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Abstract

In this paper, we study the semilocal convergence for a fourth-order method for
solving nonlinear equations in Banach spaces by using recurrence relations. The
recurrence relations for the method are derived and then an existence-uniqueness
theorem has been proved. The basins of attraction of existing methods and the
presented method are given to demonstrate their performance.
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1. Introduction

The solution of nonlinear equations in Banach spaces is one of the most important
problems in numerical analysis. Such equations are given by

F(x) =0,

1Corresponding author.
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where F : Q2 € X — Y is a nonlinear operator on an open convex subset €2 of a Banach
space X with values in a Banach space Y. To solve nonlinear equations, we have to
use iterative methods. The well known Newton’s method and its variants are used to
solve such nonlinear equations. The convergence of Newton’s method in Banach spaces
was established by Kantorovich in [1] This technique has been used by many authors in
order to establish the order of convergence. The convergence of the sequence obtained
by iterative expression is derived from the convergence of majorizing sequences [2].

Rall in [3] suggested a new approach for the convergence of these methods by re-
currence relations. Candela and Marquina [4, 5], Herndndez [6, 7, 8], Ezquerro and
Hernédndez [9, 10, 11], Gutiérrez and Hernandez, [12, 13], Parida and Gupta [14], Wang
et al. [15], Chun et al. [16], Zheng and Gu [17], Cordero et al. [18] etc. used this idea
to prove semilocal convergence for several methods of different orders.

In this paper, we use the technique of recurrence relations to establish the semilocal
convergence of fourth-order method in [19] for solving system of nonlinear equations.
This technique consists of generating a sequence of positive real numbers that guarantees
the convergence of iterative method in Banach spaces, providing a suitable convergence
domain.

The paper is organized as follows. In section 2, we derive recurrence relations for the
fourth order method. In section 3, the convergence analysis of proposed method based
on these recurrence relations is given. Section 4 contains concluding remarks.

2. Recurrence relations

Let X, Y be Banach spaces and F : Q2 € X — Y be a nonlinear twice Fréchet
differentiable operator in an open convex domain 29 € €2. In this paper, we consider
the semilocal convergence for the fourth-order method proposed in [19]. We first extend
this method to Banach spaces and write it as

Yn = Xxp — InF(xy),
2
Zn = Xp + g(yn - xn)a

1
Xngyl = Xp + 5(1 - G(xna Zn))FnF(xn)a (21)

9 3
where I', = [F'(x,)]"!' and G(x,, z,) = ZF/(znrlF/(xn) + ZF/(xnrlF/(zn), for

n e N.

Letusassume that g = F'(x0) ™' € L£(Y, X) exists at some xo € 2o, where £(Y, X)
is the set of bounded linear operators from Y into X. In the following, we will assume
that yg, zo € Q¢ and

() IIF"(x)ll < M, x € Qo,

(i) Toll = B,
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(ii1) |[ToF (x0) [l < n.
Let us denote ap = M Bn and define the sequence a,+1 = a, f (an)zg(an), where
2(3 — 2x)
= x3—2x2—10x + 6’
- x(108 — 36x — 4x3 + x4
X) = .
& 8(3 — 2x)2

Notice that
M||TollIToF (x0)|l < ao.

Assuming that
ap(6 + 2ay — ag)
<1,

2
—ap <1 and
3 2(3 — 2agp)

We have
11 —ToF'zo) Il < ITollIIF(x0) — F'(zo) |l

< M|[Tollllzo — xoll

< —qgp < 1.
_30

Then, from Banach lemma, F’ (z())_1 exists and

1o < 1ol Sp———
= L= IDolF (o) = F'zo)ll = _ 2,

3

IToll-

3 — 2ag

Now consider
9 3
I —G(xo,20) =1 — (ZF’<zo)—1F’<xo> + ZF’(xo)—lF%zo))

9
= I+ F'o) ' [F(z0) = F'(xo) — F'(z0)]
3 ’ —1 / / /
= 7 F'(x0) [F'(z0) = F'(x0) + F'(x0)]
3
=21+ (3F' o)™ = F'xo)™) (F'z0) = F'(x0)).

