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Abstract

Next-to-shortest path between two vertices is a path whose length is strictly greater
than the length of the shortest path between the given pair of vertices. The next-
to-shortest path problem is an important problem in graph theory and it has many
applications in real life problems. This problem is a variation of K-shortest paths
problem that finds applications in various fields. In this paper we present an effi-
cient algorithm to find next-to-shortest path between any pair of vertices u, v on
trapezoid graphs with n vertices which runs in O (n?) time.
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1. Introduction

A trapezoid i is defined by four corner points [a;, b;, c;, d;] such that a; and b; (> a;) are
on the top line and ¢; and d; (> c¢;) are on the bottom line of the trapezoid diagram. A
trapezoid diagram consist of two horizontal parallel lines, named as top line and bottom
line. Each line contains n intervals. Left end point and right end point of an interval i
are a; and b; on the top line and ¢; and d; on the bottom line. Let 7 = {1, 2, ..., n}, be
the n trapezoids where trapezoid i is represented in the trapezoid diagram by four corner
points [a;, b;, ¢;, d;], a;, c; are the left end points and b;, d; are the right end points. Let
G = (V, E) be an undirected graph with n vertices and m edges and let V = {1, 2, ..,
n}. G is said to be a trapezoid graph if it can be represented by a trapezoid diagram such
that each trapezoid corresponds to a vertex in V and (i, j) € E if and only if trapezoids
i and j intersect in the trapezoid diagram [3]. Two trapezoids i and j (> i) intersect if
and only if either (a; — b;) < 0 or (¢; — d;) < 0 or both. We assume that the graph
G = (V, E) is connected. Without any loss of generality we assume the following:

(a) a trapezoid contains four different corner points and that no two trapezoids share
a common end point,

(b) trapezoids in the trapezoid diagram and vertices in the trapezoid graph are one and
same thing,

(c) the trapezoids in the trapezoid diagram 7T are indexed by increasing right end points
on the top channelie., 1 <2 <3 <--- <nifandonlyif by < by <--- < by,.

Figure 2 and Figure 1 represent a trapezoid diagram and corresponding trapezoid
graph respectively. The class of trapezoid graph includes two well known classes of
intersection graphs: the permutation graphs and the interval graphs [5]. The permutation
graphs are obtained in the case where a; = b; and ¢; = d; for all i and the interval
graphs are obtained in the case where a; = ¢; and b; = d; for all i. Trapezoid graphs
can be recognized in 0(n2) time [10]. The trapezoid graphs were first studied in [2,
3]. These graphs are superclass of interval graphs ,permutation graphs and subclass of
cocomparability graphs [9].

1.1. Definitions

Let G = (V, E) be a graph with vertex set V and edge set E, where n be the number
of vertices in V and m be the number of edges in E. The distance between two vertices

3 2 5 6
1 4 8 7

Figure 1: A trapezoid graph G.
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Figure 2: A trapezoid diagram T of a trapezoid graph 1.

u and v in G is denoted by d(u, v) and it is the minimum number of edges required to
traversed from u to v.

Next-to-shortest path between two vertices is a path whose length is strictly greater
than the length of the shortest path between the given pair of vertices. Next-to-shortest
distance between two vertices u# and v is the length of the next-to-shortest path between
u and v and it is denoted by d,, (u, v).

1.2. Applications

The next-to-shortest path problem is an important problem in graph theory and it has
many applications in real life problems. This problem is a variation of K -shortest paths
problem that finds applications in operations research, telecommunications, VLSI design
and in optimizing compilers for embedded systems [7].

1.3. Survey of the Related Works

Problem of finding next-to-shortest path between two vertices have received much less
attention due to the fact that in directed graphs, when we allow edges of length zero, the
problem has been shown to be NP-hard [8]. Finding next-to-shortest paths in undirected
graphs with strictly positive edge length in time O (n’m) is studied [6]. Also Lalgudi
et al. [8] have designed an algorithm for computing strictly second shortest paths in
directed graphs in O (n*m) time. Recently mandal et al. [11] have designed an optimal
algorithm to solve next-to-shortest path problem on circular-arc graphs, in O(n) time
where n be the number of vertices.

