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Abstract

This work is concerned with the existence of three positive solutions for semi-
positone boundary value problems of three-point boundary conditions. The analy-
sis is based upon a fixed point theorem on a cone.
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1 Introduction

Nonlinear boundary value problems (BVPs) for ordinary differential equations (ODEs)
with nonlocal boundary conditions (BCs) have been well studied over the past decades.
The study of nonlocal BCs for ODEs goes back, as far as we know, to Picone [13] and
have been widely investigated during the years by many authors [2, 12, 15].

The research of nonlinear boundary value problems with multi-point boundary con-
ditions at nonresonance case has a significant part in both theory and applications [4,
10, 16]. Moreover, it is known that the research of existence of solutions for non-
linear boundary value problems is not easy for the resonant case. Lately, the multi-
point boundary value problems at resonance for ordinary differential equations have
been investigated in detail and many successful results have been attained, for instance,
see [1,6,7,11]. Nevertheless, to our knowledge, the corresponding results for second-
order with integral boundary conditions, are seldom seen [3,8,9] and very little research
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has been done on semipositone problems for nonlinear integral boundary value prob-
lems at resonance [5].

In [9], Liu and Ouyang established solutions for the nonlinear boundary value prob-
lems with integral boundary conditions

')+ f(t,z(t) =0, 0<t<1,
"

2(0) =0, 2(1) = a/o z(s)ds,

1
where n € (0,1), —an® = 1 and f € C([0,1] x R, R). The authors obtained a sufficient
2

condition for the existence results of solutions.
In [5], Henderson and Kosmatov consider the Neumann boundary value problem at
resonance

{ —2"(t) = f(t,2(¢),0 <t <1,
Z'(0) =2'(1) =0,

where 3 : [0,1] = R*, a # 0 and f(t,2) + o’z + B(z) > 0,fort € [0,1] and z > 0.
Here positive solutions are obtained by means of the Guo—Krasnosel’skii fixed point
theorem.

Motivated by the papers mentioned above, we study the existence of positive solu-
tions for the following boundary value problem with a sign-changing nonlinearity

() = [t 2(1), e (0.1),

2(0) = 0, 2(1):a/0 A(s)ds. (1.1)

where « > 1, n € (0,1), an = 1, the continuous function f : [0,1] x [0,00) — R
satisfies the inequality f(¢,2) > —3%*2 — M in [0, 1] x [0, 00), for some constant 3 # 0
and a positive constant M > 0.
When a nontrivial solution exists for the homogeneous boundary value problem, the
corresponding boundary value problem is called at resonance.
Consider
() + B%2(t) = F(t, 2(t), te(0,1),
Z(0)=0, 2(1) = a/ 2(s)ds, (1.2)

0
where

F(t,2) = f(t,2) + B*=.

It is easy to see that the BVP (1.1) is equivalent to the BVP (1.2) and the BVP (1.2) is
at nonresonance.
Throughout the paper we will assume that the following conditions hold:
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Hn §e (@ 5);
(H2) f:1]0,1] x [0,00) — R is a continuous function;
(H3) there exists M > 0, satisfying

F(t,z)+ M >0, (t,z) €][0,1] x [0,00).

2 Preliminaries
Lemma 2.1. Assume an = 1. If h € C(|0, 1], R), then the BVP

2"(t) + B%z(t) = h(t), te (0,1),

Z(0)=0, 2(1) = a/o z(s)ds

has a unique solution

Here

cos it acosfB(n—s)+ Bsinf(l—s)—a, s<mn,

TR L
Bsin B(1 — s), n <s,

(67N
where k = — sin fn — cos .

B

Lemma 2.2. Suppose that condition (H1) is satisfied. Then
i) Foranyt,s € [0,1], G(t,s) > 0.
i1) There exist d € (0, 1] and ¢ € C([0, 1], [0, 00)) satisfying
d6(s) < G(t, ) < 6(s), £,5 € [0,1].

Proof. By Lemma 2.1, we show the proof of (7) and (i7).

47
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i) Using cos fn > cos [ for € (a, g>,

(62
k > —sinfn — cosfn

8

and tan fn > fn for fn > 0 with an = 1, we obtain k£ > 0. Moreover, it is enough to
show the case when s € [0,n] and s < ¢. Let

©o(s) =acosfB(n—s)+ BsinB(1 —s)—a, sel0,n]
Since ¢"(t) < 0, by standard calculus, the function ¢ is concave on (0,n). Using the
inequality cos g > sing for 5 € (a, g), we can derive that
©(0) = accos fn + Bsin f — «

:Bsinﬁ—QasiHQ%z

> fBsin 8 — 2o sin® g (2.2)
> a(sinﬁ — 2sin? g)
> 0.