From above step we have

3
1= Glxo. 20l =24 BIF o)~ Il + 1 F'(x0) "' 1I) 1 F' (z0) — F' (x0)l

2
<2+ %

r r —
5 3—2a0” ol + 1 oll) llyo — xoll

ao< 9 1)_6+2a0—a§

3= 2a
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Then from third step of (2.1), we have

1
by = xoll = SI11 = G (xo. 20) [0 F (o) |

6+2a0—a§
< ——— "~ ||[OF .
< 3G 3 I F (o)l

In this situation, we prove the following statements forn > 1 :

@ Il = 1F )l < F@n—DITn-1ll,
(D) T, F )l < f@n-1)g@n-DITn-1F xa-1l,
(1) M|ITu [T F ()l < an,
6 + 2a, —

2
a
V) Ixp41 — xnll < 2(3_—261’1)"||F,1F(xn)||.

We have
11 —ToF (x|l < ITollll F'(x0) — F'(x1)l

< M| Tollllx1 — xol|
- ap(6 + 2ap — ag)

= < 1.

2(3 — 2agp)
Then from Banach lemma, I"; is defined and
IToll

T < - p

L —=|ITollllF'(x0) — F' (x|

2(3 — 2agp)
5100l = f(ao)lIToll- (2.2)

T 6— 10a0—2a§+a0
So (I) is true for n = 1. Using Taylor formula, we have
1
F(x1) = F(xq) + F'(x0)(x1 — X0) +f F"(xo + t(x1 — x0)) (x1 — x0)*(1 — 1)dt.
0
Taking into account (2.1), we obtain
3
PoF(x1) = SBF (@o) ™! = F'(x0) ™ )(F'(z0) = F'(xo)T0 F (x0)

1
+ T / F'(x + t(x1 — x0))(x1 — x0)*(1 — t)dt.
0
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Then, we have

M
[ToF(x)Il < 7T (

IToll + [IToll ) llyo — xollITo F (xo0)|
3 —2ag
(6 + 2ap — ad)?
8(3 — 2ap)?
aop 9 ao(6 + 2ap — a%)2
< | = 1 Iy F
< (4 (3 —on ) + = 5G aar | ITeF o)l
ao(108 — 36ag — 4aj + ag)
= IoF = IoF . 2.3
83 — 2ag)? IToF (x0)l = glao) IToF (xo)|l.  (2.3)
Then from (2.2) and (2.3),
IT1FxD| < IT1F (xo) I To F (x1) |
< f(ao)g(ap)|IToF (xo)ll- (2.4)
So (II) is true for n = 1. To prove (III) and (IV) for n = 1, again from (2.2) and (2.4)
MIT T F el < M (ao)*g(ao) ITollITo F (xo) |

< ap f(ao)*g(ap) = ai.

ITo T F (xo)II*

Finally, we deduce easily that

6 + 2a; — a*
lxz = x1 ]| < 2(3_—26”)1||F1F<x1>n.

Now following an inductive procedure and assuming that

2 ay (6 + 2a, — a?)
Xn, Yn € 0, —=a, < 1 and L
I S 550, 3 23— 2ay)
items (I) - (IV) are proved for n arbitrary.
So, we must analyse the real sequence {a,} to study the sequence {x,} defined in
a Banach space. To establish the convergence of {x,}, we have to prove that this is a
Cauchy sequence and the above assumption (2.5).

<1, neN, (2.5)

3. Convergence study

In this section, we study the sequence {a, }, defined in section 2, to prove the convergence
of the sequence {x,} given by (2.1). First of all,we give a technical lemma including
results concerning functions of one variable that we need next.

Lemma 3.1. Under the previous notations, we have that f (x) isincreasingand f(x) > 1
for x € (0, 1.5) and g(x) is increasing function of x in (0, 1.5). Moreover, if y € (0, 1),
then g(yx) < yg(x) for x € (0, 1.5).

Lemma 3.2. Let f(x) and g(x) be defined as before and ag € (0, 0.242686. ..). Then,
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i) f(a0)’glao) < 1,
(1) f(ao)g(ao) < 1,
(iii) the sequence {a,} is decreasing and a,, < 0.242686..., forn > 0,

a, (6 + 2a, — a,%)
23 — 2ay)

2
(iv) §a” < 1 and < 1foralln > 0.

Proof. From definition of functions f and g (i) follows trivially. From (1) and f(ag) > 1,
we obtain (i1). We are going to prove (iii) by induction on n > 0. Firstly, from the
definition of a; and from (i), we have that

a1 = ao f (ap)*g(ao) < ao.

Now, it is supposed that a; < ax—1, for k < n. Then,

ni1 = an f(an)*g(an) < an_1f(an_1)>g(an_1) = ay.

as f and g are increasing and f(x) > 1 for x € (0, 1.5).
Finally, for all n > 0, a,, < 0.242686..., since {a,} is decreasing sequence and
ag < 0.242686.... [ |

Letusnote thatay = 0.242686. . ., is the value of the solution of equation f (ao)2 g(ap)—
1 = 0 and (iv) follows immediately from (iii).
(6 + 2a, — a?)

