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1 Introduction

Fractional differential and integral equations have recently been applied in various areas
of engineering, mathematics, physics and bio-engineering and other applied sciences
[28,37]. For some fundamental results in the theory of fractional calculus and fractional
differential equations we refer the reader to the monographs of Abbas et al. [5,6], Kilbas
et al. [30] and Zhou [40].

The measure of weak noncompactness is introduced by De Blasi [24]. The strong
measure of noncompactness was developed first by Banas and Goebel [14] and subse-
quently developed and used in many papers; see for example, Akhmerov et al. [10],
Alvarez [12], Benchohra et al. [21], Guo et al. [26], and the references therein. In
[21,34] the authors considered some existence results by applying the techniques of the
measure of noncompactness. Recently, several researchers obtained other results by ap-
plication of the technique of measure of weak noncompactness; see [6, 18, 19], and the
references therein.

Impulsive differential equations have become more important in recent years in
some mathematical models of real phenomena, especially in biological or medical do-
mains, in control theory, see for example the monographs of Abbas et al. [5], Benchohra
et al. [20], Bainov and Simeonov [13], Graef et al. [25], Perestyuk et al. [35], and sev-
eral papers have been published, see the papers of Abbas et al. [2—4], Agarwal et al. [8],
Benchohra and Berhoun [16], and the references therein.

Implicit functional differential equations have been considered by many authors [7,
15,32,39]. Recently, considerable attention has been given to the existence of solutions
of fractional differential equations with Hadamard fractional derivative; see [1,9,11,17,
22,38].

In this paper, our intention is to extend the results to implicit impulsive differential
equations of Hadamard fractional derivative. We discuss the existence of weak solutions
for the implicit impulsive Hadamard fractional differential equation of the form

r(HD:kU,)(t) = f(t,u(t), (HD:ku)(t)); teJ,, k=0,...,m,

(Int)r—1
(r)

ML) () = u(ty) + Li(u(ty)); k=1,...,m, (1.1)

\ (Hjlliru)(t”t:l = ¢7

where ' > 1, ¢ € F, Jy = [1,t1], Jp = (tk,tk+1]; E=1,....m, 1 =ty <t <
<ty <tpu =T, f: khxEXE—-FE ;k=1,....m, Ly : F = FE; k=
1,...,m are given continuous functions, £ is a real (or complex) Banach space with
norm ||-|| g and dual £, such that £ is the dual of a weakly compactly generated Banach
space X, In = log,, I} is the left-sided mixed Hadamard integral of order r € (0, 1],
and ” Dy is the Hadamard fractional derivative of order 7.
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Our goal in this paper is to give existence results for implicit impulsive Hadamard
fractional differential equations.

2 Preliminaries

Let C be the Banach space of all continuous functions v from J := [1,7] into E with
the supremum (uniform) norm

[0]loc := sup [[o(t)] -
teJ

As usual, AC(.J) denotes the space of absolutely continuous functions from .J into £.
By C,.1n(J), we denote the weighted space of continuous functions defined by

Crin(J) = {w(t) - (Int)"w(t) € C, [Jwllc,,, = sup [(n8)"w ()]}

Let (F,w) = (F,o(E, E*)) be the Banach space F with its weak topology. Consider
the Banach space

PC={u:J—E:ueC(Jy); k=0,...,m, and there exist u(t)
and ("I} u)(t)); k=1,...,m, withu(ty) = u(ty)},

with the norm
|ullc = sup [[u(t)] &
teJ

Also, we can define the weighted space of PC by

PCn(l) = A{w(t) : (Int)"w(t) € PC, |wlpe,,, = sup [(n ) w(t)]| £}

In the following we denote ||w|| pc, ,, by [[w] pc-

Definition 2.1. A Banach space X is called weakly compactly generated (WCG, in
short) if it contains a weakly compact set whose linear span is dense in X.

Definition 2.2. A function h : E — F is said to be weakly sequentially continuous if
h takes each weakly convergent sequence in £ to a weakly convergent sequence in F
(i.e., for any (u,,) in £ with u,, — win (E, w) then h(u,) — h(u) in (E,w)).