Because ¢(n) > 0 holds, together with (2.2) and the concavity of the function ¢, p(s) >
0 for s € [0,n]. Hence, G(t,s) > 0,t,s € [0,1].

i1) Let

O(s)=1—s, K(t,s)=I0(s) —G(t,s).

Upper bounds.

We will prove that for s > tand s < ¢, K(t,s) > 0,t,s € [0,1], when A > 0 is
sufficiently large.

Case 1. If s > t and s € [0, n], then

K(t,s) = A1 —3s) — %ﬁft(ﬁsinﬁ(l — s) — 2arsin? @)
> A(1—n) — Szlﬂﬁ_

If s € [n, 1], then

K(t,s) =A1—3s)— C(k);/ftﬁsinﬂ(l —3)
sin (1 — s)
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1
Take A > A\ := ——, then K (¢, s) > 0 holds for s > ¢.
(1 —n)k
Case 2. If s < t and s € [0, n], then

K(t,s)>MN1—s)— Si;ﬁ - Czsﬁft (,@ sin B(1 — s) — 2a sin? M>
> (1= s) - = i 61— )
> A1 —n) — 28;25,
s, for A > My 1= (12_812)51{:6, we have K (t,s) > 0 for s < . If s € [n, 1], then
K(t,s)> M1 —s)— %sinﬁ(l gy SO B — )

>A1—s)—(1—s)— COif"u — )

- (1—5)()\—1— CO?”),

cos n

so, for A\ > \g:=1+ , we have K (t,s) > 0 for s < t.

Let \* > max{\;, A2, A3}, then K (¢,s) > 0 for (¢,s) € [0, 1] x [0, 1] and we obtain
N®(s) > G(t,s). If we choose ¢(s) := X" ®(s), then G(t,s) < ¢(s), t,s € [0,1].
Lower bounds.

We will prove that for s > tand s < ¢, K(t,s) > 0, t,s € [0,1], when A > 0 is
sufficiently small.

Case 1. Let ¢/(s) = acos f(n —s) + Bsin (1 — s) — a. Note that ¢ is concave and
Y(s) > min{y(0),7(n)} fors € [0,n] . If s > ¢t and s € [0, n], then

K(t,s)=\1—s)— Czsﬁft(acosﬂ(n — )+ BsinB(1l — s) — )
<M1 —=s)— C]?;f min{acos fn + fsin f — a, Bsin (1 —n)}
<A— C]:;? min{«cos fn + Bsin § — a, Bsin (1 —n)},
so, for A < \y = C;;f min{a cos fn+fFsin f—a, Bsin f(1—n)}, we have K(t,s) <
0 for s > t. If s € [n, 1], then we obtain
K(ts)=\1—s)— Czsﬁftﬁsinﬁ(l —5)
<A1 —s)— cos B sin B(1 — s).

kp
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Since

. . ™
is continuous on [0, 5]’ we can get

ko := min h(z) > 0,
2€[0,2]

cos 8

K(t,s) < M1 =) = Z5-koB(1 = )
— - g(r - locesdy

ko cos 3

so, for A < A5 := , we deduce that K (t,s) <0 fors > t.
Case 2. For s < tand s € [0,n],

K(t,s)=X1—s)— %ﬁft(acosﬁ(n —s)+ Bsinf(l —s) — «)
<A1—s)— C]j;f min{e cos fn + Bsin B — o, Bsin B(1 —n)}
<A— C]j;f min{a cos fn + Bsin f — a, Bsin B(1 —n)},
cos 3

so, for A < \y := T min{a cos fn+Fsin f—a, Bsin f(1—n)}, we have K(t,s) <
0 for s < t. Fors € [n,1],

os (3t
kp

cos f3

% koB(1 — s)

—(1-s)(r- ’“0‘3555),

K(t,s) <A1—s)—°

sin (1 — s)

<A1 —3s)—

k
so, for A < A5 = &SB, we have K(t,s) < 0 for s < t. Choose 0 < Ay <
min{ A4, As}. Then K (t,s) < 0 for (¢,s) € [0,1] x [0,1] and \g®(s) > G(t, s). So,

d(s) < G(t,s) < ¢(s), t,s € [0, 1],

A
where d = /\—2. Therefore, the proof is completed. 0
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Theorem 2.3 (See [14]). Assume that B is a Banach space, K C B is a cone in B and
set

K, = {zeK:|z|| <r},
K(p,a,b) = {z€ K:a<p(2)]lz]] <b}.