Next, we prove that Il F(x,)] is a Cauchy sequence. So, we note

2(3 — 2ay)
that
(6 +2a, — a,%)
r,F
3G =20y 1T F G
(6 + 2ap — a?)
T 2a0)0 fan—Dg(@n-DITn1F (p-1)|
-1
(6 + 2a0 — af) T
<--- =< IToF (xo)ll | | f(ak)g(ak),
2(3 — 2ayp) ]E)
64+2x —x? : : : .
as W is an increasing function of x and {a,} is decreasing sequence for all
— 2x
n—1

n € N. Next, we analyze the factor l_[ f (ax)g(ax) by means of the following lemma.
k=0

Lemma 3.3. Let us suppose that the hypotheses of Lemma 2 are satisfied and define

ai
y = —. Then:
ao
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(i) y = f(ao)*g(aop) € (0, 1),

n

(i) an < 12" an_1 < ¥ ap,
(iii) f(an)g(an) < ¥*' /f(ao).

Proof. Notice that (1) is trivial. Next, we prove (ii) following an inductive procedure.
So, forn =1
ap < yap
If we suppose that (ii) for n arbitrary is true, then for n + 1,
ap+1 = anf(an)zg(an)
n—1 n—1 n—1
ap—1 f(yz an_])Zg(y2 an-1)

<y¥an 1 flan—1)g(an_1) = y*¥ ay.

<y?

Moreover,
2n—1 2n—1 2n—2 om_q
anp <y an—1 =y 14 app <--- <Yy ap.

So, (ii) holds. Finally, we observe that

flaga) < f(r¥ aggy* ap)

2]’!
m_1 )/
<y° " f(ao)g(ap) = :
f (ao)
and proof is complete. |
1
As a consequence of this, if we denote A = ——, it follows that

(ao)
n—1 n—1 )
[ f@ag@) <[r*a=y>"a"
k=0 k=0

n—1
So, from A < 1, we deduce that l_[ f (ax)g(ax) converges to zero by letting n — oo.

k=0
Now, we are ready to state the following result on convergence for (2.1).

Theorem 3.4. Theorem 1Let X, Y be Banach spaces and let F : Q@ € X — Y be a
non-linear twice Fréchet differentiable operator in an open convex domain 29 € 2. Let
us assume that

Ty = F'(xo)~' € L(Y, X)

exists at some xg € €20 and that conditions (i)-(iii) in section 2 are satisfied. Let us
denote ay = M Bn. Suppose that 0 < ag < r = 0.242686 - - - (r is the smallest positive
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root of the polynomial ¢ (x) = 2x% — 9x° — 28x* + 104x> + 188x2 — 348x +72). Then
if
B(xo, Rn) = {x € X; [[x — xoll < Rn} < Qo,

where

_ 642a—aj 1 Aol

2B —-2a0) 1-A" " f(ap)’
the sequence {x, } defined in (1) and starting at x( converges to a solution x* of F'(x) = 0.
In that case, the solution x ™ and iterates x,, belong to B(x(, Rn), and x* is the only solution

2
fF(x)=0in B ,—— — Rn | N Q.
of F(x) in (xo MB n) 0

Proof. When ap < 0.242686. . ., the convergence of the sequence {x,} follows imme-
diately from the previous lemmas. On other hand, we consider p > 1;

||xn—|—p — x|l < ||xn+p - xn—}—p—l“ + ||xn+p—1 - xn—|—p—2” + At X — xall
- 6 + 2a, — a2
= 23 —2ay)
+o 4+ P TIAMITOF (o) |
_ 6+2a0y> " — (v* " lag)
= 2(3 — 2ap)
+- -+ A"]|ITo F (x0) |l
_ 6+ 2apy? 1 — (y? —1a0)2y2n_1An1 — AP
= 2(3 — 2ap) 1—A

2"+P*1—1An+p—1 + y2"+P*2—1An+p—2

2
y2”—1[An+p—1 _I_An+p—2

0. 3.1)

So, we obtain

6 +2ap—ai 1 — AP
23 —2ap) 1-A

Ixp — xoll < n < R,
forn = 0.
To prove that F(x*) = 0, notice that ||I",, F (x,,)|| — 0 by letting n — ooc.
As
IF @)l < IF ) T F ()|

and {|| F'(x,,)]|} is a bounded sequence, we deduce that || F (x,)| — 0, and then F (x*) =
0 by continuity of F. Now, to show unicity, suppose that

