
Advances in Applied Mathematical Analysis  
ISSN 0973-5313 Volume 11, Number 1 (2016), pp. 37-43 
© Research India Publications 
http://www.ripublication.com 

 

 
 

Existence And Uniqueness Of Solution Of Two Point 
Bvp’s Of Higher Order Sylster’s Equation On 

Measure Chains 
 
 

Goteti V.R.L. Sarma 
 

Department of Mathematics, University of Dodoma 
P.O.Box: 259, Dodoma, Tanzania 
e-mail: gvrlsarma@rediffmail.com 

 
 

Abstract: 
 

This article deals with the existence and uniqueness of solutions of boundary 
value problems related to higher order Sylslter’s equation on measure chains. 
Variation of parameters method is developed to find the particular solution of 
the equation. Later two point boundary value problem is solved and the 
uniqueness of solution is established using Banach fixed point theorem. 
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1 Introduction: 
In this paper we establish the existence and uniqueness of solution to the boundary 
value problem associated with higher order Sylster’s type equation on measure chains ∆ ,   

(1.1) 
 

(1.2) 
where , ,  and  are constant square matrices of order  and ,  
is a variable matrix whose elements are rd-continuous on a measure chain , . 
The results presented in this chapter generalises the existing results on existence and 
uniqueness of solutions to boundary value problems discussed in the articles includes 
them as a particular case. This paper is organised as follows; In section 2, we outline 
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the salient features of time scales. Section 3, deals with the method of solution of 
higher order Sylster’s type homogeneous equation on measure chains in terms of two 
fundamental matrix solutions and the using the variation of parameters method we 
derive the solution to non homogeneous equation (1.1). Finally in section 4, we 
discuss about analysis of matrix  and find the general solution and established its 
uniqueness. 
 
 
2 Salient features of time scales 
A measure chain (or time scale) is an arbitrary closed subset of real numbers R and it 
is denoted by T throughout the paper. Time scales are not necessarily connected and 
this topological handicap is eliminated by introducing the notion of jump operators σ 
and ρ as follows: 
 
Definition 2.1: Let T be a measure chain. For t ∈ T define the forward jump operator 
σ: T → T by σ (t) = Inf {s ∈ T: s > t } and the backward jump operator ρ: T → T by 
ρ(t) = Sup {s ∈ T: s < t }. 
A point t ∈ T is said to be right dense, right scattered, left dense and left scattered 
according as σ(t) = t, σ(t) > t, ρ(t) = t and ρ(t) < t respectively. 
The grainness μ: T → [o,∞) is defined by μ(t) = σ (t)-t. 
The set Tk which is derived from the measure chain T as follows: 
If T has a left scattered maximum m, then Tk = T-{m}, otherwise Tk = T. 
 
Definition 2.2: Let f: T → R, t ∈ Tk. Then define fΔ(t) to be the number (provided it 
exists) with the property that given any ∈>0, there exists a neighbourhood ∪ of t such 
that 
|[f(σ(t))-f(s)]-fΔ(t) [σ(t)-s] | ≤ ∈ |σ(t)-s | for all s ∈ ∪ 
Then fΔ(t) is called the delta derivative of f at t. 
If T = R, the delta derivative is same as that of ordinary derivative and for T = Z, fΔ(t) 
= f(t+1)-f(t) = Δf(t), which is the forward difference operator. 
 
Definition 2.3: We say that f is delta differentiable on Tk, if fΔ(t) exists for all t ∈ Tk. 
 
Result 2.1: Assume f, g: T → R are delta differentiable functions at t ∈ Tk, then 
(i)  f+g: T → R is delta differentiable at t with (f+g)Δ(t) = fΔ(t) +gΔ(t). 
(ii)  For any constant k, kf: T→ R is delta differentiable at t with (kf) Δ(t) = k fΔ(t). 
(iii)  fg: T x T→ R is delta differentiable at t with 
(fg) Δ(t) = fΔ(t) g(t) + f(σ(t)) gΔ(t) 

= f(t) gΔ(t) + fΔ(t) g(σ(t)). 
 
Result 2.2: Leibnitz like theorem on measure chains: If f(t) and g(t) are continuously 

 times delta differentiable functions on a measure chain T=[a,b] then 
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Definition 2.4: A function F: Tk → R is called an antiderivative of f: Tk → R, 
provided FΔ(t) = f(t) holds for all t ∈ Tk. Then the delta integral of f is defined = F(t)-
F(a) ∀ t ∈ T. 
 
Definition 2.5: Let f: T → T be a function. We say that f is rd-continuous if it is 
continuous in right dense points and if limit f (s) exists as s → t-for all left-dense 
points t ∈ T. 
 