1.4. Main Result

Here we consider the problem of finding next-to-shortest path in undirected, simple and
connected trapezoid graphs. We have designed an efficient algorithm to find next-to-
shortest path between any two vertices on trapezoid graphs, in O (n?) time where n be
the number of vertices of the trapezoid graph.

1.5. Organization of the Paper

In the next section, we have discussed about BFS tree of trapezoid graphs. In Section 3,
we present the algorithm of marking all alternative shortest paths between two vertices u
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Figure 3: A BFS tree T*(6) of the graph G of Figure 1.

and v of trapezoid graphs. Some notations are also presented in this section. In Section 4,
we prove the important results relating to next-to-shortest path on trapezoid graphs. The
algorithm is presented to find next-to-shortest path between two vertices in Section 5.
The time complexity is also calculated in this section.

2. BFS Tree on Trapezoid Graph

It is well known that BFS is an important graph traversal technique and also BFS con-
structs a BFS tree. In BFS, started with a vertex v, we first scan all edges incident on v
and then move to an adjacent vertex w. At w we then scan all edges incident on w and
move to an adjacent vertex of w. This process is continued till all edges in the graph are
scanned [4].

BES tree can be constructed on general graphs in O(n + m) time where n and
m represent respectively the number of vertices and number of edges [15]. Recently,
Mondal et al. [12] have designed an Algorithm TBFS to construct a BFS tree 77 (i)
with root as i € V on trapezoid graph G = (V, E) in O(n) time where n is the number
of vertices. The BFS tree T*(6) with root as 6 of trapezoid graph of Figure 1 is shown
in Figure 3.

We define the level of a vertex v as a distance of v from the root i of the tree T7(i)
and denoted by level(v), v € V and take the level of root i as 0. The level of each
vertex on BFS tree T*(i), i € V can be assigned by the BFS algorithm of Chen and
Das [1].

2.1. Computation of Main Path on BFS Tree 77(i)

In BFS tree T*(i), i is the the root of T*(i). Let y be another specified vertex whose
distance from i is k. Now, y — z; — z0 — -+ — zx—| — i, with z; as parent of y,
Zj+1 asparentof z; forall j =1,2,3,...,k—2andi as parent of z;_1, is the shortest
path between i and y on BFS tree T (i) and this path is called main path betweeni and y.
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Also we assume that the vertex whose distance from i is j along the main path, is denoted
by Uj.

3. Marking of all Alternative Shortest Paths
between two Vertices on Trapezoid Graph

We mark all alternative shortest paths between two vertices u and v, i.e., we construct
a subgraph M*(u, v) of the graph G, which contains only all alternative shortest paths
between u and v by the following algorithm.

Algorithm MAST

Input: The corner points [a;, b;, c;, d;] of the trapezoid i foralli = 1,2, ..., n.

Output: All marked alternative shortest paths between u and v, which is a sub graph
of G = (V, E) and denoted by M*(u, v).

Step 1: Compute open neighbourhood, N ('), forallu’ € V.

Step 2: Construct a BFS tree 7*(u) of the graph G with root as u.

Step 3: Mark the main path between u and v on BFS tree asug — u; — uy — -+ — ug
where u = ug, u; = parent(uj+1) fori =0,1,2,...,k—1and v = ug, i.e.,
k = d(u, v) and k be a positive integer.

Step 4: Mark all unmarked vertices at level k — 1 which are adjacent to v on BFS
tree and connect them (if they are not connected on tree) with v by edges
and mark the edges.