2
*eB ,—— —Rn | NQ
e (ru s m)ns,

is another solution of F'(x) = 0. Then,

1

0=FQO") —Fx") = /0 F/(x™ +1(y* = x™)dt (y* —x7).
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Using estimate

1
1ol / 1P/ (% + 1" — %) — F'(x0) i
0
1
< MB f I + 10" — x%) — xolldt
0
1
< Mﬁ/ (1 = Dllx* — xoll + £lly* — xoll)dt
0

Mp R 2 Rn)=1
< (Rr+ 5 ) =1

We have that operator

1
/ (F'(x* +t(y* —x™))dt
0

has an inverse, and consequently, y* = x* and the proof of the theorem is concluded.
|

4. Global convergence

In this section, we study the dynamics of the presented method (2.1) denoted by M7,
Jarratt’s method [20] denoted by M3, fourth-order method by Argyros et al. [21] denoted
by Mg and fourth-order method by Herndndez, Salanova [22] denoted by Mj and fourth-
order method Hueso et al. [23] denoted by Mi by analyzing the basins of attraction
[24, 25]. The above mentioned methods are given as follows:

Method M3 is given as

2
Yk = Xk — ngF(Xk),

1
Xep1 =Xk = 5 [BF () + F'(xi) ™ BF () — F'(x))] T F (xe). 4.1)

Method M§ is given as

Vi = Xk — D F (xy),

2
k= Xk + g(yk — Xk),

3 3
Xk+1 = Yk — ZH(xk) [1 - EH(xk)] Ok — xx). 4.2)
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Method Mi is given as
Ve = X — T F(xp),

2
Tk = Xk + g(yk — Xk),

3 3 -1
Xihl =Yk~ [1 + EH(xk)] H (xi) (Y — X)) (4.3)

where
H (x) = Dl F'(z1) — F'(xi0)]-
Method M, is given as

Vi = x; — D F(xp),
2k = Xk — I (F () + F(xp))
Xk+1 = Xk — Dk (F(zi) + F(yr) + F(xp)) . 4.4)

To start with, let us recall some basic dynamical concepts. Consider a Fréchet
differentiable function G : R" — R". The orbit of a point x € R" is defined as the
set of successive images of x denoted by {x, G(x), Gz(x), v, GP(x),....} The
dynamical behavior of the orbit of a point of R" can be classified depending on its
asymptotic behavior. In this way, a point x 7 is a fixed point of G if G(x ) = x . A fixed
point x s is called attracting if ||Jg(x7)|| < 1, repelling if ||Jg(x7)|| > 1 and neutral
if [Jo(xp)ll = 1. If |[Jg(xs)]| = O, the point x ¢ is superattracting. Let x,s be an
attracting fixed point of the function G, its basins of attraction .A(x,s) is defined as the
set of pre-images of any order such that

A(xqr) = {x e R" : GP(x) = x4y for p — o0}

To study dynamical behavior, we consider a system of quadratic equations, representing
the intersection of two conics in R? given as

x2+2y=3
2xy =1

presents three simple real roots that are superattractive fixed points for the methods in
previous section. For generating basins of attraction associated with roots of nonlinear
system of equations, we take a square [—5, 5] x [—5, 5] of 1024 x 1024 points, which
contains all roots of concerned nonlinear system of equations and we apply the iterative
method starting in every point in the square. We assign a color to each point according to
the root to which the corresponding orbit of the iterative method, starting from the point,
converges. If the corresponding orbit does not reach any root of the polynomial, with
tolerance 1073 in a maximum of 25 iterations, we mark those points with black color.
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s 4 3 2 4 0 1 2 3 4 & -

4
(a) M

S5 o4 03 2 4 0 1 2 3 4 &
4
(c) M3

(e) M2

Figure 1: Basins of attraction for system of equations x% + 2xp = 3,2x1xp = 1 for
various methods.
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For the given test problem, it can be observed in Fig.1 that all the roots of the polynomial
system have their respective basins of attraction with different colors. Also the Julia set
can be seen as black lines of unstable behavior. Based on Fig. 1, we can see that M is
the best, followed by M?, while the rest of the methods contain more divergent points
than M‘f in the considered region.

5. Conclusion

In this paper, the recurrence relations are developed for establishing the convergence of
a fourth-order method for solving F(x) = 0 in Banach spaces. Based on recurrence
relations, we prove a semilocal convergence, which shows the existence-uniqueness the-
orem for this method. Numerical examples are worked out to demonstrate our approach
and show our method can be of practical interest.
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