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Abstract

This paper presents an analysis of the errors of the Data-Ordinary-Total least norm
(squares) problem AX ≈ B, where A ∈ Cm×n, B ∈ Cm×p by using arbitrary norm
(Frobenius norm). Also we state some conditions which the minimum errors cannot
be attained.
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1. Introduction

Let A ∈ Cm×n be a data matrix and B ∈ Cm×p be an observation matrix. An over
determined set of linear equations AX ≈ B arises in a broad class of scientific prob-
lems, where usually, R(B) � R(A) and hence this set does not have an exact solution.
Throughout this paper ‖.‖F denotes the Frobenius norm on Cm×(n+p) and ‖.‖ denotes a
fixed arbitrary norm on Cm×(n+p).

In ordinary least squares approach the measurements A are assumed to be free of
error and all errors are confined to data matrix B. Then we are looking to find

inf
�B∈Cm×p

‖�B‖F , AX = (B − �B) has a solution. (1.1)

In underlying assumption the matrix A is exactly known, see [2, 4, 5].
In data least squares approach observation matrix B are assumed to be free of error

and all errors are confined to data matrix A, We are looking to find

inf
�A∈Cm×n

‖�A‖F , (A − �A)X = B has a solution. (1.2)

In underlying assumption the matrix B is exactly known see [3].
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In the above assumptions the data matrix A or observation matrix B are free of
error, but these assumptions are frequently unrealistic: sampling errors, human errors,
modeling errors, and instrument errors may imply inaccuracies in data matrix A and
observation matrix B. In total least squares approach random errors occur in both the
observation matrix B and data matrix A,

inf
[�A|�B]∈Cm×(n+p)

‖[�A|�B]‖F , (A − �A)X = (B − �B) has a solution. (1.3)

In the above equation if the infimum is attained i.e. there exist �A and �B such that
(A−�A)X = (B −�B) has a solution, then X is called the total least square solution.
The following example shows that in some cases there is no total or data least square
solution.

Example 1.1. Let A =
(

1 0
0 0

)
and B =

(
1
1

)
. Let ε be an arbitrary non zero real

number. Define �A =
(

0 0
0 ε

)
and �B =

(
0
0

)
. Then (A − �A)X = (B − �B)

has a solution for all non zero ε ∈ R and hence inf ‖[�A|�B]‖ = 0. Thus, there is no
total or data least square solution.

Although the name “total least squares” has appeared only recently in the literatures,
this method of fitting is certainly not new and has a long history in the statistical literature
where the method is known as orthogonal regression or errors-in-variables regression.
In the field of numerical analysis, this problem was first studied by Golub and Van Loan
[5]. Their analysis, as well as their algorithm, is strongly based on the Singular Value
Decomposition (SVD). Some descriptions of TLS are given in [6, 7, 10, 11].

In this case, a best estimate of X is found by fitting a best subspace S to [A; B]
such that rank (Â) = rank([Â; B̂]), where [Â; B̂] is the projection of [A; B] into S.
By solving this adjusted set ÂX = B̂, X is obtained and is called the total least square
solution.

2. Data-Ordinary-Total Least Norm

In some situations, the use of a norm other than the Frobenius norm may be preferable.
For example, if the data contains outliers, an L1 norm might be more suitable [1].

Let A ∈ Cm×n is a data matrix and B ∈ Cm×p is an observation matrix. Define

P s
t (A, B) = {[tE; sF ] ∈ Cm×n × Cm×p : (A − tE)X = B − sF has a solution},

ρs
t (A, B) = inf

[tE;sF ]∈P s
t (A,B)

‖[tE; sF ]‖. (2.1)

where ‖.‖ denotes an arbitrary norm on Cm×(n+p) and t, s ∈ {0, 1}.
If we consider the Frobenius norm, the above notations have explained ordinary least

square problem whenever t = 0, s = 1, data least square problem whenever t = 1, s = 0
and total least square problem whenever t = 1, s = 1.
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Also, if there exists an [E0; F0] ∈ Cm×n×Cm×p such thatρs
t (A, B) = |[tE0; sF0]‖F ,

and [tE0; sF0] ∈ P s
t (A, B). Then any solution of (A − tE0)X = B − sF0 is called

the ordinary least squares solution whenever t = 0, s = 1, data least squares solution
whenever t = 1, s = 0 and total least squares solution whenever t = 1, s = 1.

Lemma 2.1. Let (A, B) ∈ Cm×n×Cm×p and letρs
t (A, B)be as in (2.1), thenρ1

1(A, B) ≤
min{ρ0

1(A, B), ρ1
0(A, B)}.

Proof. Since P 1
1 (A, B) ⊆ P 0

1 (A, B) and P 1
1 (A, B) ⊆ P 1

0 (A, B), then ρ1
1(A, B) ≤

ρ1
0(A, B) and ρ1

1(A, B) ≤ ρ0
1(A, B). �

Now, in the following examples we compare ρ0
1(A, B) and ρ1

0(A, B).

Example 2.2. Let A =
(

1 0
0 0

)
, B =

(
0
1

)
and ‖.‖ be an arbitrary norm on C2.

Then, 0 = ρ0
1(A, B) < ρ1

0(A, B) =
∥∥∥∥
(

0
1

)∥∥∥∥.

