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Abstract

The purpose of this article is to continue our study of ¢, w-special functions,
in particular three general g, w-Apostol polynomials, which contain an extra pa-
rameter A. We find complementary argument theorems, multiplication formulas
and recurrence relations for the corresponding numbers. Furthermore, an explicit
formula for the multiple alternating ¢, w-power sum is found. These formulas are
then specialized to q, w-Apostol-Bernoulli and Euler polynomials.
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1 Introduction

This paper is part of a series of five papers on ¢, w-calculus. In each paper we start with
many similar definitions, since the subject is quite new.

Letw e R, 0 <w <1 Putwy = l%q, 0 < g < 1. Let I be an interval which
contains wy. Throughout, we assume that the variable = belongs to /.

We introduce a new calculus, which will be very similar to the well-known g¢-
calculus, where many functions and operators appear again, with a similar name. The
reason is that the ¢, w-Appell polynomials form a ring, which is proved in one of these
papers [9]. The convergence region in w will always be a small interval above 0, de-
pending on q. The subtle properties of absolute maximum for the two ¢, w-additions are
exemplified in [8].

The paper is organized as follows: In Section 2 we present preliminary definitions
and theorems for ¢, w-calculus, like a ¢, w-analogue of a function.

In Section 3 we define the four ¢, w-additions, natural generalizations of the four g-
additions, and point out that they obey identical laws. It is an intriguing fact that the ¢, w-
difference operator of the ¢, w-addition is identical with the corresponding g-analogue,
a formula that seems to be new. The ¢,w-addition formulas and ¢, w-differences for
the ¢, w-exponential functions are also identical. In Section 5 we study general ¢, w-
Appell polynomials in the spirit of [7]. In Section 6 we study three general g-Apostol
polynomials, which are natural generalizations of polynomials in [7]. First of all, the
important operators Anwa 4,4, and Vwa 4,4 are defined. In Section 7 we study ¢, w-JH
polynomials, a special case of one of the three general polynomials above, and show
its connection to the ¢, w-Apostol-Euler polynomials, see below. In Section 8, with
the help of the Anwa 4,4 Operator, the g, w-Apostol-Bernoulli polynomials are inves-
tigated. In Section 9, with the help of the Vwa 4 4. Operator, the ¢, w-Apostol-Euler
polynomials are investigated.
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2 Preliminary Definitions and Theorems

Definition 2.1. The automorphism ¢ on the vector space of polynomials is defined by

ef(z) = flgzx +w). (2.1)

This automorphism is a generalization of the operator with the same name in ¢-
calculus [6]. In [1, p. 136] it is proved that

& f(x) = f(¢"r +w{k},). (2.2)

Definition 2.2. A ¢, w-analogue of the mathematical object G is a mathematical func-
tion F'(q,w), with the property lir% F(q,w) = G, the g-analogue of G. Both I and G
w—

can depend on more, common variables. They can also be operators.

Definition 2.3. Let ¢ be a continuous real function of . Then we define the ¢, w-
difference operator D, as follows:

plar+w) = o@) e,
D, (¢) (z) = gO(q — Dz +w (2.3)
— if v = wy.
I (x) if v = wy
We say that a function f(z) is n times g, w-differentiable if Dy f(7) exists. If we
want to point out that this operator operates on the variable z, we write D, , for the
operator. Furthermore, D, ,,(K) = 0, like for the derivative.

Theorem 2.4. The q,w-difference operator is linear.

Dq,w Z akfk (.I) = Z (lqu’wfk (ZL’) (24)
k=0 k=0
Proof. This is obvious, since the definition of D, ,, is linear in the function. O

We now introduce two basic sequences, which generalize the Ciglerian polynomials
in [6, 5.5].

Definition 2.5.
k—1
21, (16)] (2)k, = [[ (z — wi{m}y), (2)), = 1. (2.5)
m=0
k—1
21, (15)] [2]},, = [[ (¢"= + w{m},), [2]5, = 1. (2.6)

m=0
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The following names will be used for the ensuing ¢, w-trigonometric and hyperbolic
functions [8].

Definition 2.6. A function f of two variables x, w is called x, w-even if f(—x, —w) =
f(z,w). Afunction f of two variables z, w is called x, w-odd if f(—x, —w) = — f(z,w).

Lemma 2.7. Products and sums of any number of x,w-even functions are x,w-even.
The product and quotient of an x,w-even function and an x,w-odd function are x,w-

odd.

Lemma 2.8. The two functions (x)2¥, and [z]2%, are x,w-even. The two functions
()25 and [x]251" are z, w-odd.

The two following formulas correspond to the formula Dz" = na™ '

[11,2.5], [21, (A7)] Dgw()y,, = {n}e(v)y s - 2.7)

[21, (18)] Dy 2]y, = {n}lgz + wlj2". (2.8)

We next introduce two ¢, w-analogues of the exponential function:

Definition 2.9. The ¢, w-exponential function E, ,(z) [21, (21)] is defined by

ZF{Z}', (1—q)z —w| < 1. 2.9)
q*

k=0

The complementary ¢, w-exponential function E1 () [21, (26)] is defined by

|wl < 1. (2.10)
9=

We have changed the name to E1 (2) since E1 ((2) = E1(2) [6]. Observe that, as

before, £, ,(0) = E1 ,(0) = 1.

»Q\»—A

Theorem 2.10. [21, (19)] The q,w-exponential function is the unique solution of the
first order initial value problem

Dywf(2) = f(z), f(0)=1. 2.11)

[21, (24)] The complementary q,w-exponential function is the unique solution of the
first order initial value problem

Dyuf(2) = flgz +w), f(0)=1. (2.12)
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Theorem 2.11. [21, (21)] The meromorphic continuation of the q,w-exponential func-
tion E, (%) is given by
(1=¢)z —wiq)oo
[21, (26)] The meromorphic continuation of the complementary q,w-exponential func-
tion E1 (2) is given by

q7

Egw(z) = (2.13)

((¢ =1z +w;@)eo
(W3 Q)oo .

Ei,(2) = (2.14)

3 On the ¢, w-Addition with Applications to ¢, w-Special
Functions

In order to use these functions, we need to generalize the g-addition. The ordinary
g-addition is the special case w = 0. Just like for the g-addition, we use letters in
an alphabet for the ¢, w-additions. Equality between letters is denoted by ~. In the
following, beware of the fact that whenever we multiply the function argument x in
(z)y,, orin [z]y , by the constant a, we must also multiply w by a.

