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Abstract 
 

The object of this article is to present a generalization of stirling numbers 
and polynomials which were studied in a number of earlier work on the 
subject due to their importance for possible applications in certain problems 
arising in science and engineering (like curve fitting, coding theory, signal 
processing etc.). We prove that are result concerned the generalized stirling 
numbers are the consequence of the result of Toscano and Chak. The new 
explicit expressions for generalized stirting numbers are also given. The 
results obtained are of general character and include the investigations carried 
out by several authors including Riordan Singh, Sinha and Dhawan, 
Shrivastava etc.  
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1. Introduction  
The work of Riordan [ 7 ] (p. 90 et seq.), we denote by ),( mnS  the stirling numbers 
of second kind, defined by  
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     The corresponding polynomials so called single variable Bell polynomials (sec      
[ 6 ], [ 12 ]), are defined by 
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     Singh [ 19 ], Sinha and Dhawan [ 20 ] and Shrivastava [ 18 ], studied the 
generalized stirling numbers and polynomials defined, respectively, by  
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It is easily verified from [ 10 ] that 
rr pxnpx
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i. e. the generalized Truesdell polynomials [ 14 ].  
Singh’s generalization was motivated by the generalization of Hermite polynomials of 
Gould-Hopper [ 5 ] given by  
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     In this article, we will study the following new generalized stirling numbers and 
polynomials in the following general form 
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evidently, when β → λ, equation (6) and (7) would reduce to (4) and (5) respectively, 
which in turns, will yield (1) and (3) respectively for  r-1 = α = 0. 
In this paper we prove that our result by using the fundamental result of Toscano [ 14 
] and Chak [ 1 ].  
The new explicit expression for our numbers are also given.  
 
Recurrence formula & proof 
The recurrence formula as well as proof of our result can be easity derived from the 
result of A. M. Chak  [ 1 ].  
Starting with the following notation.  
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and so, from (6), we have 
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where ),(
,

λα
mnA are numbers defined by A. M. Chak [ 1] in the following way  
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so, using proved equations and the recurrence from [ 1 ] 
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we get a recurrence formula for (6) 
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for polynomial (7), we get from [ 1 ] easily 

)(),,( )/(
1

,

)(),,( rr

r
n

nn
n pxGxrprxT −=− +−

− α
λβ

λβλβα  

where )()(
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α
λ are a class of polynomials from [ 1 ].  

 
Explicit expression for ),,(),,( rmnS λβα  

In this section, we use the results from Caki`c [ 16 ] (see theorem 4 and comment by 
L. Carlitz) and milovanovic` and Cakic` [ 4 ] (see theorem 3).  
Applying Carlitz’s [ 8 ] extension of a result of wang [ 17 ].  
In this section, we prove the theorem about new explicit expressions for numbers 

),,(),,( rmnS λβα .  

 
Theorem: We have 
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1}, such that i0+i1 +… + in-1= n-m 
     proof: Introduce the notation.  
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For in-1∈{0, 1} we get from (9) 

),,(),,( rmnS λβα =

∑∑
−−=

−
−−−=

−
−−












 +−−++

mnS
n

n

mnS
n

n

nn

iiCm
r

n
r

riiCr
)1(

20
)1()1(

20

11

),...,()1(),...,(.
λβα

 

i. e.  
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for m=0 and m=n, we have 
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this complete the proof. 
 
Remarks : In above theorem we use the convention if α=0 then i0=0.  
Notice that for bigger values of m (m>[n/2]) this formula are simpler than classical 
expression (6). For example if we take m=n-1, then from (6), we find. 
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2. Particular Cases 

(i) Through our generalized stirling numbers and polynomials, we can deduce all 
the generalized stirling numbers and polynomials and their special cases.  

(ii) Some important special cases of our numbers ),,(),,( rmnS λβα are “weighted 

stirling numbers of the second kind” ([ 10 ]  [ 11 ]). R (n,m,λ) = )1,,()( mnS λ = 

)1,,()1,1,( mnS λ  

(iii) “Degenerate stirling numbers of the second kind [ 9 ] 
)1,,()/,( )1,1,0( mnSmnS θθ −= . 

(iv) Degenerate weighted stirling numbers of the second kind” [ 3 ] . 
)1,,()/,,( )1,1,( mnSmnS θλθλ −= . 



On generalized stirling numbers and polynomials 13 

 

References 
 
[1] A.M. Chak. “A class of polynomials and generalized stirling numbers”. Duke 

Math Jour. 23(1956):45-55. 
[2] E. D. Rainville, Special functions, Macmillan Co., New York; Reprinted by 

Chelsea publ. Co. Bronx, New York, 1960. 
[3] F.T. Howard. “Degenerate weighted stirling numbers”. Discrete Math. 

57.(1985):45-58. 
[4] G. V. Milovanovic & N. P. Cakic. “Explicit formulas for numbers of 

carlitzand Toscano”. Facta unversitatis Ser. Math Inform.9 (1994):1-5. 
[5] H. W. Gould & A. T. Hopper. “ Operational formulas connected with two 

generalizations of Hermite polynomials”. Duke Math. Jour.29 (1962):      51-
64. 

[6] J. Riordan. An introduction to combinatorial analysis. New York: Wiley,1958. 
[7] J. Riordan, combinatorial identities, Wiley tracts on Probability and Statistics, 

John Wiley and Sons, New York, London, Sydney 1968.  
[8] L. Carlitz. “Note on a Binomial Identity”. Bolletino U.M.I. (4) 9(1974): 644-

646. 
[9] L. Carlitz. “Degenerate stirling, Bernoulli and Eulerian numbers”. Utilitas 

Math 15 (1979): 51-88. 
[10] L. Carlitz. “Weighted stirling numbers of the first and second kind I”. The 

Fibonacci Quarterly 18(1980):147-162. 
[11] L. Cartitz. “Weighted stirling numbers of the first and second kind II”. The 

Fibonacci Quarterly 18(1980): 242-257.  
[12] L. Comtet. Advanced combinatorices, reidel, Dordrecht, 1974.  
[13] L. Toscano. “Sulla iterazione dell’ operatore xD”. Rendiconti di Mathematica 

e delle sue applicazioni, 5 (VIII) (1949):337-350. 
[14] L. Toscano. “Generalizzazione dei polinomi di laguerre e dei polinomi 

attuariali”. Riv. Mat. Univ. Purma(2) 11(1970): 191-226. 
[15] M. d’ Ocagne. “Sur une classe de numbres remarquables”. Amer. J. Math. 9 

(1887): 353-380. 
[16] N. P. Cakic. “One some combinatorial identities. Univ. Beograd publ. 

Elektrotehn. Fak. Ser. Mat. Fiz. No. 678-715 (1980): 91-94. 
[17] P. C. C. wang. “A binomial identity with an applications to sequence of 

symmetric Bernoulli Trails” Rend. Sem. Fac. Sci. Univ. Cagliari 39 (1969) 
153-155. 

[18] P. N. Shrivastava. “On Generalized stirling numbers and polynomials” Riv. 
Mat. Univ. Parma(2) 11(1970): 233-237. 

[19] R. P. Singh. “ On Generalized Truesdell polynomials”. Riv. Mat. Univ. 
Parma(2) 8(1967): 345-353. 

[20] V. P. Sinha & G. K. Dhawan. “On Generalized stirling numbers and 
polynomials”. Riv Mat. Univ. Parma (2) 10(1969):95-100.  