Suppose that the operator T’ : K — K is completely continuous and o is a nonnegative,
continuous, concave functional on K with ¢(z) < ||z|| for any z € K. If there exist
0<p<qg<d<c<rsuchthat

(i) |Tz|| < cforz € K,

(i1) {z € K(p,q,d) : o(2) > q} #0and p(Tz) > q for all z € K(p,q,d);
(i) T2 < p for all ||2]] < p

(iv) p(Tz) > q for z € K(p,q,c)with ||Tz|| > d;
(v

Then T has at least four fixed points 2y, 25, 23 and z4 in K, such that

)
)
)
) T[] = ||=]| for z € OK,.

l|21]] < p, ©(22) > q, p < ||zs]] with o(z3) < q,¢ < ||z4] < 7.

3 Main Result

In this section, by using Theorem 2.3, we obtain the existence of positive solutions for
the BVP (1.1).

Here, we study on C[0, 1] with the norm ||z||=sup |z(¢)|, which is a Banach space.

t€[0,1]

Choose the cone by P = {z € C[0,1] : z(t) > 0, 0%131 z(t) > d||z||} Apparently,
P isaconeinC|0, 1]. o

Let ¢ : P — [0, 00) be a nonnegative continuous concave functional defined by

= mi t), VzeP.
o(2) i 2(t), Vz

It is obvious that ¢(z) < ||z||, Vz € P.

We need the following lemma.

Lemma 3.1. Let v be a unique positive solution for the following boundary value prob-
lem

)+ B2(t) =1, te(0,1),

2(0) =0, 2(1):/0 +(s)ds.

3.1
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Then

K 1
in which L = i K = / o(s)ds.
0

Proof. Using the Green’ s function, we get

v(t) = /01 G(t,s)ds
< /01 o(s)ds < dL.

The proof is complete. 0

For the readers convenience, let us set

1
A= min{La)
ML
Our main result is as follows:

Theorem 3.2. Suppose that (H1)—(H3) are satisfied. Moreover there exist nonnegative

1
constants a, b, ¢, Nwithl <a<a+d<b< d* <c d <N < g satisfying

(i) ft,2)+ B*2+ M < % for t €10,1] and z € [0, al;

b b
.. 2 > 2 4 U
(ii) f(t,2)+ B2+ M > —N for t €[0,1] and z € [b d, dQ]’

(iii) f(t,2)+ B2+ M < % for t €[0,1] and z € [0,d;

(iv) liminf min f(t,2) = 0.

z—00  tel0,1] Z
Then the BVP (1.1) has at least three positive solutions if \ € (0, A].

Proof. Assume that x(t) = AMv(t), in which v is a unique solution of the BVP (3.1).
Lemma 3.1 implies that z(¢) = AMv(t) < AMLd < d fort € [0,1]. Now, we prove
that the following boundary value problem

2(t) + BP2(t) = ﬁ(t,nz(t) — (1)), te(0,1),

Z'(0) =0, z(1) :/0 z(s)ds

(3.2)
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has a positive solution, where

Denote the operator A : E — FE by

1
Az(t) = )\/ G(t,s)F (s, z(s) — x(s))ds.
0
We shall prove that A has a fixed point in our cone P. Notice that Az() is continuous

on [0, 1], for any z € P, and since G(t,s) > 0, ¢(s) > 0 holds. Then, by Lemma 2.2
we have

Az < A / 6(5)F (5, 2(s) — x(s))ds. 3.3)

Thus for any z € P, we can deduce from (3.3) and Lemma 2.2 that

OrgtiglAz(t) = Or?tigl{/o )\G(t,s)ﬁ(s,z(s)—m(s))ds}
> d/o MO (3)F (s, 2(s) — z(s))ds
> d||Az]].

