((Q)) is linear, injective and
continuous. From Step 1, we see that ¢ is surjective. Using again the Banach open
mapping theorem, i1 is also continuous. This implies the estimate (4.2).

Step 3. Conversely, let m > 0 be an integer and assume that (4.2) holds. Since

1

2((VU)T + V),

e(v)
where (V)7 denotes the transposed matrix of Vv. Thus
le(V)llw-m-12) < IVO[l-m-120).
From (4.2), we have
[v]lw-mr) < Clv]lw-m-100) + [[VU|lw-m-15q)) forallv € WP(Q). (4.3)
For f € W="P(Q), if we put v = (f,0,...,0), then it follows from (4.3) that
[ lw-matey < O ooy + [V Flw-m-soy) forall f € W2(Q),

This is the Necas inequality in Theorem 3.1 (b). Thus it follows from Theorem 3.1 that
the classical J. L. Lions lemma (Theorem 3.1 (a)) holds. [l

5. RELATION BETWEEN THE J. L. LIONS LEMMA AND A SIMPLIFIED
VERSION OF THE DE RHAM THEOREM

In this section, we discuss on a relation between the J. L. Lions lemma and a simplified
version of the de Rham theorem, which is a the fundamental result.

We have the following theorem.
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Theorem 5.1. Assume that Q is a bounded domain of R* (d > 2) with a
Lipschitz-continuous boundary, m > 0 is an integer and 1 < p < oo. Then the
J. L. Lions lemma (Theorem 3.1 (a)) implies that the following simplified version of
the de Rham theorem: for any h € W~"""1P(Q) satisfying

(h, cp)W,m,Lp(Q)VWOmH,p/(Q) = 0 for all ¢ € D(QQ) with dive = 0in ,

there exists T € W~"P(Q) such that h = V7 in W~ ""17(Q),

Conversely, the simplified version of the de Rham theorem implies the J. L. Lions lemma
(Theorem 3.1 (a)).

Proof. Let h € W~""17(Q) satisfy
(h, cp)W_m_Lp(ng,H,p/(Q) = 0 for all p € D(Q2) with divep = 0in €. (5.1)

From Theorem 2.1, choose bounded domains 2; C € (; = 1,2,...) such that 09,
is of class C*, €; C Q;41 and Q = U, Q. For any v; € Wg”“’p’(Qj) satisfying
divo; = 0 in §, define v; € WP (R?) as an extension of v; by 0 on R \ ;. Let
{pn 1}, be the standard mollifier, that is, choose p € D(R?) such that p > 0, supp p C
{r € R%|z| < 1} and [p, p(x)dz = 1, then p, is defined by p,(z) = n'p(nz).
Then there exists ny(j) and a compact set K; C € such that supp(v; * p,) C Kj,
‘QE D(R2) for any n > ng(j), div(v; * p,) = (divo;) * p, = 0 in
R? for any n > no(j) and limy, o0 [|[0; * p — ¥jllyymirs gay = 0. For j > 1, let
h; € W™™"12(€),), where h; is defined by

SO UV, * pp

m~+1,p’
<hj7 90>W77n71,p(9j)’wm+1,17/(Qj) = <h, ¢>W*m*1,p(g)’wm+lyp’(9) for all P S WO o (Qj)v

0

where we identified Wj'? /(Qj) with a subspace of W' (Q). Then from (5.1),
we have

(hj, 'UJ'>W—m—lm(Qj),wg’L*l’P’(Qj) = (h; ‘Q>W_m_1*P(Q),W6”+1’p/(Q)

Jim (B, % % pul )y sy w1’ () = 0

for all v; € WI#'(Q;) satisfying div v; = 0 in Q;. By Theorem 3.1 (d), there exists
T € W—m,p(Qj) such that h]’ = Vﬂ'j in W_m_l’p(Qj). Fix Yo € D(Ql) such that
Jo, podx = 1. Since

<7Tj - <7Tj7 (p0>W—m4p(Qj)7W(;n»Pl(Qj)7 SOO)W_m'p(QjLWgn’pl(Qj) = 07

if we replace 7; with 7; — (7}, ¢o) then we can assume that

me.p(QjLWg’hP, (Qj),

(7, 900>W,m_p(9j)7wgn,p/m]_) = 0 for every j.
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For j,k > 1and any ¢ € ng“’p/(Qj), we have

<V7Tj+k‘7(P>mefl,p(Qj%WgL-ﬁ-l,P/(Qj) k> LP>W m— lp(Qj)’WOm-‘rl,P/(Qj)

(h

= (h, >W*m*1*P(Q),W8”1’P/(Q)
Wi )yt wip o' )
{

Vﬂ'],

m 4 .
Pyt Wyt @)