Definition 3.1. Let {f,}>°, denote an arbitrary sequence of real numbers. The ¢, w-
addition for the sequences (x)f;w is defined by

v

@ =3 (1) foalolh G

k=0
The NWA ¢, w-addition is defined as follows:

(& By y)" = Z (Z)q(x)&f(y)’;,w. (3.2)

k=0

The NWA g, w-subtraction is defined as follows:

(@ En =Y <Z>q<x>2,;’“<—y)’;,w. (3.3)

k=0
The JHC ¢, w-addition is defined as follows:

@By =Y (Z)q(x);‘,;’“[y}’;,w- (34

k=0

The JHC ¢, w-subtraction is defined as follows:

(v Bwy)" = Z (Z)q(x)z,;‘“[—y]’;,_w. (3.5)

k=0
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Theorem 3.2. The NWA q, w-addition is commutative and associative.
Proof. Similar to the proof for NWA g-addition. [
Corollary 3.3. Two extensions of the formula [6, 4.29]

Dy, ( Bgw y)"={n}e(z By v)" ", B = B V By (3.6)

Proof.

—_

n by(2.7) n n—k—
DQN-)@(J; @q,w y) y: (k) {n - k}q(x>q,wk 1<y)lq€7w - RHS (37)
0 q

3

i

O]
Corollary 3.4. Four q,w-additions for the q, w-exponential function.

Ejw(® @y y) = Eju(®)Eyw(y). (3.8)
Eiw(®S4wy) = Epw(@)Eq—w(—y). (3.9)
Egw(zBywy) = Eqw(af)E%,w(y)- (3.10)
Egw(®Bywy) = Eq,w(w)E%,,w(—y)- (3.11)

Theorem 3.5. The q, w-differences for the q,w-exponential functions are:
Dyw Eqaw(az) = a Ey 40 (az), (3.12)
DgwE1  (ax) =aE; (agr + aw), (3.13)

o o

Proof. This follows from the chain rule [9]. ]

The following umbral numbers can only be function arguments in formal power
series.

In our second book [7] we introduced several new g-deformed number systems,
semiring, biring etc., each with an extra index ¢q. By a miracle, we can extend these
number systems by adding another index w. The proofs will be very similar, and we just
state the definitions.

Definition 3.6. The Ward-w number 7, is defined by
Ngw ~ 1 Bgw 1l Bgw - Bguw 1, (3.14)

where the number of 1 on the RHS is n.
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Definition 3.7. An extension of [6, 4.70]:

n

_ k s
(M) = > (ml’ mn) [T, (3.15)

mi+...+mnp==k o q =1

where each partition of & is multiplied with its number of permutations. We have the
following special cases:

(Gq,w)k = 0k.0; (ﬁq,w)o =1 (ﬁqw)l =n. (3.16)

Theorem 3.8. Functional equations for Ward-w numbers operating on the q, omega-
exponential function. First assume that the letters mg,, and n,,, are independent, i.e.
come from two different functions, when operating with the functional. Furthermore,

mnt < 1_w Then we have

—q
E(Lw (mq,wﬁq,wt) = Eq,w (mq,wt)- (317)

Furthermore,
Eqw (j_mq,w) = Eq,w (jq,w)m = Eq,w (mq,w)j = Eq,w Gq,w Ogw mq,w)- (3.18)

Definition 3.9. Let the ¢, w-rational numbers Q, ., be defined as follows:

_w GUJ _UJ
@(LWE{T(L ,meNU{0},neN, m#n, == ~ ,anl}, (3.19)
n

qw Ngw Mg
together with a linear functional
v, Rlz] x Qg,, — R, (3.20)

n

called the evaluation. If v(x) = Z apx”, then

k=0
Mgw\ _ - (Mg)"
=~ | = —. 3.21
° (ﬁq,w ) Z o (Mgw)® ( .

k=0

4 Multiple ¢, w-Power Sums

Definition 4.1. A ¢, w-analogue of [14, (20) p. 381], the multiple ¢, w-power sum is
defined by

[ — \m
Sl(\QVA,)\,m,q,w(n) = Z (*) AF (kq,w) ) 4.1)

TR

where k = j1 +2jo + -+ (n — 1)jn_1, Vj; > 0.
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Definition 4.2. A ¢, w-analogue of [14, (46) p. 386], the multiple alternating ¢, w-power
sum is defined by

g = (-1 (l) (=) (Fye) ", 42)

S J
|7]=t

where k = j1 +2jo+ -+ (n — 1)jn_1, Vj; > 0.

For [ = 1, formulas (4.1) and (4.2) reduce to single sums. In order to keep the same
notation as in [6], we make a slight change from [22, p.309]. The following definitions
are special cases of the ¢, w-power sums in section 8.2.

Definition 4.3. Almost a ¢, w-analogue of [22, p.309], the ¢, w-power sum and the al-
ternate ¢, w-power sum (with respect to \), are defined by

n—1
SNWA,\,m,q,w (TL) = Z )\k (Eq,w)ma (43)
k=0
n—1
O-NWA,A,m,q,w<n) = (_1>kAk(kq7w>m (44)

k=

o

Their respective generating functions are

= tm NE, (Mg t) — 1
SNWA,\,m, ,w(n) = L - (45)
n;) ! {m},! ABqu(t) —1
and
> tm (=) NE, , (My0t) + 1
ONWA A g0 (1) = AN (4.6)
mz:() ! {m},! AE,o(t) +1

Proof. Let us prove (4.5). We have

o0

oo n—1 5 n—1
tm koo t)™
> swanmaw(n) =y e Fst) = N(Byu()F =RHS. (4.7)

{m}! m=0 k=0 {m}! k=0

m=0

We have the following special cases:
SNWA A m.gw (1) = ONwA N m.gw(1) = dom, (4.8)

SNWA,)\7m,q,w(2) = 50,m + )\7 UNWA,A,m,q,w(Q) = 60,m - A (49)
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S ¢,w-Appell Polynomials

The most general form of polynomial in this article is the Hahn—Appell polynomial,
which we will now define.

Definition 5.1. Let A, denote the set of real sequences {u, ,}>-, such that

0 s
Z |UV7¢]|{V} | < 00, (51)
q

v=0
for some ¢, w-dependent convergence radius r = r(q) > 0, where 0 < g < 1.