Definition 2.3 (See [36]). The function v : I — F is said to be Pettis integrable on
J if and only if there is an element u; € E corresponding to each j C J such that

d(u;) = /¢(u(s))ds for all ¢ € E*, where the integral on the right hand side is
J

assumed to exist in the sense of Lebesgue, (by definition, u; = / u(s)ds).
J
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Let P(J,E) be the space of all F—valued Pettis integrable functions on .J, and
L'(J, E), be the Banach space of measurable functions u : J — E which are Bochner
integrable. Define the class P (.J, E) by

Pi(J,E) ={u € P(J,E) : ¢(u) € L'(J,R); forevery ¢ € E*}.
The space P;(J, E) is normed by
T
fuln = swp [ ptula)ld,
PEE*, [lpl|<1J1

where A stands for a Lebesgue measure on J.
The following result is due to Pettis (see [36, Theorem 3.4 and Corollary 3.41]).

Proposition 2.4 (See [36]). If u € Py(J, E) and h is a measurable and essentially
bounded E—valued function, then uh € P(J, E).

For all what follows, the sign ” / ” denotes the Pettis integral. Let us recall some

definitions and properties of Hadamard fractional integration and differentiation. We
refer to [27,30] for a more detailed analysis.

Definition 2.5 (See [27,30]). The Hadamard fractional integral of order ¢ > 0 for a
function g € L'(J, F), is defined as

1)@ = [ (%) s

where I'(+) is the (Euler’s) Gamma function defined by

r'e¢) = /000 te7tdt; € > 0.

Provided the integral exists.

Example 2.6. Let ¢ > 0. Then

HIfnt = (Int)'*% fora.e. t € [0, ¢€].

['(2+q)

Definition 2.7 (See [27,30]). Let 1 < a < T, ¢ > 0,and g € L*(J, E). Then

1)) = s [ (w3)" o) g,

Remark 2.8. Let g € Py(J, E). For every ¢ € E*, we have

o("I1g)(x) = (" Ilpg)(x);forae. x € J.
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Analogously to the Riemann—Liouville fractional calculus, the Hadamard fractional
derivative is defined in terms of the Hadamard fractional integral in the following way.

Set

d
5: R — ey 1
T [q] +1,

where [g] is the integer part of ¢ > 0, and
ACY ={u:J — E: 0" u(z)] € AC(J)}.

Definition 2.9 (See [27,30]). The Hadamard fractional derivative of order ¢ applied to
the function w € ACY' is defined as

(" Diw)(x) = 6" ("I} "w)(x).
Example 2.10. Let 0 < ¢ < 1. Then

HpDIInt = (Int)'~% forae. t € [0, ¢e].

I'(2—q)
Definition 2.11 (See [27,30]). Let 1 <a < T and g € Ll(J, E). Then
(DL w)(x) = (11 w) (@),

It has been proved (see e.g., Kilbas [29, Theorem 4.8]) that in the space L' (.J, E), the
Hadamard fractional derivative is the left—inverse operator to the Hadamard fractional
integral, i.e.,

(DN (" I{w)(z) = w().

From [30, Theorem 2.3], we have

(1" "w)(1)

()" Dfw){a) = wla) s

(Inz)? .

Corollary 2.12. Let h : Jy — E be a continuous function. A function u € L*(Jy, E)is
a solution of the equation

(" Diu)(t) = h(t),

if and only if, u satisfies the Hadamard integral equation

("1 ""u)(1)

) (Int)?7 ' + (M ITh)(t).

u(t) =
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Lemma 2.13. Let h : J — E be a continuous function. A function uw € L'(J, E) is
solution of the fractional integral equation

'ww:ﬁ%

ult) = %(m)r-l £ Liful;)

| +Zk:/ti (m %)M ;‘F((‘?)ds

i=1 Yti—1

VA AN )
+/ (m—) () gs ifte Jo k=1.....m,
L Je S sT'(r)

(Int)"t + (FITh)(t); if t € Jo,

2.1

if and only if u is a solution of the problem

("'Dj u)(t) =h(t); t € Jp, k=0,...,m,

B 6D = ul) + Ll k= 1em, @)

("N ()] = 6.

Proof. Assume u satisfies (2.2). If t € J,, then
(" Diu)(t) = h(t).

Corollary 2.12 implies

¢ (Int)""' + (ITh)(t).

=)

Ift € Jy, then
("Dju)(t) = h(t).

Corollary 2.12 implies

ult) = ( [t}zf))(tl)
= La(u(ty)) +ulty) + (1 R)(2)
¢

= Ly(u(ty)) + w(lnt)’”_1 + (R () + (I R)().

(Int)' + ("I] h)(t)

=

Ift € J,, then
(" Dyu)(t) = h(t).
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Corollary 2.12 implies
H[lfr t+
u(t) = ) s 4y

L(r
= Lo(u(ty)) + ulty) + ("I}, h)(1)
¢

)+ Ly(u(ty)) + m(lnt)’"_l
+ (IR () + (T R) (t2) + (TIR)(2).