Hence we have V(744 — m;) = 0in W™ """(Q;), so 744 — m; = ¢, € R. Since
(7, 900>W7m,p(mwg¢,p/(m = 0 for every j, we see that 7,4, = m; in W~ """(;), that is,
ik € W™P(; 1) is an extension of m; € W~"?(();). Define a linear functional 7
on D(Q) as follows. For ¢ € D(1), there exists j € N such that supp ¢ C ;. Then
we define
<7T, 90> = <7Tj7 ()0>W7m,p(Qj)7W(;nvpl(Qj)'

This definition is well defined and we can easily see that 7 € D’'(Q2). For any
¢ € D(Q), choose j(¢p) > 1 such that suppe C €; for j > j(¢). Hence we
have

(VT o)pype = —(mdive)p)pe)
= —

—(mj,div <p>me7p(Qj),W5’”"(Qj)

V2 P wntaga,) Wy )

(
( 3790‘9 wm=Le () Wit Q)
(s @)y oo w1 # (@)

(h,

P)D'(2), D)

So we get Vo = h € W ™ 1P(Q). Tt follows from (f) in Theorem 3.1 that
T e W—mP(Q).

Conversely, if the simplified version of the de Rham theorem holds, then (d) in Theorem
3.1 holds, so the J. L. Lions lemma in Theorem 3.1 (a) follows. L]

6. THE DIRECT PROOF OF THEOREM 3.1 (F)
We can directly derive Theorem 3.1 (f) from the following result of [9].

Theorem 6.1. Let Q) be a bounded domain of R? with a Lipschitz-continuous boundary,
m > 0 integer and 1 < p < co. For any [ € D(Q), there exists v € D(Q) such that

dive = fin (),
and moreover, there exists a constant C' = C(d, p, ) > 0 such that

“’UHWWH’P(Q) < CHfHWm,p(Q)
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For the proof, see [9, Theorem 3.2].
Now we derive the J. L. Lions lemma (Theorem 3.1 (f)).

Theorem 6.2. Let ) be a bounded domain of R (d > 2) with a Lipschitz-continuous
boundary, m > 0 integer and 1 < p < oo. If f € D'(Q) satisfies Vf € W ""17(Q),
then f € W="P(Q), that is, the J. L. Lions lemma (Theorem 3.1 (f)) holds.

Proof. Let f € D'(Q) satisfy V. f € W""1P(Q). It suffices to show that there exists
a constant Cy = Cy(m, p, f,2) such that

[{f, #)p@).p@] < Collpllym g forall o € D(Q). 6.1)

Indeed, let (6.1) be true. Since D(Q) is dense in W"¥ (), for any ¢ € W (Q),
there exists a sequence {(,,} C D(€2) such that ¢, — ¢ in W7 (). By (6.1),

([ n — m)pi@)pe)] < Colln — omllwmar ) as n,m — oco.

Hence {(f, vn)p @)D} is a Cauchy sequence in R. Define a linear functional fon
Wy () by
(fro) = nh—>nc}o<f7 Pn)pr(@),p(0) for p € W™ (Q).
The definition is well defined, that is, it is independent of the choice of {p,} C D(2)
with @, — ¢ in W™ (Q). Since
|<f7 S0>| = nhargo |<f7 Qpn>D’(Q)7D(Q)| < CO nlggo ||90n||W5np’(Q) < COHSOH{/VSWP/(Q)

for any o € W (Q). Hence f € W~"P(2) and

([ @hw—mwywms' @) = ([, ©)p(9),p@) forany ¢ € D(1).

ThusAif ¢ € D(Q), then (f, o)y = (f,¢)p@)pe). This implies that
f=Fewmnq).

Now we derive the estimate (6.1). Choose ¢; € D(f) such that fQ p1dx = 1. For any
¢ € D(Q), define

o= — ( /Q sodw> p1 € D(Q). (6.2)

Then using the Holder inequality, we have

IN

lollswma @) IIsOme,pf(m+/Q|90|d$\|<ﬂlllwm,p/(m

IA

el @) + A2l Lot oy 11 s
< A+ 197l @)@ lwns o
Cl”‘PHWm,p’(Q)- (6.3)
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For any v € D(12),
[(f; divv)pre).pe)| = KV f,v)p@)p@)] < ||Vf||W*m*1*P(Q)H'UHWSHH,p’(Q)-
By Theorem 6.1, there exists v € D(2) such that divv = g in 2 and
||'U||W6n+1ap’(g) < CHSOOHW(;W < OCI”SOHWMP Q)"

By (6.2), we have

(f,o)p@ope = (f,vo)p @)oo + dz{ f1, ) (0) D)

\

Q
= (f, diV’U)D/(Q),D(Q)+/90dx<f1790>p'(9)7p(9)
)
D(Q) /

= —(V[,v)p dx(f1, 0)pQ)DO)-
0
Thereby,
S omapol < IVl el
HQA o]l Lo @ |{F> 1) i D@2
< CCl||Vf||W*W1vP(Q)||S0||W5n,p'(Q)
+Q17(|gll,,, mat (o | {f> 1) D7 (2) D)
< Cz(HVwa—m—lp +1)||90\|me @
Hence (6.2) holds. O
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