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Abstract

We associate with a linear skew-product flaw= (®, o) a variational integral
equation and we characterize the exponential expansivenesgderms of the
solvability of the associated equation. We prove that a linear skew-product flow on
X x 0 is uniformly exponentially expansive if and only if the pgif (R, X ), C.(R4, X))
is uniformly exactly admissible for, whereV (R, X') denotes one of the spaces
Co(Ry, X) or Cp(Ry, X).
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1. Introduction

Let © be a metric space and letbe a flow on©. We consider the homogeneous
equation

(A) z(t) = A(o(0,t))z(t), t>0
and the nonhomogeneous equation

(A,0) #(t) = A(o(0,1))x(t) +v(t), t>0
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where A(#) are linear operators on a Banach spate If there exists a linear skew-
product flowr = (®, o) associated witliA), then for every) € © the mild solution of
(A,v) is given by:

f(t)=®(c(0,s),t—s)f(s) —l—/ O(o(f,7),t —T)v(T)dr, Vt>s>0.

The existence of the linear skew-product flow associated with the variational differen-
tial equation(A) is conditioned by specific conditions regarding the family of linear
operators{ A(f) }sco. Thus in the last few years a special attention was devoted di-
rectly to the general case of linear skew-product flows, providing characterizations for
the asymptotic properties of cocycles over flows and consequently for the solutions of
variational differential equations. In this sense we refer the reader to [1,4,5,10,11] and
the references therein.

In recent years, beside stability and dichotomy (see [1-4, 10]) a special attention
was devoted to the study of expansiveness of evolution equations (see [5-9, 11]). The
autonomous case was treated in [8], the case of evolution families on the half-line was
considered in [6, 7] and the variational case was studied in [5,9] and [11]. In the varia-
tional case, we may associate with a linear skew-productflew(®, o) at every point
0 € © the integral equation

(Eg)  f(t) =®(c(,s),t—s)f(s)+ / O(a(0,7),t —T)v(r)dr, Yt>s>0

with v € I(R,, X)) — the input space anfl € O(R,, X) — the output space. Then,
the exponential expansiveness can be expressed in terms of the admissibility of the pair
(OR4, X), I(R, X)) for w, which means that for every. v) € © x I(R,, X), the
equation(Ey) has a unique solutiofi € O(R,, X). In [5], we proved that the uni-
form complete admissibility of the paf’y (R, X), Co(R, X)) is equivalent with the
uniform exponential expansivenessmof The main result in [9] states that the uniform
complete admissibility of the pai.”’ (R, , X), L(R, X)) is a sufficient condition for
the uniform exponential expansivenessrof

The aim of the present paper is to obtain new characterizations for uniform exponen-
tial expansiveness of linear skew-product flows. We will introduce a general concept of
admissibility, which optimizes and generalizes the admissibility concepts in [5] and [9].
We will considerC..(R ., X) as input space and using constructive steps we will estab-
lish the connections between the exact admissibility of the(p&R , X), C.(R,, X))
and the expansiveness of a linear skew-product flow. Our main result improves and ex-
tends the expansiveness results in [5-9].

2. Main Results

Let X be a real or a complex Banach space. The normXoand onL(X) — the
Banach algebra of all bounded linear operatorsyowill be denoted by| - ||. Let I be
the identity operator oKX .
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Let (©, d) be a metric space arftl:= X x ©.

Definition 2.1. A mappinge : © x R — © is called aflowon © if #(0,0) = 0, for all
0 c ©ando(f,t +s) =co(a(h,t),s), forall (0,t,s) € © x R

Definition 2.2. A pair 7 = (®, o) is calledlinear skew-product flown £ if o is a flow
on® and® : © x Ry — L(X) has the following properties:

(i) (0,0) = I,foralld € © and®(0,t + s) = ®(o(0,s),t)P(d, s) (the cocycle
identity), for all (0,¢,s) € © x R%;

(ii) there areM,w > 0 such that|®(0,t)|| < Me**, forall (0,t) € © x R,;
(iii) for everyz € X the mapping#,t) — ®(0,t)x is continuous.