The ¢, w-Appell number sequence is denoted by {(IJ

l/quO

Definition 5.2. Assume that h(t, q,w), h(t,q,w)"' € R[[t]]. For f,(t,q,w) = h(t,q,w)",
the multiplicative ¢, w-Appell numbers of degree v and order n ®, ., € A,,, are given
by the generating function

v

Falt,q,w) —Z o o), B, =1 (5.2)
q-

It will be convenient to fix the value forn = 0 and n = 1:

o) =4, ol

)
7q V7q7w

=D, (5.3)

Definition 5.3. Compare with [21, (31)]. For f,(t,q,w) € R][t]] as above, the mul-
tiplicative ¢, w-Appell polynomial sequence {(I>(” w()}2, of degree v and order n is
defined by the generating function

Falty 4, 0)Equi(t) Z{ T Pia(@). (5.4)

It will be convenient to fix the value for n = 0 and n = 1:

Theorem 5.4. [9]

Of(@) = (2)y Bhyu(2)

v,q,w q,w? v,q,w

D, 0(z). (5.5)

~+

Definition 5.5. For f,(t,q,w) € R][t]] as above, the complementary, multiplicative

q, w-Appell polynomial sequence {® o (x)}o2, of degree v and order n is defined by

)
sl
Vg
the generating function
falt,q)Br (o) =Y @™ (2). (5.6)
T V=0 {v}! Vig©
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It will be convenient to fix the value forn = 0 and n = 1:

Definition 5.6.
o0 (z)=[z]7,, @Y ()= . (2). (5.7)

w? =
v, ,w @ v,—,w Vquw
q q

We next present generalizations of the three formulas [6, 4.107, 4.108, 4.111].

Theorem 5.7.
Dyw®ugw(®) = {V}Pr-1,00(7). (5.8)
[21, (30)] in umbral form:
Dyyw(7) = (Prow Byw )" (5.9

Theorem 5.8. [9] Assume that M and K are the x-order and y-order, respectively.
Then we have:

~ (v M K
MICEREDY (k> ()8 (), (5.10)
k=0 q

6 Three General ¢, w-Apostol Polynomials

The following operators are generalizations of the Anwa_ 4,4 and Vwa 4 4 Operators [7].

Definition 6.1. Let I denote the identity operator. The Apostol NWA ¢, w-difference
operator is given by

ANwadqw = AE(Dgw) — L (6.1)
The Apostol NWA ¢, w-mean value operator is given by
AE(®gw) +1
VWA A g = AB(@g) +1 5 ) +1 (6.2)
The Apostol JHC ¢, w-difference operator is given by
AJHC’A,(LUJ = )\E(Eﬂqw) -1 (63)
The Apostol JHC ¢, w-mean value operator is given by
AE(H, o) +1
ViHCAqw = %- (6.4)

Theorem 6.2. An extension of [6, 4.112]:

(/\EQ,W(t) - 1)fn(t7Q7 qwt It Z{ } ANWAAqwq)l(/q)w( ) (6.5)
q:
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There are three similar formulas with the other previously defined operators.

We will now define three quite general ¢, w-Apostol polynomials, which have some
similarities with the Appell polynomials in Prabkakar and Reva [19]. Two of the names
are chosen to resemble the Euler and Bernoulli polynomials.

Definition 6.3. A ¢, w-analogue of Lu, Luo [13, p.4], [10, p.203]. The generating func-

tion for the generalized NWA ¢, w-Apostol € polynomials of degree v and order n

81(\17{7)\%)\#91/(10.;( )’ is giVCIl by

217 "
(W) qut (1) Z{ 1! NWA)\;Lequ( z),0 € N. (6.6)
q,w q'

Several ¢, w-Appell polynomials in this article are special cases of these polynomi-
als, e.g. the ¢, w-Euler polynomial is the case ¢ = 0, u = 1.

Definition 6.4. The generalized NWA ¢, w-J polynomials are defined by

0o yyar(n)
(2t)" 1 H s pge(T)
OB+ 1)nEq,wt(ZEt) -y NVL} a9 Jt+logh <7 (67)
q7w VZO q.

Definition 6.5. The generalized JHC ¢, w-J{ polynomials are defined by

(2t)"
(AE1 (t)+1)»

= w v=0
q

= tl/j_(:(n) 12 w(aj)
Egut(at) =) J‘f{cy*}’ At + log A < . (6.8)
i

Theorem 6.6. We have
Vv o v (7) = (V1Moo 1 40 (1), NWA = NWAVIHC.  (6.9)
Theorem 6.7. A symmetry relation for the generalized q, w-H numbers.

(_1)V5_CJHC,)\_1,V,q,w = Hawarpgw, V> 1. (6.10)

Proof. A computation with generating functions.

i j_CJHC A Lvqw b}’(ﬁ 8) —2t _Qt)\quw (t)
=0 {v}! ATEL w( t)+1  AEg.(t) +1
a (6.11)

{v}q! = v

Equating the coefficients of t” gives (6.10). [

1\ Z t” J'CNWA A\ vsg, w(]-> by (6.9) i tVJ{NWA,/\Mq,w .
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Theorem 6.8. A complementary argument theorem for the generalized q,w-J polyno-
mials.

T30t geo (©) = (1 NI 3 g0 (T S 7). (6.12)
Theorem 6.9. A g, w-analogue of [13, (2.3) p. 5], first multzplication formula for q, w-
Apostol-E polynomials

n (Myw)” n
81(\1V)\’A)\uequ(mq7wx) = ((mqu)g)n Z<_/\)k j’
o 7l=n (6.13)
n k W
81(\1\’)\//\,)\7”7#7&1’,(1,&0 (x By —q ) ?

q?w

where k = j1 + 2jo+ -+ + (m — 1)j_1, m odd.

Proof.