Example 2.3. Let A =
(

0
1

)
, B =

(
1/2
0

)
and ‖.‖ be an arbitrary permutation

invariant norm on C2. Then,

∥∥∥∥
(

1/2
0

)∥∥∥∥ = ρ1
0(A, B) < ρ0

1(A, B) =
∥∥∥∥
(

0
1

)∥∥∥∥.

Now, we state a necessary and sufficient condition ρs
t (A, B) = 0. The following

Theorem cover and extend Proposition 3.1 [6].

Theorem 2.4. Let (A, B) ∈ Cm×n×Cm×p and let ρs
t (A, B) be as in (2.1). The following

are equivalent,

(i) rank([A|B]) ≤ n.

(ii) ρ0
1(A, B) = 0.

(iii) ρ1
1(A, B) = 0.

Proof. Let ‖.‖ be an arbitrary norm on Cm×(n+p). First we show that (i) ⇒ (ii). Let
A = [A1| · · · |An] and B = [B1| · · · |Bp] such that {Ai1, . . . , Aik} is a basis for the
column space of A and {Ai1, . . . , Aik , Bj1, . . . , Bjl

} is a basis for the column space of
[A; B]. Assume that rank([A|B]) ≤ n, then k + l ≤ n. Since k + l ≤ n, we define
an m × n matrix E = [E1| · · · |En] such that E1 = Ai1, . . . , Eik = Aik , Eik+1 =
Bj1, . . . , Eik+l

= Bjl
, and the rest of the columns of E be zero. The system of equations

(A − δE)X = B has a solution, because rank(A − δE) = rank([A − δE|B]) = k + l.
Then [δE|0] ∈ P0

1 (A, B) for all δ > 0. Let ε > 0 be given, then there exists a
δ > 0 such that [δE|0] ∈ P0

1 (A, B) and ‖[δE|0]‖ ≤ ε. Therefore, ρ0
1(A, B) =

0. By Lemma 2.1, (ii) ⇒ (iii). It is enough to show that (iii) ⇒ (i). Assume
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that ρ1
1(A, B) = 0. Then, there exist [Ek|Fk] ∈ P 1

1 (A, B) such that ‖[Ek|Fk]‖ →
0 as k → 0. Since all norms in a finite dimensional spaces are equivalent. Then,
there existsα > 0 such that ‖.‖F ≤ α‖.‖. Hence ‖[Ek|Fk]‖F → 0. By [8, 6], we
known that for any k = 1, 2, . . . , ‖[Ek|Fk]‖F ≥ σn+1, where σ1 ≥ · · · ≥ σn+p are
the singular values of the matrix [A; B]. Then σn+1 = · · · = σn+p = 0, and hence
rank[A; B] ≤ n. �

Now, we state a necessary and sufficient condition that ρ1
0(A, B) = 0

Proposition 2.5. Let (A, B) ∈ Cm×n × Cm×p, ρs
t (A, B) be as in (2.1)and ‖.‖ be an

arbitrary norm on Cm×p. Thenρ1
0(A, B) = 0 if and only if col space(B) ⊆ col space(A),

where col space(A) denotes the column space of A.

Proof. Assume that col space(B) ⊆ col space(A), then [0; 0] ∈ P1
0 (A, B) and hence

ρ1
0(A, B) = 0. Conversely, assume ρ1

0(A, B) = 0. then, there exist [0|Fk] ∈ P 1
0 (A, B)

such that ‖Fk‖ → 0. This means that col space(B − Fk) ⊆ col space(A) for all
k = 1, 2, . . .. Since col space(A) is a closed subspace and ‖B − Fk‖ → ‖B‖. Thus,
col space(B) ⊆ col space(A). �

3. Free Structured Data-Ordinary-Total Least Norm Problem

Let A ∈ Cm×n be a data matrix and B ∈ Cm×p be an observation matrix. An alternative
formulation of the total least squares problem as a matrix low rank approximation problem
was introduced by S.Van Huffel [7] as, free total least square problem,

[Â, B̂] := arg min
[Â,B̂]

‖[A − Â, B − B̂]‖F subject to rank([Â, B̂]) ≤ n. (3.1)

Example 1.1 shows that a total least squares problem may has no solution. But it is
easy to see that a free total least squares problem always has a solution.

Now we define the free Data-Ordinary-Total Least Norm problems as follows:

Â := arg min
Â

‖[A − Â, 0]‖ subject to rank([Â, B]) ≤ n, (Free Data Least Square).

(3.2)

B̂ := arg min
B̂

‖[0, B − B̂]‖ subject to rank([A, B̂]) ≤ n, (3.3)

(Free Ordinary Least Square).

[Â, B̂] := arg min
[Â,B̂]

‖[A − Â, B − B̂]‖ subject to rank([Â, B̂]) ≤ n, (3.4)

(Free Total Least Square).

In many applications of signal processing, system identification and system response
prediction, the matrix A has a special structure, such as Toeplitz or Hankel matrix, see [1].
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The important advantage of the Structured Data-Ordinary-Total Least square formulation
is that it permits a known structure of the matrix A and [A|B] to be preserved in Â and
[Â|B̂], respectively. It will be nice to consider the free structured Data Ordinary Total
least square (norm) problems.
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