Definition 2.3. A linear skew-product flowr = (&, o) is said to beuniformly exponen-
tially expansivef for every (0,t) € © x R, the operator (0, t) is invertible and there
are two constant&’, v > 0 such that|®(0, t)z|| > Ke"||z||, forall (z,0,t) € € xR,

Let C,(R,, X) be the linear space of all continuous functions R, — X with
sup ||u(t)]| < oo andletCy(Ry, X) := {u € Cp(Ry, X) : thm u(t) = 0}. With respect
t>0 00
to the norm

[[[wll] == sup [[u(t)]]
t>0

Cy(Ry, X) andCy(R,, X) are Banach spaces.
For everyp € [1,00), we considell” (R, X) the space of all Bochner measurable

functionsf : R, — X with / || f(7)||P dT < oo, which is a Banach space with
0

sty = ([ sl ar) v

We denote by’.(R, X) the linear space of all continuous functionsR, — X with
compact support.
Let V(R+, X) 6 {Ob(R+, X), OO(R+7 X)}

respect to the norm

Definition 2.4. The pair(V(R,, X), C.(Ry, X)) is said to beexactly admissibldor
m = (®,0) if for every§ € © and every € C.(R,, X) there exists a unique function
f € V(R,, X) such that the paiff, v) satisfies the integral equation

(Ep)  f(t)=P(0(0,5s),t—s)f(s) +/ O(o(0,7),t —T)v(r)dr, Vt>s>0.

Theorem 2.5. If the pair(V (R, X), C.(R,, X)) is exactly admissible for = (®, o),
then®(4,t) is invertible, for all(f,t) € © x R,.

Proof. Let(0,7) € © x (0, 00).
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Injectivity. Let x € Ker ®(0,r). We definef : R, — X, f(t) = ®(0,t)z. Then
f € V(R,, X) and an easy computation shows that the pAif) satisfies the equation
(Ey). From the exact admissibility, it follows thgt= 0. In particular,z = f(0) = 0,
sod (6, r) is injective.

Surjectivity. Let z € X and leta : R, — R be a continuous function with compact

r+1
support such that suppC (r,r + 1) and/ a(r) dr = 1. We consider

v:Ry = X, o(t)=—al)®(c(d,r),t —1r)x

and therv € C.(Ry, X). Let f € V(R,, X) be such that the pairf, v) satisfies the
equation(Ey). This implies that

f(t) =®(0(0,s),t—s)f(s) — (/ a(T) dT) O(o(0,r),t —1)x (2.1)

forallt > s > 0. From (2.1) we have that(r) = ®(0,r) f(0). We define

g: Ry =X gt)=f(t+r)— </ a(7) dT) O(a(f,7),t)x.
t+r
Theng € V(R,, X) and using (2.1) we deduce that the p@ir0) satisfies the equation
(Eso,r)- From the exact admissibility, we deduce that 0. In particular,g(0) = 0,

SO
f(r) = (/OO a(r) dT) = 1.

It follows thatx = f(r) = ®(0,7)f(0) € Im ®(0,r), soP(,r) is surjective and the
proof is complete. u

Remark 2.6. If the pair(V (R, X), C.(R,, X)) is exactly admissible for = (®, o),
then for every € ©, we may consider the linear operafor: C.(R,, X) — V(R,, X),
Lo(v) = f, wheref € V(R,, X) has the property that the pdif, v) satisfies the equa-
tion (Ep).

Definition 2.7. The pair(V (R, X), C.(R,, X)) is said to bauniformly exactly admis-
siblefor 7 if there arep € (1,00) and\ > 0 such that]||Lg(v)||| < A [|v]|,, for all
(0,v) € © x C(Ry, X).

Theorem 2.8. If the pair (V(R,, X), C.(R., X)) is uniformly exactly admissible for
m = (P, 0), then there i$ > 0 such that

190, )] > 6 ||2]|, V(x,0) € &Vt > 0.