= tv (21477

E e My o ®

NWAAMBqu( 4, >{V} | (/\Eqw() 1)71

u40\n m—1 ) - "
(2 il ) (Z(_A)lEq,w(zq,wt)> Eq (Mg ut)

- (AWMEgu(Mget) + 1) \ =

by(3.18) 214mf " n
- ((AmEq,w<mq,w hE 1)) > (3) e

l7]=n
Kow 1
Eoo ((”“" Paw mq;ﬁmq’“t) (CMEE

-3 2 (5)e

Eq,wt (mq,th)

—~

(6.14)

n E i t
81(\Iv)\/A,>\m,u,9;u,q,w (x Do mq ) {v},!
4!

q7w

The theorem follows by equating the coefficients of

"
{vig!
The following formula only applies for special values of the integers.
Theorem 6.10. A ¢, w-analogue of [13, (2.4) p. 5], second multiplication formula for
w-Apostol-E polynomials.
n —1)"2# (m, ., v+(1-0)n
81(\1\7)VA A ,05v,q, w(mq wl') = <{V 1_ 1}(1(_9;1;7q>(mq7w>n

Ep ) (6.15)

k
X Z )\ ( > NWA)\my+(1 0)n,q,w <x€9qwm

gl=n

q’w
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where k = j1 + 2jo+ -+ (m — 1)jp_1, meven, v > (6 — 1)n.
Proof.

ie (7 ) — )" )
- NWA A\, u,0;0,q,w q,w { )\Eqw()+1)n qwt\""tq,w

(2:40) v R
(1 B, (igut) Z Equ Zq wt) | Egu(Mguat)

20 " N
(1—A Eqw<mqwt)) = (5’)(_” (6.16)

kow +(0=1)n
X Eq ot <(5€ Dy #)mq,wt> = (1) e

q’w (mq)w)
- (Mg)” n kep (1) E‘I w t7
: - ) (=N)"B _ w :
; (mq’w)n lﬂZ_n ] ( ) NWA ™ viq,w €T @q mq,w {V}q!
tl/
The theorem follows by equating the coefficients of ——. [

{v}!

Corollary 6.11. A q,w-analogue of [17, (2.1) p. 49], [13, p.7], first multiplication
Jormula for generalized q, w-H polynomials.

j{l(\g?%/A,A,u,q,w (m%wl’)

(Mgw)” o (T () kg 6.17)
:(mz,w)”ﬁz(_k) i WA g x@"‘”mi,w ’

where k = j; + 2jo + -+ -+ (m — 1) jp—1, m odd.

Corollary 6.12. A q,w-analogue of [17, (2.2) p. 49], [13, p.7], second multiplication
Sformula for generalized q, w-3H polynomials.

J_CI(\%)VA,)\,V,%UJ (m%wx)

q7w

where k = j1 + 2jo + -+ + (m — 1)jy—1, m even.

Theorem 6.13. A g, w-analogue of [17, p.51], an explicit formula for the multiple al-
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temating q,w-power sum:
ny(n—1)j+l
0 zz ( ) )ALt
NWA)\qu j {V+1}lq

v+l
v\ ) T ) gl
X Z ( m ) }CNYWA)\mqw <(n - ]‘)j + lq,w) j-CI(\TW]A),/\,l/+l*m,m7Q7°J.
q

m=0

(6.19)

Proof. We use the generating function technique. Put k& = j; + 255+ -+ (n—1)j,_1.
It is assumed that j; > 0,1 <7 < n — 1. All zeros are neglected.

> lrsas oy " O S (N E) )

v=0 |?|=l J {V}q!
= (AEqu(t) — A2Eq (2,0t )+ 4 (1) AT By (n = 1yut))

)
(_)‘)nEqM(ﬁqwt) (t) :
AEgu(t) +1 * AEW( )+ 1)

)
B0 @)
— \J AEW AEqw (6.20)
l
(21) zz() yin \n- 1;+lZﬂ-{NWAAmqw((n—l)j+lq’w>

J=

<

y tm Z :}C(l—]) tl B i » Z ( ) .]TL)\ n—1)j+I
{m}Q' i=0 NWAA L {Z}q' =0 {V + 1}l

v+l

AN T (1) ¢
Z ( m ) }CI\?WA,)\,m,q,w <(n - 1)-] + lq,w) HNW?\,A,V—!—Z—mg,w
q

s {vhq!
tl/
The theorem follows by equating the coefficients of W 0
Vtq!

Theorem 6.14. For m odd, we have the following recurrence relation for q,w-Apostol-
E-numbers.

0 o I —~ (n (mq,w)n
Bossusnns =02 () T fimr

=0 \J
8(1) ) (m),

NWAAmuejqwaNWAAn —J,q,w

6.21)

where k = j1 + 2j2 + -+ (m - 1)jm—1 in Ul(\ll\)VA,A,nfj,q,w(m)'
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Proof.

) by(6.13) (Mgw)" k(!
ENWAN L Omgw = ()T (—=A) (ﬁ

_ _(mge)" (Y5 (7 ew Faw \"
~ ey 22 o) ZG) s (G

1=t 7= (6.22)

—

l I\ & i by(41)
81(\12VA,)\7”,;1,9;]',(1,W Z(_/\)k<—» (kq,w) J y: LHS.

|7|=1
O
Deﬁnltlon 6.15. The generating function for the generalized NWA ¢, w-Apostol € poly-

;0554

t0 "
<m) g () Z { } | NWA,A,e,V,q,w( r),0 € N. (6.23)
q,w q-

Theorem 6.16. Multiplication formula for q, w-Apostol-C polynomials

GI(\;%A,/\,@,V,q,w (mq wZC)

(Myw) kg (6.24)
FT Zkk< ) NWA)\mequ(x@qwmq >7

q,w
l7l=n

where k = j1 + 2jo+ -+ (m — 1) jim_1.

Proof.
v on
(n) _ 1 by(6.23) t .
VZO GNWA,)\,G;Z/,q,w (mwx) {V}q! - ()\Eq,w (t) . 1)17, EQMt (mq,th)
- - NE,o(igut) | Byur(Tigwt)
(A"Eqw(Mgut) — 1)" 0 e ! !

070 n
by(3.18) tmy, (n) i
pry S >\
((AmEq,w(mq,w t) — 1)) JZ_ j (6.25)
Fq 1
Eq ((x Dgw #)mq,wt) ((_—M

qw mqyw) )

o0 g—

by(6.23) (gw)” (n> k(1) ( kg > tv
= — - )\ G m 010w a EB W .

— q, 2
v=0 ljl=n
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tl/
The theorem follows by equating the coefficients of W 0
V!
7 The g, w-H Polynomials
Definition 7.1. The generating function for HI(\;QVAM 4(T) is given by
oo ()
(2t)" t HNWAz/qw(x)
g (xt) = vaw ) g < o 7.1
(Eq,w(t) + 1)" q, t( ) VZ:O {V}q! | | ( )
Definition 7.2. The generating function for H%)C% 4(T) is given by
oo ppr(n)
(2t)n t HJHC v,q w(x>
M g(at) = a0 7 g < o 72
B 0w = 2 e 72
o -

The polynomials in (7.1) and (7.2) are ¢, w-analogues of the generalized H polyno-
mials.