If t € Jg, then again from Corollary 2.12 we get (2.1). Conversely, assume that
u satisfies the impulsive fractional integral equations (2.1). If ¢t € Jy, then u(t) =

%(ln )t + (P ITh)(t). Thus, (117 "u)(t)|=1 = ¢ and using the fact that 7 D7 is
”
the left inverse of 17 we get (' DTu)(t) = h(t).

Now, if t € Ji; k=1,...,m, we get ("D} u)(t) = h(t). Also, we can easily show

that

~— ~ |

(Int)~—! L _ _
Foy () = ult) + La(w(s)
Hence, if u satisfies the impulsive fractional integral equations (2.1) then we get (2.2).
O

As a consequence; we have the following lemma.

Lemma 2.14. Let f(t,u,2) : Jyx EXE — E; k=0,...,m, be a continuous function.
Then problem (1.1) is equivalent to the problem of the solution of the equation

o) = 1 (1t 5 0+ () 0,00 )
and if g(t) € C(J); k =0, ...,m, is the solution of the above equation, then
(ult) = sty + (g 0): it €
ult) = pos ey g@i«’%ru)(t;))

POt g(s)
—I—/ (ln—) ds; ifte Jy, k=1,...,m.
L i, 5 sT'(r)

Definition 2.15 (See [24]). Let E be a Banach space, 2z the bounded subsets of F
and B; the unit ball of £. The De Blasi measure of weak noncompactness is the map
B : Qg — [0,00) defined by

B(X) =inf{e > 0 : there exists a weakly compact subset Q2 of E : X C eBy + 2}.
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The De Blasi measure of weak noncompactness satisfies the following properties:
(@) AC B = j(A) <B(B),
(b) B(A) =0« Ais weakly relatively compact,

(
(©) B(AU B) = max{5(A), 3(B)},
(d) 5(2 ) = B(A), (A” denotes the weak closure of A),
() B(A+ B) < B(A) + B(B),
() B(AA) = [A[B(A),
(2) B(conv(A)) = B(A),

(h) B(Up<nAA) = hB(A).
The next result follows directly from the Hahn—Banach theorem.

Proposition 2.16. Let E be a normed space, and xy € E with vy # 0. Then, there
exists ¢ € E* with |||l = 1 and ¢(x0) = ||z0]|.

For a given set V' of functions v : J — E let us denote by
V(t)={v(t):veV} tel

and
V() ={v(t):veV,te J}.

Lemma 2.17 (See [26]). Let H C C be a bounded and equicontinuous. Then the
functiont — B(H (t) is continuous on J, and

Bo(H) = max S(H(t)),

teJ

B </Ju(s)ds> < /Jﬁ(H s))ds

where H(s) = {u(s) : w € H, s € J}, and (B¢ is the De Blasi measure of weak
noncompactness defined on the bounded sets of C.

and

For our purpose we will need the following fixed point theorem.

Theorem 2.18 (See [33]). Let (Q be a nonempty, closed, convex and equicontinuous
subset of a metrizable locally convex vector space C(J, E) such that 0 € Q). Suppose
T : Q) — Q is weakly-sequentially continuous. If the implication

V =conv({0}UT(V)) = V is relatively weakly compact, (2.3)

holds for every subset V' C (@), then the operator T has a fixed point.
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3 Existence Results

Let us start by defining what we mean by a weak solution of the problem (1.1).
Definition 3.1. By a weak solution of the problem (1.1) we mean a measurable func-
tion u € PC(J) that satisfies the condition (I} ~"u)(t)|;=1 = ¢, and the equation
("Dyu)(t) = f(t.u(t), ("Dyu)(t) on Ji; k= 0,...,m.

The following hypotheses will be used in the sequel.

(Hy) Forae. t € Jg; kK =0,...,m, the functions v — f(¢,v,-) and w — f(t,-, w)
are weakly sequentially continuous.

(H,) Fora.e. v,w € E, the function t — f(¢,v, w) is Pettis integrable a.e. on Ji; k =
0,...,m.

(Hs3) There exists p € C(Jg, [0,00)); k= 0,...,m such that for all p € E*, we have

p@)|«l

|o(f(t,u,0))] <
L+ [lell + llulle + o]l 2

; fora.e.t € Ji, and each u,v € E.

(H,) For each bounded and measurable set B C E and foreacht € Ji; k=0,...,m,
we have

B(f(t. B," DiB) < (Int)""p(t)8(B),
where “ DB = {* D/w : w € B}.

