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1. Introduction 
In recent years a number of authors [1, 2, 4, 5, 7, 8, 9] have considered the following 
perturbed trapezoid and mid-point inequalities 

       (1) 

       (2) 

     where ƒ : [a, b] → R is a twice differentiable function and there exist constants γ, Γ 
∈ R, with γ ≤ ƒ′′(t) ≤ Γ, t ∈ [a, b] while C is a constant. We can find 
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     C = 
1

8
, C = 

1

6 5
, C = 

1

18 3
, C = 

1

32
 and C = 

1

24 5
, respectively. 

 
     Recently, Cheng and Sun [3], Liu [6] showed that the best constants in (1) and (2) 

are both C = 
1

36 3
 by defining 

      
respectively. 
     In this paper, we obtain a generalization of perturbed trapezoid and mid-point 
inequalities by defning a uniform r(t) as in (3). Our result in special case yield the 
above existing results. Finally, we give applications in numerical integration. 
 
 
2. Main Results 
Theorem 1. Let I ⊂ R be an open interval, a, b ∈ I, a < b. If ƒ : I → R is a twice 
differentiable function such that ƒ′′ is integrable and there exist constants γ; Γ ∈ R; 
with γ ≤ ƒ′′ (t) ≤ Γ, t ∈ [a, b], 0 ≤ λ ≤ 1. Then we have 

       

       
     Proof. Let r : [a, b] → R be given by 

       (3) 

     Integrating by parts, we have 
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       (4) 

     and  

       (5) 

     If C is a constant then from (4) and (5) it follows 

      (6) 

     If we choose , then we have 

      (7) 

     and it is easy to calculate by substitution  that 

       (8) 

     From (7) and (8) we get the result.  

 
     Remark 2. We note that in the special cases, if we take λ = 1 and λ = 0 in 
Theorem 1 respectively, we get Theorem 1.2 in [3] and Theorem 1 in [6]. 
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     Corollary 3. Under the assumptions of Theorem 1 and with , we have the 
inequality 

      (9) 

     Corollary 4. Under the assumptions of Theorem 1 and with λ = 
1

3
, we have the 

Simpson inequality 

      (10) 

     Corollary 5. Under the assumptions of Theorem 1 and with λ =
2

3
, we have the 

inequality 

      (11) 

 
 
3. Applications in numerical integration 
Theorem 6. Let the assumptions of Theorem 1 hold. If D = {a = x0 < x1 < … < xn = 
b} is a given division of the interval [a; b] then we have 

      
     where 
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     and hi = xi+1 – xi, i = 0, 1, 2, …, n – 1. 
 
     Proof. Apply Theorem 1 to the interval [xi, xi+1], i = 0, 1, 2, …, n – 1 and sum. 
Then use the triangle inequality to obtain the desired result.  
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