Step 5: Mark all unmarked vertices at level £ — 2 which are adjacent to the marked
vertices of level k — 1 and add the edges(if they are not connected on tree)
between the marked vertices of level k — 1 and the marked vertices of level
k — 2 and also mark the edges(if they are not marked) between the
marked vertices of level k — 1 and the marked vertices of level k — 2.

Step 6: This process will be continued until we mark all edges between u and the
marked vertices of level 1.

Step 7: Delete all unmarked vertices from BFS tree.

end MAST.

Algorithm MAST gives the sub graph M™*(u, v) of G. A subgraph M*(6, 1) of the
graph of Figure 1 is shown in Figure 4. Now we calculate the time complexity of the
Algorithm MAST. For this purpose, we define the set X; as follows: X;: the set of
marked vertices at level i on M ™ (u, v) with X¢ = {u} and |X;| = [x_; where i (> 0) is
integer and d (u, v) = k (positive integer).

Theorem 3.1. The time complexity of marking all alternative shortest paths between
two vertices on BFS tree is O(nz).

Proof. Step 1 can be computed in O (n?) time. In Step 2, BES tree can be constructed
in O(n) time. In Step 3, time complexity of marking the main path between u and v
is O (n) time [12]. Step 4 can be completed in O (/;) time. Time complexity of Step 5
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6

Figure 4: Sub graph M*(6, 1) of the graph G of Figure 1.

is O(l1ly) time. Time complexity of Step 6 is O (lpl3 + l3lgy + - -+ + lx—2lk—1 + lk—1)
time. Also, Step 7 can be completed in O (n) time. Hence the total time complexity of
Algorithm MAST is

01 + 0(n) + On) + O(ly) + O(hly) + O(lals

+ 0l + -+ ol + 1) + O(n)

=0m*) + Ol +hls+hly+ -+ aly_y)

=0m)+ 01/ +hL+ - +h-1)>—U/D(F+E++1)
-+ 0+ -+ Ll hla+ Dbls- -+ bl + 13l
+hlg- -+ Bl + -+ lk—3lk—1))

<0m®) + 01/ + b+ -+ [1)?)

<0m*) +0((1/ndlas L+l + -+ Ly <n]

< 0@

Therefore, the over all time complexity of the Algorithm MAST is O (n?). |

3.1. Some Notations

In this subsection, we present some notations which are following.

k :  the length of shortest path between any two vertices u, v.

d,(u,v) : next-to-shortest distance between two vertices u and v,

U; . u; is the vertex on the main path at level i of BFS tree
T*(u) with ug = u.

X; . the set of marked vertices at level i on M™(u, v) with

Xo = {u}and | X; |= lx—i, where i (> 0) is integer.
X L X =Unk Dy,
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UMD x000, ks odd,
Y D Y =
Ugi/oz)_ngiﬂ, k is even.
M; : Open neighbourhood set of u; excluding adjacent vertices on
the main path i.e., M; = N(u;) — {uij+1} — {ui—1}.
level(v) : the distance of vertex v from the root u of T*(u), i.e.,

d(u,v) =level(v).

Before going to our proposed algorithm we prove the following important results relating
to next-to-shortest path on trapezoid graphs.

4. Important Results Relating to Next-to-Shortest Path on
Trapezoid Graphs

In this section we present some important results relating to next-to-shortest path on
trapezoid graphs as follows.

Lemma 4.1. There exist no cycle of length greater than four without a chord in trapezoid
graphs.

Proof. To prove this lemma we consider a trapezoid graph G = (V, E) whose trapezoid
diagram is shown in the Figure 6.

From the Figure 3, it is clear that G contains a cycle of length four without any chord.
Now, we construct a graph G’ = (V’, E’) shown in the Figure 7 by inserting a vertex 5
between any two vertices ,say, between the vertices 2 and 3 of the graph G. Therefore
(2,3) € E',(3,5) € E'and (2,5) € E’. Now, (2,3) ¢ E' implies b < a3 in top
line and d, < c3 in bottom line. (3,5) € E’ implies as < b3 in top line or ¢5 < d3 in
bottom line or both. (2,5) € E" implies as < b, in top line or ¢5 < d, in bottom line or
both.Therefore we have,

(1) as < by < a3z < bz in top line, or
(i1) ¢5 < dp < ¢3 < d3 in bottom line.