(Hs) There exists a constant [* > 0 such that for all ¢ € E*, we have

Flell
lo(Li(u))| < ; forae.t € Jy; k=1,...,m, and eachu € F.
L+ [l + llullz
Set
" = supp(t),
teJ

Theorem 3.2. Assume that the hypotheses (H,) — (Hy) hold. If

2p*InT

Li=ml*(InT)""+ ——
S e

3.1

then the problem (1.1) has at least one solution defined on 1.
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Proof. Transform the problem (1.1) into a fixed point equation. Consider the operator
N :PC — PC defined by

(Nu)(t) = 0 (Int)" "t + (FI7g)(t); if t € Jy,
é k
(Nu)(t) = m(lnt)H + > Li(u(t;)
ko g el g(s)’ZI (3.2)
In - d
*Z/ (%) T
t ¢ r—1
n (m-) 95) s ift e Jo k=1.....m.
Ly, s sT'(r)
where g € C(Ji); k=0,...,m, with
o(t) = 1 (1 <oty =" + (711 0) (1), 911
"T(r) b ’
B\ g(s)
First notice that, the hypotheses imply that (ln— ——;foralt € J, k =
s s
0,...,m, is Pettis integrable, and for each u € C, the function
0o £ (1 O+ (ED0,00)) + =0 m

is Pettis integrable over Ji; k = 0,..., m. Thus, the operator N is well defined. Let

R > 0 be such that o In T
_ p 1
R>ml*(InT)\ 7"+ ———

ml*(InT) +F(1+r)’
and consider the set

Q= {u € PC : ||ullpe < Rand ||(In o) "u(zy) — (Inzy) "u(z) ||z

* A

* —r —r 2p —r T2
S ml ‘(11’1372)1 — (lnxl)l ‘ + m(lﬂT)l lnx—l
ot [T To\T—1 T\ T—1
+ %/1 (Inap)t ™" (111 ?2) — (Inxy)*" (ln ?) ds} :

Clearly, the subset () is closed, convex end equicontinuous. We shall show that the
operator NV satisfies all the assumptions of Theorem 2.18. The proof will be given in
several steps.

Step 1. N maps Q) into itself.
Letu € Q, t € Jy and assume that (Nu)(t) # 0. Then there exists ¢ € E* such that

I(nt) =" (Nu) (1[5 = ¢((Int)' =" (Nu)(#)).
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Thus

[(Int) " (Nu) ()| = ¢ (szr) + (h;?nl)r/l <ln 2) a %S)ds) ,

where g € C' with

Then

L(r) s s
* 1—r t r—1
< p'(InT) by ds
I'(r) 1 s s
< p*InT
- I'(1+7r)
< R.

Also,ifue @, te Jp: k=1,...,m, we get

k

)" (Na)(O)le < Y (i)' Li(u(t;))

=1

+ (1nT)1—’“g /t t (m%)M ‘Ps(ﬁgf;)ds

+ (nT)" /t (m é)l ﬁ?gig)ds

I'(1+r)

IN

ml*(InT)"" +
< R.

Next, let x1, 25 € Jysuchthat 1 < zy < x5 < t; and let u € @, with
(In22)' " (Nu)(z2) — (Inzy)' " (Nu)(x1) # 0.

Then there exists ¢ € E* such that

10 22) " (Nu)(22) — (Inan) " (Nu)(21) | g

11

= @((Inz2)' " (Nu)(22) — (In21)' " (Nu)(21))
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and ||¢|| = 1. Then

[(In22)' " (Nu)(22) — (Inzy)' ™" (Nu)(z1) |6
= o((Inzy)"" ( u)(x2) — (Inay)' " (Nu) ()

<ml* |(Inag)' ™" — (Inay) |

O / (w3) ™ Syt ™ [ () ).

where g € C with

¢
(

Fos W () 0,900 )

o0 =1 (07
Then
[(tn o)~ (Nu) (@) — (1) " (Nu)(21)l]

<ml* |(Inag)' ™ — (Inay) "
e [ o et
e (2 e 02
< ml* |(Inzy) ™" — (lnxl)l_r‘
et [ e
+/1 (In xQ)l_r <ln %) — (In 331)1_7" (ln %) %ds.
Thus, we get
[(In o) =" (Nu)(22) — (Inzy) '~ (Nu)(a1)||
<ml* |(Inzy)' ™" — (lnxl)l_T’r
+ a 1 7 (InT)'"" |In z—j
i [ e () o ()

Also, if welet xy, 29 € Ji; k=1,...,msuchthatt, < x; <xy <ty andletu € Q,
we obtain
[(In22)' ™" (Nu)(z2) — (In2) " (Nu)(21) || 2

E'S T

2 x
< ml* [(Inwy)' ™ = (Inay)' | + mpﬂ) (InT)'~" mx—i
2 * 1 T r—1 X 7"—1
+ %/1 (Inay)' " (ln f) — (Inay)'" (ln f) ds.
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Hence N(Q) C Q.