Corollary 7.3. A relation between generalized H-q,w polynomials and generalized
q, w-Euler polynomials.

g () = —{y{+};} 1m0 (7)) NWA = NWA VJHC.  (7.3)
N

We prove this later in formula (9.19).
Theorem 7.4. We have
Vawago Hiwa v (@) = 10 Hiwas1.00(2), NWA = NWAV JHC.  (7.4)
The following recurrences hold:
Hxwa 0,00 = 0, Hywaow = 1, (Hywagw @gw 1) + Hawapgw =0,k > 1. (7.5)

Hincogw = 0, Hincigw = 1, (Himcgw Bew 1)+ Hinorgw =0,k > 1. (7.6)

We need not calculate the Hjpc 4, numbers, since we have the following symmetry
relations:

Theorem 7.5.

For v even, Hywa v.g.0 = Hitcpg.w- 77)
For v odd, Hxwa vqw = —Hincvgw, v > 1.
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Lemma 7.6. Two q,w-analogues of [18, (18)].

(@), :
), =
o 2qv+ 1)
v+1 v+1 (78)
Hywa,vt1,q,0(2) + Z ( 1 ) HNWA,k,q,w($)(1)Z:;1_k]
k=0 q
Y 1
(T)gw = m
v+1 v+1 (79)
Hinc,p 1,40 (T) + Z ( I ) HJHC,k,q7w($)[1]Z:,_J1_k]
k=0 q
Proof. Use formula (7.4). ]

Theorem 7.7. A ¢, w-analogue of [18, p.489]. Let &) (x) be a q,w-Appell polynomial

V7q7w

with x-order n and y-order 0. Then the following three q, w-addition formulas hold:

’“i(k;l)q

m=0

v 1
™ wl) = E Y CI)(n) _—
V,q,w(x Dy, Z/) (k) . v—k,q.w (’T) {k + 1}q

k=0

(7.10)
BNWA,m,q,w(y)(l)lg,—:}l_m — BNWA,k+1,q,w(y)] .
1~ (v n
q)l(/th),w(x Bgw Y) = ) Z (k:) CI)I(/—)k,q,w(x)
e (7.11)
k
X [FNWA,k,q,w(y) + Z (m) FNWA,m,q,w(@/)(l)’qg,wm] .
m=0 q
DM (1 @By, y) = ~ (v o™ (w);
V,q,w q,w e k . v—k,q,w 2{k+1}q
; (7.12)
ok
HNWA,k—H,q,w(y) + ( m ) HNWA,m,q,w(y)(l)’;Ll_m] )
m=0 q
Proof. Use formulas [9]
1
), = ——
G (7.13)
n+1 .
n+1 ntl—
[Z( I ) BNWA,k,q,w(ﬂﬂ)(l)qu b BNWA,n+l,q,w($>] ;
k=0 q

(7.9) and (5.10). ]
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Theorem 7.8. A complementary argument theorem, a q,w-analogue of [20, p.532]:
Hig0(2) = (1) Hin g0 (Moo Oy 7). (7.14)
Proof. Use the generating function. [
Corollary 7.9. A q,w-analogue of a generalization of [20, p.532].
n vi4n n n—1
Hion g0 (1) + (1) Hie g (—1) = 200}, 1 gu(@)- - (715)

Proof. Use the generating function and formulas (7.4), (7.14). ]

8 ¢, w-Apostol-Bernoulli Polynomials

8.1 NWA g, w-Apostol-Bernoulli Polynomials
Throughout, we assume that A > {0, 1}.

Definition 8.1. The generalized NWA ¢, w-Apostol-Bernoulli polynomials
BI(\IT;),A’ g T) are defined by

o 1 Biia g (7)
O, @) — 1) Do) = > N"Y[AV’A}" 0Ot logh <2m (8.1)
e v=0 q

The poles in the denominator of (8.1) are the roots of E, ,(t) = A7
We have

n n—1 n—1
ANWAuA:q’WBI(\I\z’A,)\,V,q,w(x) - {V}QBI(\IWA,))\,V—l,q,w(x> - D%W%I(\IWA,)/\,V,q,w(x)' (82)

This leads to the following recurrence for the NWA ¢, w-Apostol-Bernoulli num-
bers:

BNWA,/\,O,q,w = O, >\<BNWA,)\,q,w ®q,w 1)k - BNWA,/\,k,q,w = 51,1:’ k> 0. (83)

These numbers are related to the Apostol-Bernoulli numbers [2], rather than to the ¢-
Bernoulli numbers. For a table of the NWA ¢-Apostol-Bernoulli numbers, see [7].

Corollary 8.2. A q, w-analogue of [15, p.634, (28), (29)]:

1

n—1)
:Bl(\IWA,)\,V,q,w(‘T) - {l/—|— 1}
q

(8.4)

v+1

v—+1 n v+1— n
35 () s (DS~ 10
k=0 q
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A generalization of [6, 4.149].

, 1
Wi = i,

v+1 v+ 1 (85)
[)\ Z < f ) BNWA,,\,k,q,w(x)(l)Z;kk — Bawarwt+1.q0(T)
k=0 q

We note that the limits ¢ — 1 and w — 0 can be taken anywhere in the following
theorems; see the subsequent corollaries.

8.2 Multiplication Formulas for ¢, w-Apostol-Bernoulli Polynomi-
als

Theorem 8.3. A q, w-analogue of [14, p.380], multiplication formula for q,w-Apostol—
Bernoulli polynomials.

n __ (m. ,w>y n n k w
31(\1\?)‘1A,>\,V,q,w(mq7wx) = (mq )n Z )\k j‘ 3I(\W)VA,)\T”,l/,q,u) €z GBQ’W mq ’ (86)
q7w

=2 q,w
l7]=n

Eqw
where k = j1 + 2jo+ -+ + (m — 1)j;,_1, and mq’ € Qg,...-

q?w

Proof. This follows from (6.24). ]

Corollary 8.4. A q, w-analogue of [14, p.381]:

v

m—1 -
_ (Myw) : Jquw
BNWA7)\,1/,q,w(mq7wl') = q Z )\jBNWA,AmJ/,q,UJ T ®q,w mq . (87)

m qw

§=0
Proof. Putn = 11in (8.6). [

Corollary 8.5. A q, w-analogue of Carlitz formula [3], [14, p.381]

n — (m 7w)y n n E W
Bl(\IV)VA,I/,q,w (m(wa) = _‘1 Z j’ B1(\1\7)\7A,1/,q,w z @quw mq ’ (88)
q,w

k
where k = j1 + 2jo + - + (m — 1)jp_1, and ==

q?w

;W

€ Qg,.-

Proof. Put A = 11in (8.6). [
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Theorem 8.6. A formula for a multiple q, w-power sum, a q,w-analogue of [14, (25) p.
382]:

; 1\ (n—1)j+
o B I\ (=1)77x
Snwa\mg (1) = Z <j) {m+ 1},

J=0

m+l I (89)
(Z ( k ) ‘BI(\?\)VA,)\,k,q,w (( )] +l ) BNW?\))\ m—4l— kqw) '
k=0 q

Proof. We use the generating function technique. Put k& = j; + 250+ - -+ (n—1)j,_1.
It is assumed that j; > 0,1 < ¢ < n — 1, zeros are neglected.

v

D M O (RO B

v=0 |7|=t
by(41

(AEqu(t) + NEqo(Zgut) + -+ + N By (n — Tyut))’

NEBgo(Mgwt)  AEgu(t) '
( MEqu(t) =1 AEgu(t) — )

() (Gaeie=d) (i)

k

k!

M-

Il
=)

J

by(3.18) IZ( ) 1= I\ 1)j+lZBNWA)\kqw <w‘w>
F R (1) (1)
Z‘BNWA)\'L(]W{Z}'_Z[Z(‘> {m—|—1}l,q

v=0 L[j=0 J
m+l
m + ; —_— ! ¥
Z ( k ) fBI(\?\)VA,)\,k,q,w <(n - 1)j + lq,w) Bl(\IWi))\ m+l—k qw] W
k=0 q

The theorem follows by equating the coefficients of

tV
) O]
{V}q!

Corollary 8.7. A q,w-analogue of [14, (26) p. 382]: The generating function for
SI(\%VA A qu(n) s

is(l) ( ) £ A" Eq w(nqw ) )\E(Lw(t) l
2 NWA, A, v,q,w (v}, | = AE, () — 1 )\Eq,w(t) -1 (8.11)

— ()\Eq,w (t) + )\QEq7w(2q7wt) + tte + )\n_lE(Lw(n - 1q7wt))l .
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Theorem 8.8. A recurrence relation for q,w-Apostol-Bernoulli numbers, a q,w-ana-
logue of [14, (32) p. 384].

AU — (1) (Mg)" L) 0]
(mq,w) 3NWA,>\,n,q,w = Z ( ) (m . n—j ‘BNWA,A’”,j,q7wSNWA,)\,n—j,q,w(m)7 (8.12)
q

j=0 J m‘]aw)

where k = j1 + 2jo+ -+ (m — 1)jm_1 in sﬁiVAA’n_j’q’w(m).

Proof. We use the definition of ¢, w-Appell numbers as ¢, w-Appell polynomial at x =
0.

R ® Pt Kqw
(mQ»W) BNWA,)\,n,q,w - mq UJ A NWA AMnqw \ —
Mgw

7=l

T\
zAk<>z<j>fm<m%>

|7|=1 j=0 e

mw n_-b(.l)
—ZO (g0)" g)wwwzv() YD) | g
2

8.3 JHC ¢, w-Apostol-Bernoulli Polynomials

Definition 8.9. The generalized JHC ¢, w-Apostol-Bernoulli polynomials B JH)C o ()
are defined by

t > 1 Biomgw(®)
E,oi(xt) = SPIEE |t +log | < 2. 8.14
()‘Elw(t) _ 1)n q, t( ) VZ:O {V}q! ’ g | ( )
q7
We have
n n—1
AJHC7A7Q7WBSI{)C,A,y,q,w( ) { }q JHC)\V lw( ) = DQ7WBSHC,))\,u,w(x)' (8.15)

This leads to the following recurrence:
Theorem 8.10.
Bincroge = 05 M Bincagw Bow 1) — Bincakgw = 014, k> 0. (8.16)

We need not calculate the Bjpc ) 4. Dumbers, since we have the following sym-
metry relation:
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Theorem 8.11.
(_1)V‘BJHC,>\71,I/,q,w - BNWA,)\,y,q,un v > O (817)
Proof. We use the definition of the generating functions.
i (_t)VBJHC,)\*l,V,q,w _ t _ t)\Eq(t) by(8.1:), n=1
s {v},! —AEi(—t)+1  AE,(t) —1
q (8.18)
¥ 3NWA)\V w 1) by (8.3) - tVENWA)\V w
A a = i
Z {v}! Z; {vid!
Equating the coefficients of —— D } gives (8.17). 0
q-
Theorem 8.12. A g, w-analogue of the complementary argument theorem [15, p.633,
(121 (n) (n)
BJHC,)\_l,ll,q,u.;(x) = (_1)V)‘n3NWA,)\,V,q,w(ﬁ(Lw 6(1,&) l’) (8.19)
Corollary 8.13. Another q,w-analogue of [15, p.634, (28), (29)]:
1
Rn—1) _
JHC,)\,V,q,w(:E) {l/ + 1}(1
vil (8.20)
A Z ( ) JHC A\v+1—k qw(x)[l]];,w - BSTI?C,A,V+1,q,w(x)
Theorem 8.14. A q,w-analogue of [12, p.456]
= 14 2n — v—
Z (k’) BIEIW,)A,A,k,q,w(x Sqw V) (nq,w) k
h=0 : t (8.21)
v— v n n
= 5 (] BB 0
k=0 q
Proof. We have that
Eqwi(xt E, _wi(—yt
(B, o) — = g, oy — o 0
q (8.22)
t" tAE,(t) \"
=E w wy)t 2 )
e vl 6w
which implies that
vep (2n) oo
Z t BNWA A qu(x Sqw V) Z (nqt)l
) (n) (8.23)
_ 1 Z " Bawa g () Z (— >mBJHC A—Lmag, oY)
e {v}q! = {m}! '

Formula (8.21) now follows on equating the coefficients of t”. [
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9 ¢, w-Apostol-Euler Polynomials

This section has a similar structure as the section on ¢, w-Apostol-Bernoulli polynomi-
als, with similar function names. For completeness, we give all definitions and formulas.

9.1 NWA ¢, w-Apostol-Euler Polynomials

Definition 9.1. The generalized NWA ¢, w-Apostol-Euler polynomials
?IEIQA, g T) are defined by

on T g (©)
E,wi(zt) = PIE Lt +log N < T 9.1)
(1) 1 D () = 2 G [+ log

Assume that A # —1. The poles in the denominator of (9.1) are the roots of
E,w(t) = —A"'. We have

n n—1
vNWAa-Avq,WStI(\TVz/A,)\,V,qM(x) = SFI(\IWA,))\7V,q7w (I’) (92)
This leads to the following recurrence:

Theorem 9.2.