Proof. Let A > 0 andp € (1, c0) be given by Definition 2.7. Let/,w > 0 be given by
Definition 2.2.
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Let (x,0) € £ and lett, > 0. We consider a function : R, — [0, 2] with compact

to+1
support such thatupp o C (to,to + 1) and/ a(t) dr = 1. We define

to

v:Ry = X, v(t)=—a(t)P(,t)x

FiR, = X, f(t) = /too a(r) dr ®(0, 1)z

We have thaff,v € C.(R,, X) and an easy computation shows that the pAir) sat-
isfies the equatioEy). This shows thaf = Ly(v), sol||f]|| < A ||v||,- In particular,
we deduce that

(| = 1LFO) < AN < Aol (2:2)
Since||®(0, t)x|| < Me*||P(0,to)x||, forall t € (to,to + 1), we have that

(@) = a(t) [|©(0, t)z]| < a(t)Me[|D(0, to)x]|, VE=>0

which implies that

[|v]lp < 2Me[|@(6, to)x]]. (2.3)
Settingd = 1/(2A\Me"), from (2.2) and (2.3) it follows thali® (0, ¢y) z|| > d ||z]].
Taking into account that does not depend ah ¢, or = the proof is complete. |

The main result of this paper is the following.

Theorem 2.9. A linear skew-product flowr = (P, o) is uniformly exponentially ex-
pansive if and only if the paifV (R, X), C.(R;, X)) is uniformly exactly admissible
for 7.

Proof. NecessityLet K, > 0 be such that|®(0,t)z|| > Ke"'||z||, for all (x,0) € £
and allt > 0. Letd € © andv € C.(R4, X). We define

fRy =X, f(t)= —/tootb(a(é’,t),T — ) o(r) dr.

Sincev € C.(R,, X) we have thaff € C.(R,, X). In particular,f € V(R,, X). An
easy computation shows that the p@girv) satisfies the equatiofty).

Let f € V(R,, X) be such that the paiif, v) satisfies the equatiofF;,). Setting
g = f — fwe have thay(t) = ®(c(6,s),t — s)g(s), forallt > s > 0.

Lets > 0. From

1 —v(t—s 1 —v(t—s
lg@)| < 52 e Ng®ll < 2 e llglll, ¥t > s

it follows thatg(s) = 0. This shows thay = 0, so f is uniquely determined. Then, we
have that the paifl’ (R, X), C.(Ry, X)) is exactly admissible for.



196 Bogdan Sasu

Letp € (1,00). Settingy’ = p/(p — 1) and using Klder’s inequality we obtain that
IF@ < / o t)||v e
<— efypsds HUH ;HUH Vi> 0
~ Ko PK (vp) WY P = U
This implies that
1
Koy [l ¥ € CelR, X), W0 € ©

so the paifV (R, X), C.(R,, X)) is uniformly exactly admissible for.

[ Lo()]]| <

Sufficiency.From Theorem 2.5 we have thé{¢,¢) is invertible, for all(0,t) <
O x R, . According to Theorem 2.8 thereds> 0 such that

19(0,8)z]| > 6 ||2]|, V(x,0) € &Vt > 0. (2.4)

. - | e

Let A > 0, p € (1,00) be given by Definition 2.7. We sét:= (/ Ty dt)
0

and leth > 0 be such that

o o ke
ds . 2.5
/0 s+1 5 (2:5)
Leto : Ry — [0,1] be a continuous function with(¢) = 1, for all ¢ € [0, k] and

a(t)=0,forallt > h+ 1.
Let (x,0) € £. We consider the functions

viRy — X, ot) = — :‘fi (0, 1)z

FiRy — X, f(t) = /too :‘Er)l dr (0, 1)z.

We have thaif € V(R,, X),v € C.(R,, X) and an easy computation shows that the
pair (f,v) satisfies the equatiofty). It follows that f = Ly(v), so

AT < Al (2.6)

Using (2.4) we have that

X[0h+1)() 1
@Il < =7 120, D)zl < 5+ 1)

||®(0,h+ 1)z||, ¥Vt>0
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which implies that|v||, < (k/9) ||®(8, h + 1)z||. Then, from (2.6) we deduce that

([ ) o< (25 ar) i = scon

Ak
<[l < = 1120, b+ 1)z (2.7)

From (2.5) and (2.7) we obtain thig® (0, h + 1)x|| > e ||z||. We set = h+ 1 and note
that/ does not depend anor 6. It follows that

190, D)z]| > e ||z]], Y(z,0) € E. (2.8)

Let (z,0) € £ andt > 0. Then, there ar¢ € N andr € [0,{) such that = jl + r.
Using (2.4) and (2.8) we have that

120, t)al| > 0 [|2(0, jl)zl| > d¢’ ||z]] > Ke”||x]]

1 ) . . , . ,
wherer = 7 and K = —. In conclusiongr is uniformly exponentially expansive. B
(&
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