Step 2. N is weakly-sequentially continuous.
Let (u,) be a sequence in () and let (u,(t)) — u(t) in (E,w) for each t € Ji; k =
0,...,m. Fixt € Ji; kK =0,...,m, since f satisfies the assumption (H;), we have
f(t,u,(t)," Dy, un(t)) converges weakly uniformly to f(¢,u(t),” D; u(t)). Hence the
Lebesgue dominated convergence theorem for Pettis integral implies (Nwu,)(t) con-
verges weakly uniformly to (Nu)(t) in (E,w), foreach ¢t € Ji; k = 0,...,m. Thus,
N(u,) — N(u). Hence, N : Q — () is weakly-sequentially continuous.

Step 3. The implication (2.3) holds.
Let V be a subset of ) such that V' = conv(N (V) U {0}). Obviously

V(t) C @ie(NV)(£) U{0}), te Jp k=0,...,m.

Further, as V' is bounded and equicontinuous, by [23, Lemma 3] the function ¢t — v(t) =
B(V(t)) is continuous on Ji; k = 0,...,m. From (H3) — (H;), Lemma 2.17 and the
properties of the measure (3, for any ¢ € J,, we have

(Int)""u(t) < B((Int) " (NV)(t) U{0})
< B((nt)"(NV)(1))

(nT)=r rt| " p(s)B(V(s))
= (r) /1 1 s s d
(InT)" [ ] (Ins)"p(s)v(s)
W/l lng . ds
p*InT
S WHUHC
Thus
[vlle < Lijvfle.
Also, forany t € Ji; k=1,...,m, we get
(Int)""w(t) < A((nt)'"(NV)(t) U{0})
< B((Int) T (NV)(1)
< (D)) UAV(s))
k ) 1
- T pEBV(s)
+ (InT) z_;/t (1113) S0 d
NG
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+ (1nT)1-é; /tt (m tg)l (lnS):;?;;)v(s)ds
+ (nT) /t: (1n E)H Unst;ﬁ;)v@) o

S

2p*InT
< () 2 ol

Hence
[vlle < Liv]le-

From (3.1), we get ||v||c = 0, that is v(t) = S(V(t)) = 0, for each ¢t € I and then
by [31, Theorem 2], V' is weakly relatively compact in C. Applying now Theorem 2.18,
we conclude that V has a fixed point which is a solution of the problem (1.1). [

4 An Example

Let

E=1'= {u:(ul,ug,...,un,...),Z\un\ <oo}

n=1

be the Banach space with the norm

[eS)
lulls = lunl.
n=1

Consider the problem of implicit impulsive Hadamard fractional differential equations
of the form

("D w)(t) = f(t,u(t),("D; u)(t)); t € Ju, k=0,...,m,

(1?23_1 (L) = ulty) + L) k=1,.om @D
(1) (O]t =0,

where J = [1,¢], 7 € (0,1], u = (ug,ug, ..., Up,...),

f=0U1 oo fayeei)s HDZku: (HD{kul,HD:kUQ,...,HD: Up,--.); k=0,...,m,

k

falt,u(t), (HDZkU)(t)) 14+ ()] j_t 17 D u(t)]| (6_7 + %) un(t); t € [1,¢],
Li(u(ty)) ! s k=1,...,m.

~ 341+ [[ulty)]s)
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Clearly, the function f is continuous.
Foreachu € F and t € [1, e], we have

Hyr ct? o7 1
||f(t>u(t)7( Dtk)(t))HE < 1+ ||U(t)||E + ”HDIku(t)HE ( + et+5) )

and
1

(1 + [Julty)le)
Hence, the hypothesis (H3) is satisfied with p* = ce™, and (Hs) is satisfied with [* =
1

I Lau(t ) < 5

3¢t
We shall show that condition (3.1) holds with T" = e. Indeed, if we assume, for instance,

that the number of impulses m = 3, and » = —, then we have

2p*InT 1 2c 9
Pl + 20— = — = <1
mE )+ f Ty Tar@) T 16
A simple computations show that all conditions of Theorem 3.2 are satisfied. It follows
that the problem (4.1) has at least one solution on [1, €.
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