Again from graph G we have, (iii) a; < b1 < ay < by < a3 < bz < a4 < by
in top line and (iv) c3 < d3 < c4 < dy < ¢1 < di < ¢3 < dp in bottom line.

4 2

Figure 5: A trapezoid Graph with a cycle of length four.
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Figure 6: A trapezoid diagram of a trapezoid graph of Figure 5

[
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Figure 7: A graph G’ which is not a trapezoid graph.

From (iii) we have, (v) b < a3 < b3 < a4 < byg and From (iv) we have, (vi)
C3<d3<C4<d4<C] <d1.

Now, combining (i) and (v) we have as < by < a3 < b3 < a4 < b i.e., as < by.
This implies (4, 5) € E’. Again combining (ii) and (vi) we have, c5s < dy < ¢3 < d3 <
c4 <dy <cy <die. cs <dand cs < dy. This implies (1,5) € E" and (4,5) € E’.
If (i) arise in top line and (ii) arise in bottom line, then also we prove that G’ has at least
one edge among (4, 5) and (1, 5). Hence there exists no cycle of length five without any
chord in trapezoid graph. Similarly if we consider a cycle of length six or more then by
similar way we can easily prove that there must exists at least one chord. Hence we can
say that there exists no cycle of length greater than four without any chord in trapezoid
graphs. |

Now we shall discuss the existence conditions of the next-to-shortest path in trapezoid
graphs.

Lemma 4.2. If N(u') N N(v') # ¢ for at least one u’ € X and at least one v’ € Y then
dp(u,v) =d(u,v)+ 1 where u and v are two vertices of trapezoid graph.

Proof. Let N(u') N N(v') # ¢ for at least one u’ € X and at least one v’ € Y. This
implies that there exists at least one vertex y € N(u') N N(v') such that ' — y — v’
be the next-to-shortest path between u” and v'. So if we insert y between u” and v’ in
any shortest path between u and v through u" and v’ then d, (1, v) = d(u, v) + 1 and
corresponding next-to-shortest path between # and v willbe u < u' — y — v/ < v
where u < u’ and v’ < v be shortest path between u and u’ and v’ and v respectively
on M*(u, v). [ |
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Lemma 4.3. f Nw')NNQ@') = ¢ forallu’ € X and forall v’ € Y and (x,y) € E
where x € M; and y € M; for any value of i,i =0,1,2,...,k — 1 then d,(u, v) =
d(u, v) + 2, where u and v are two vertices in trapezoid graph.

Proof. Let N(u') N N(v') = ¢ for all u’ € X and for all v € Y. Also assume that
ug — up — up — --- — uj be the main path between two vertices u# and v of length k,
ie.,d(u,v) = k. Now, if (x, y) € E where x € M; and y € M; for at least one value
ofii=0,1,2,...,k—1)sayi = [, thenu; - x — y — u;4 be the next-to-shortest
path between u; and u;,1. So if we insert x — y between u; and ;| for any value of
i(i=0,1,2,...,k—1)in main path between u and v, then d,,(u, v) = d(u, v) + 2 and
corresponding next-to-shortest path willbe ug - uy - up - -+ -y > x - y -
Uiyl —> Ujyp —> -+ —> Ug. [ |

Lemma 4.4. There is no next-to-shortest path of length greater than the length of shortest
path by three or more between any two vertices in trapezoid graphs.