Result 2.2: Rd-Continuous functions possess an anti derivative. 
 
Proof: For the proof we refer [2]. 
 
Section 3: Throughout this article  denotes the fundamental matrix solution of ∆  and Z(t) denotes the fundamental matrix solution of ∆

. 
 
Theorem 3.1: If  is a fundamental matrix solution of ∆  then  is 
also fundamental matrix solution of ∆ . 
 
Proof:  is a fundamental matrix solution of ∆  
This implies ∆  
Delta differentiating on both sides gives ∆ ∆   ∆  
Similarly ∆  
Continuing like this we can conclude that ∆  
Hence  is also fundamental matrix solution of ∆ . 
 
Theorem 3.2: Any solution of ∆  

(3.1) 
is of the form  where C is any square matrix of order . 
 
Proof: Using Lebnitz like theorem on measure chains for the  delta derivative of 
product of functions we have ∆  ∆ ∆ ∆  ∆ ∆  +... + ∆     
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 +....+        

Hence  is a solution of (3.1) 
To prove that every solution of (3.1) is of this form, let X(t) be a solution of defined 
by  where  is any variable matrix of order . 
Then using Leibnitz like theorem we have ∆  ∆ ∆ ∆   ∆ ∆  +... + ∆   ∆ ∆  
This is equivalent to R.H.S. of (3.1) if ∆  
i.e. ∆  
i.e.  is a solution of ∆  
Since Z(t) is the fundamental matrix solution of ∆  hence 

 
Hence  
Hence . This completes the proof. 
 
Theorem 3.3: Let  be a fundamental matrix solution of ∆  and Z(t) 
be a fundamental matrix solution of ∆ . Further suppose that the 
variable matrix  is such that ∆ ∆ ∆ ∆ ∆ 0 

(3.2) 
for each 2,3, … . 
Then the particular solution of  ∆ ,  

(3.3) 
is  … , ∆ ∆ … ∆  

 
Proof: Any solution of the corresponding homogeneous equation of (3.3) is in the 
form . Where C is any constant square matrix of order . Since 
such a solution can not be the solution of non homogeneous equation (3.3), by 
variation of parameters formula we can assume the C is a variable matrix and seek the 
particular solution of (3.3) in the form  
Substituting this in the equation (3.3) and using the condition (3.2) we get 
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∆ ,   ∆ ,  
By delta integrating  times on both sides we get  … , ∆ ∆ … ∆  

Hence the particular solution of (3.3) is   … , ∆ ∆ … ∆  

 
Theorem 3.4: Any solution of the non homogeneous system (3.3) is of the form 
X(t)    … , ∆ ∆ … ∆  

(3.4) 
 
Proof: Follows from the theorems 3.2 and 3.3 
Now let us consider the boundary value problem (1.1) satisfying (1.2). As the solution 
of the differential equation on measure chains (1.1) is given by equation (3.4) from 
the theorem 3.4, substituting the boundary condition (1.2) in the equation (3.4) we get   … , ∆ ∆ … ∆   

Which is in the form 
 

(3.5) 
Where , ,  ,  and 
K  … , ∆ ∆ … ∆  

(3.6) 
Now we will give analysis to find the unknown matrix in equation (3.5) in terms of , , ,   . 
 
Section 4: A method of solution of (1.1) satisfying (1.2) for first order dynamical 
systems in continuous case is given in [7] and [8]. We now present the technique of 
nth order case. We assume that F satisfies the Lipschitz condition on , . 
i.e. F s, X s F s, X s L X X  for L 1 

Now define  ,  ,   ,  ,  

If  and  are non singular then equation (3.5) reduced to 
 

(3.7) 
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where    and  
Now we present the following analysis to solve  in (3.6). 

 
 where  

Putting  in second term of (3.7) we get 
 

i.e.    
similarly    continuing 
like this we get     
If the spectral radii of  and  satisfies 1 then 0  ∞ 
In this case ∑∞  
i.e ∑  ∞  
Substituting this form of  in the general solution of (1.1) satisfying (1.2) given by 
equation (3.4) we get 
X(t)  ∑  ∞   … , ∆ ∆ … ∆  

Where  is given by the equation (3.6). 
To prove the uniqueness of solutions to the two point boundary value problem, define 
the operator X(t)   ∞   

… , ∆ ∆ … ∆  

Then    !  
We can show that the operator  is a contraction when ever    ! 1. 
Hence by Banach fixed point theorem the operator X(t) has a unique fixed point and 
this unique fixed point is the unique solution of the boundary value problem (1.1) 
satisfying (1.2). 
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