So, A(P) C P. Then from the definition of A, one can see easily that the operator A is

completely continuous, and each fixed point of A in P is a solution of BVP (3.2).
Firstly, we shall show that A : P, — P,. N
Let z € P,, then ||z]| < c. If max {z(t) — 2(t),0} = z*(¢) then we get F'(t, 2*(t)) =

F(t,25(t)) + B22*(t) + M > 0. We can derive from (iii) that F\(t,z*(t)) <

t € [0,1]. So, it follows from (i) that

c
— fi
7 for

Az(t) :/0 AG(t,s)F (s, z(s) — x(s))ds
g)\/o B(s)F (s, 2(s) — x(s))ds

¢ 1
S)\f /0 o(s)ds
<c.

Then, ||Az|| < ¢ for z € P.. So, condition (i) _of Theorem 2.3 is satisfied. Similarly,
using the above process, we can derive that A : P, — P,.
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To verify (i7) of Theorem 2.3, let z(t) = d%’ then z € P(gp, b, %), o(z) = % > b.
b b
Thus, {z € P(go,b, E) sp(z) > b} # (). Furthermore, 2z € P(gp,b, E) implies that

b b
b<z(t) < 2 fort € [0,1]and b —d < z(t) — z(t) < 2(t) < 7 fort € [0,1]. (i7)

b
implies that F'(¢, z(t) — z(t)) + M > EN for ¢ € [0,1]. Then

w(Az) :trerf(i)% )\/O G(t, s)F(s,2(s) — x(s))ds
>d\ 0 O(s)F (s, 2(s) — z(s))ds

1
:d)\/ d(8)(F(s,2(s) —z(s)) + M)ds
0
b 1
>N /0 &(s)ds = dAND > b,
1.e.,
o(Az) > b, Vze P(gp,b, %)

b
On the other hand, if z € P(y, b, ¢) with ||Az|| > oL then we get

©(Az) = min Az(t) > d||Az|| > g > b.

t€0,1]

Finally, we will show that condition (v) of Theorem 2.3 holds. Choose a number y > 0

HNPK
satisfying O+ BNTK > 1. The hypotheses (iv) implies that there is p > 0 such
AML 1
that 1 — —— > — and
p 2
dp
(s uls)) + M = quls), u(s) > 2. (3.4)

b
Set R = max {ﬁ,p} and Pr = {z € K : ||z|| < R}. Let z € OPg. Then

AML

t
x(t) = AMo(t) < AMdL < )\MLiR) < z(t), t € [0,1].
p
Because
p—AML 2(t) _ dllz|| dR _ dp
- >0 77 > 27 > _ ot 0P 1
() —a(t) 2 PUm ) 2 T 2 S =T 2 e 0.1]
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together with (3.4), we have

F(s,2(s) = 2(s)) = f(s,2(s) — (s)) + B*(2(s) — x(s)) + M
> (7 + B8)(2(s) — 2(s))

> <v+62)d7R

Thus, we can obtain

) > d)\/ o(s —x(s))ds
- (v + B*)A\d® fo

- 2

> R.

Then, ||Az|| > ||z|| for z € OPg. Since all conditions of Theorem 2.3 are satisfied,
F has at least four solutions z7, Z3, Z3 and Z; with ||Z1|| < a, ¢(Z2)
©(Z3) < b, ¢ < ||Z1]| < R. Besides,

Z(t) > d||z|| > de(Z2) > db > d > z(t), te]0,1],

Z3(t) > d||z|| > da > d > x(t), tel0,1],
and
zZa(t) > d||z1|| > de > d > xz(t), te]0,1].

Hence 25 = Zo — x, 25 = Z3 — x, 2; = Z4 — « are positive solutions of the BVP (1.1).
Now we prove that 23, 23, and z; are in fact the positive solutions of our problem

(1.1). To see this we have for ¢ € [0, 1], Z; represents a fixed point of the operator F.
Then

50) = o) — /O AG(t, 8) (s, Z5(s) — a(s))ds
= /0 AG(t, 8)[F(s,Z2(s) — z(s)) + M]ds

1 AG(t, s)F(s,7Z2(s) — z(s))ds + A\M /1 G(t,s)ds
AG(t, s)F(s,Z2(s) — x(s))ds + AMuv(t)

1

AG(t,s)F(s,Z2(s) — x(s))ds + x(t).

Il
— — —
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This implies that

Z(t) —x(t) = /o AG(t,s)F(s,Za2(s) — x(s))ds

and

1
zy = /)\G(t,s)F(s,zg)ds.
0

Consequently, z; is a positive solution of BVP (1.1). Similarly, we can show that 25 and
2z} are positive solutions of the BVP (1.1). The proof is completed. [
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