Proof. By Lemma 4.1 we know that there is no cycle of length greater than four without
chord in trapezoid graphs. So we can say that there is no possibility of existing any
next-to-shortest path of length greater than the length of shortest path between any two
vertices by three or more. |

Lemma 4.5. The next-to-shortest path does not exist between two vertices u and v
on trapezoid graph if N(u') N N(v') = ¢ for all ' € X and for all v € Y and
(x,y) & Ewherex € N(u;) —{ujy1}andy € N(uj+1) —{u;} foralli(i =0,1,2,...,
k—1).

Proof. f Nu') N N(v') = ¢ for all u’ € X and for all v’ € Y then there is no cycle of
length three whose one edge is situated on the shortest path between two vertices u and
v. So we can say that there is no next-to-shortest path of length greater than the length
of shortest path between u and v by one.

Again if (x,y) € E where x € N(u;) — {uj+1} and y € N(ujy+1) — {u;} for all
i(i=0,1,2,...,k— 1) then there is no cycle of length four connecting with the main
path between u and v. So we can say that there is no next-to-shortest path of length
greater than the length of shortest path between u and v by two.

Besides, in Lemma 4.4 we prove that there is no next-to-shortest path of length greater
than the length of shortest path by three or more between any two vertices in trapezoid
graphs. Therefore if N(u') NN (v') = ¢ forallu’ € X and forallv’ € Y and (x, y) ¢ E
where x € N(u;) — {u;jy1}andy € N(uj+1) —{u;}foralli(i =0,1,2,...,k—1) then
next-to-shortest path does not exist between u and v. [

S. The Algorithm

To find the next-to-shortest path between two specified vertices u and v we construct
a BFS tree with root as u and mark all alternative shortest path between u and v.Then
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compute the sets X; (i = 0,1,2,---,k), X and Y. The main algorithm to find the
next-to-shortest path is following.

Algorithm TNSP
Input: A trapezoid graph G with the corner points [a;, b;, ¢;, d;] of the trapezoid i for
alli =1,2,...,n.
Output: Next-to-shortest path between u and v.
Step 1. Construct a BFS tree T*(u) with root as u
and let ug — u; — up» — --- — uy be the main path between u and
v on BFS tree with ug = u and u; = v.
Step 2. Mark all alternative shortest path between u and v, i.e., construct M™*(u, v).
Step 3. Compute sets X;,i =0,1,2,...,k and
X = Ui.l’ék/z)Xzi and

uj’jg"/z)sz’ k is odd,

UEI(:/OZ)_1X21~+1, k is even
Step 4. Compute the open neighbourhood N (1) forallu’ € X UY
Step 5. If N(u') N N(v') # ¢ for at least one u” € X and at least one v’ € Y then
dy(u,v) =d,v) + 1.
Compute next-to-shortest path using Lemma 4.2.
Stop.
Step 6. IfE N(u')NNQ@') = ¢ forallu’ € X and v’ € Y then
compute set M; fori =0, 1, ...,k — 1.

Step 6.1. If (x,y) € Eforx e M;andy € M;; foranyi (i =0,1,...,k—1)
then
dy(u,v) =du, v) + 2.
Compute next-to-shortest path using Lemma 4.3.
Stop.
Else d,,(u, v) = d(u, v)
end TNSP.

Theorem 5.1. The time complexity to find the next-to-shortest path between any two
vertices u and v in trapezoid graph is O (n?), where n is the number of vertices of
trapezoid graph G.

Proof. Step 1, a BES tree can be constructed in O(n) time. The time complexity of
marking all alternative shortest paths between two vertices u# and v in Step 2, is 0 (n?)
time. Step 3 can be computed in O (n) time. Also, Step 4 can be computed in 0 (n?)
time. In Step 5, the time complexity of checking N (u') N N(v") # ¢ for at least one
u' € X and at least one v’ € Y is O (n?) time. In Step 6, sets M;,i =0,1,2, ...,k — 1
can be computed in O (n) time. The time complexity of checking (x, y) € E forx € M;
and y € My foranyofi (i =0,1,...,k—1)1is O(nz) time. Hence, over all time
complexity of the Algorithm TNSP is O (n?). [
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