2
L+ X
Observe that the limit A — 1 is the first ¢, w-Euler numbers. A table of the first

NWA g-Apostol-Euler numbers is given in [7].
The following two formulas are generalizations of [6, 4.202] and [6, 4.206].

TNWAN 0,90 = MIawargw Paw DF + Fawankgw =0,k > 1. 9.3)

Theorem 9.3. A q,w-analogue of [15, p.635, (31), (32)]:
n—1 1 Z 14 n v— n
?IEIWA,)/\,V,q,w(x) =5 [)‘Z (k’) I}dl(\IVZ/A,)\,k,q,w(x)(l)q’wk + ?I(W)JA’,\’V’QM(QC)] . (9.4)
k=0 q

1 “ (v
(x)y., = 3 [)\Z <k:) ffNWA,A,k,q,w(ﬂf)(l)Z;k + ?NWA,A,u,q,w(SU)] - 9.5)
k=0 q

Theorem 9.4. A q,w-analogue of [15, p.636, (43)] and a generalization of [6, p.152].
Assume that y has order n and x has order 0. Then

n - v
B1(\1\7)\7A,)\,1/,q,ou(‘(E EBQ,W y) = Z (k)
q

k=0

(9.6)

n {k} n—1
Browa ko) + 75 Brwas b1 () | Twansigw(®):
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Proof. We will use the ¢, w-Taylor formula (5.10) twice, and then like in [15], the factor

A disappears.
" by(5.10,95) 1 o~ [V n
Bl(\IV)VA,A,u,q,w (z Bgw y) - 2 Z (k’) BI(W%’Av’\vk,q,w@) Iwars—haw(T)+
k=0 q
v—k
v—k b
A ( j ) 9:NWA,)\,j,q,w(:C)(l)q,wk ]]
j=0 a

Ry n
b > <k) Browaon g (V) Frwar kg ()
q

v—j .
v—3j . e
JESTRIED B Gl - C A
q q

by (8.2)
NWA,/\,ij,q,w(y Bgw DINnwarjgw(®) = RHS.

+
o >
-
/\R‘
<
©
2

Theorem 9.5. A q,w-analogue of the addition theorem [12, p.458].
3(”)

NWA,2,v,q,w (T Bgw V)

(§ 7w)n Y 1% (n — (n —
= onm = » Z BNszA,A,k,q,w(Zq,wx)?szfA,A,ufk,q,w(2q,wy)-
2 (2%0-’) k=0 k q

Proof. We find that

on 3,0l no B
— = E w 2 w @ w 2 w t
(2‘1 )n (Aquw(Z%wt) — 1) b t( 7 x 4a; g, y) )
t no o )
((AE‘va(t) —1 4, t( q, X )()\E(Lw(t) + 1)71 q, t( q, Yy )

which implies that

2 o ot Bassgn( o)
o) 2= T

= i tuBg{’)VA,A,z/,q:“’ (§q7wx) i tmg:l(\;a/A,,\,m,q,w (Eq’wy)
{v}! {m}o!

Formula (9.8) now follows on equating the coefficients of ¢”.

v=0 m=0

9.7)

(9.8)

9.9)

(9.10)
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9.2 Multiplication Formulas for ¢, w-Apostol-Euler Polynomials

Theorem 9.6. A q,w-analogue of [14, (37) p. 385], first multiplication formula for
q, w-Apostol-Euler polynomials.

n — — v n n E W
9:1(\1\’2’A,)\,1/,q,w (mq,wx) = (mqw) Z (_)\)k (j) 9:1(\1\72’A,)\m,u,q,w (CL’ @‘LW mq_) ’ (911)
f=n "
where k = j1 + 2jo + -+ + (m — 1)j,,_1, m odd.
Proof. This follows from (6.13). [

Theorem 9.7. A q,w-analogue of [14, (38) p. 385], second multiplication formula for
q, w-Apostol-Euler polynomials.

_2)n(m )qun
NWA,A,u,q,w(mq’ 7) {v + 1} (Mg0)”

7 (9.12)
k(T () kg
Z <_/\) <j) BNWA,A’",V—i—n,q,UJ (ZL’ @q,w mq’w) ’
ljl=n
where k = j1 + 2jo + -+ + (m — 1)j,u_1, m even.
Proof. This follows from (6.15). L]

Corollary 9.8. A q,w-analogue of [14, (43) p. 386].

?NWA,)\,I/,Q,W (mq,ww)

m—1 —
(M)’ <_/\)j5tNWA,>\m,u,q,w (:U Dgw %1—w> , modd,
_ 3=0 4w
! _2(qu)V+l mz_l( )‘)jB > jq’w even o
. a3 - NWA A" v+1qw | L Dgw — — | , T EVEN,
m{y + ]‘}Q:W =0 ! ! q,w
‘;q7w
where —— € Qg ..
M :

q?w

Theorem 9.9. A formula for a multiple alternating q, w-power sum, a q,w-analogue
of [14, (51) p. 387]:
l) (1) \(n=L)g+

l
) -1
o n) =2
NWA,)\,m,fbw( ) ]go (j {m =+ 1}17q

m—+l
m+10\ . .
X <Z ( k ) gjl(g\ilA,)\,k,q,w ((77, - 1)] + lqw) S:ISIWJA),A,n+l—k,k,q,w>
q

k=0

(9.14)
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Proof. We use the generating function technique. Put k& = j; + 255+ - -+ (n—1)j,_1.
Itis assumed that j; > 0,1 <7 <n—1.

. £ hyio) o AVERRTENY: v
Z NWA)\qu {I/}' Z Z()( 1)( )‘> (kqw) {V}q!

— (AEg(t) /\2 Eypo(Zgut) + -+ (1) A By (n = 1,0t))

(=) qw nq wt) X AEqw(t) :
U AE AEq (1) +1
B i l ((—A)nEq,w(nq,wt)y < AE, (1) )"j (9.15)
=\ AEgo(t) +1 AEgo(t) +1
! k
v(3.18) N (n— — t
2~ lZ() 1) Al 1J+ZZ?NWA)\kqw<(n_1)]+lq,w) Ty
J= k=0

Z?NWAMW{ } ‘ i [ flz <]) {T:L"jr\ :}llqm

=0

“m +1 - tv
(4) . ()
E ( 2 > fﬂx?WA,/\,kg,w ((” —1)j+ lq,w) ?NWf\,A,n—&—l—k,k,q,w] wr
. !

k=0

The theorem follows by equating the coefficients of

tV
. O
{v}!
Corollary 9.10. A q,w-analogue of [14, (52) p. 387]: The generating function for

l .
O-I(\I%VA,)\,V,Q,UJ (Tl) s

v (=\)"Eq (Tgot) ABgo(t) )’
ZUNWAAqu ( ’ : + :

{v},! AE, (t) — 1 AE, (1) + 1
_ (AEW( ) = A2Ey o (Zgut) + -+ + (= 1) N Eyu(n = 1,t))"

Theorem 9.11. A q,w-analogue of [14, p.389]. For m odd, we have the following
recurrence relation for q, w-Apostol-Euler numbers:

I ~ (n\  (Mgw)" L I
9:’1(\127\/A,)\,n,q,w = (_1)l Z ( ) (—q—gjl(\lz’\/A A™ g qwo-l(\I%VA)\n ]qw(m) (917)

q mq7w)

(9.16)

where k = j1 + 2jo+ -+ (m — 1)j,_1 in Ul(\lsz/\n ]qw(m)
Proof. This follows from (6.21). [



Three General q, w-Apostol Polynomials 145

9.3 JHC ¢, w-Apostol-Euler Polynomials

Definition 9.12. The generalized JHC ¢, w-Apostol-Euler polynomials 3'5%)07 Aviqw(T)
are defined by

2" - tu?%)(}/\y w(l')
(\E; (t)ﬂ)nEq,wt(xt):Z o 42t +log A < . (9.18)
% v=0 q-

q

Theorem 9.13. A relation between generalized q,w-H polynomials and generalized
q, w-Euler polynomials. A q,w-analogue of [16, (38), p.5707].

n {v}! n _
Fwarsgw(T) = {VJF—;}q!}chVA rvingw(@) NWA=NWAVIJHC.  (9.19)

Theorem 9.14. We have
n n—1
vJHC,\Avq,Wg:I(\I\zfA,)\,u,q,w (l‘) = ?I(\IWA,))\,V,q,w (ZL‘) ) (920)
This leads to the following recurrence:

Theorem 9.15.

2 .
Finer0g0 = T AT sncagw Bow D + Fncakge =0, k> 1. 9.21)
Theorem 9.16.
(=1)"Trmca-1 w00 = —Fnwarwgw ¥ > 0. (9.22)
Proof. We use the generating function technique to prove (9.22).
i (_t)yngHC,/\*l,V,q,w _ 2 _ 2)\Eq7w<t)
s {v},! AEL(—t)+1  AE () +1
9 (9.23)
by(9.1), n=1 - tVS:NWA)\qu(l) by (9.3) - tl/g:NWA)\qu
pu— A 0D = _— —7 ikt .
; {v}! ; {v}q!
The result follows by equating the coefficients of T [
Ul
Theorem 9.17. A ¢, w-analogue of the complementary argument theorem [15, p.634,
01 (n) (n)
:}dJHC,)\fl,V,q,w(l’) = (_1>VARFNWA,A,V,q,w(ﬁq7W @%UJ l’) (924)
Theorem 9.18. A generalization of [6, 4.224] and another q,w-analogue of [15, p.635,
(31)]:

n— 1 - v n n
Srg(]HCl,g\,u,q,w (33) = 5 [/\ Z (k) 9::(]H)C,)\,V—k,q,w (33) [1]I;,w + S:SI‘I)C,)\,I/,(],LU (‘1.) . (925)
k=0 q
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Theorem 9.19. A ¢, w-analogue of [12, p.456]:

v

k=0
v

1 v— 14 n n
= 5 0 (}) Farras T
q

k=0

Proof. We have that

2" 2"

nEq,wt(xt)

v 2n — v—
5 () ks On )
q

(AEqu(t) +1)

2n

(AflEl (—t) +1
q,w

)n qu—Wt(_yt)

= Egui((z ©g0 9)1)

which implies that

(AEqu(t) + 1)

( 2)\E, (1)

AE, ., (t) +1

vag(2n —
= t ?IEIW)A,)\,V,L],W({L‘ @q,w y) i (nq,wt>l

{v}! —0

v=0

{13!

JHC AL m,q,w

B An v=0 {V}q! m=0

1 i tV?I(\K’z’A,)\,V,q,w(r) i (_t)

{m},!

Formula (9.26) now follows on equating the coefficients of ¢”.
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(9.26)

(9.27)

(9.28)

We summarize four interconnections between ¢, w-Appell polynomials and numbers
in two tables. Everywhere the most general form is found on top, and special cases
are placed lower in the same column. In the first table the transition to ¢, w-Bernoulli

polynomials applies only to the recurrences.

Multiple ¢, w-Appell (ID;Z)M ()
General ¢, w-Appell b(AnZ ()

‘BI(\?V)VA,)\,I/,q,w<m)
Order n polynomial BI(\IT{,)VAM 00 (T)
Apostol ¢, w-B polynomial | Bawa xv,q.0 (%)
¢, w-B polynomial Brwa,v,g.0()
q, w-B number Bawa,v,gw
Bernoulli number B,

General ¢, w-Apostol

(Dg\:[L)V,q,w (33)

o (@)

BgZII-I))C,)\,u,q,w (fL’)
BJHC,V,q,oJ(I)
BJHC,)\,u,q,w(x)
BJHC,V,q,w (CL’)

BJHC,V,q,w
B,
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Multiple ¢, w-Appell <I>§J[‘)V,q,w (z) (I)g‘:tl)u,q,w ()
General ¢, w-Appell ef\riq,w (2) f/(\tlrlq,w ()

General ¢, w-Apostol
Order n polynomial
Apostol ¢q, w-F-pol.

q,w Euler-pol.

gjl(\TZ\L;/)A,A,V,q,w (CE)
FN%VA,V,q,w (I)
FNWA7/\,1/,q,w(aj)
FNWA,V,q,w (l‘)

gj{(]T(IAfI)()j,)\,V,q,w (.T)
FJ”;‘IC,V,(],UJ (.flf)
FJHC,/\,V,q,w (37)
FJHC,V,q,w (l’)

¢, w-Euler number FNwa .0 Fincu,qw
Euler number F, F,
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