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Abstract

The object of this article is to present a generalization of stirling numbers
and polynomials which were studied in a number of earlier work on the
subject due to their importance for possible applications in certain problems
arising in science and engineering (like curve fitting, coding theory, signal
processing etc.). We prove that are result concerned the generalized stirling
numbers are the consequence of the result of Toscano and Chak. The new
explicit expressions for generalized stirting numbers are also given. The
results obtained are of general character and include the investigations carried
out by several authors including Riordan Singh, Sinha and Dhawan,
Shrivastava etc.
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1. Introduction
The work of Riordan [ 7 ] (p. 90 et seq.), we denoteSfy,m the stirling numbers
of second kind, defined by

S(n,m) = %2(—1)%@?%“ =%Amo". (1)

1L (n=0)

So thatS (n,0) = (NON{123...})

(2)

And S(n,1) = S(n,n)=1 andS(n,n - 1):%%
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The corresponding polynomials so called single variable Bell polynomials (sec
[6],[12]), are defined by

An(X) = N S(n,m)x™ , (3)

m=

Singh [ 19 ], Sinha and Dhawan [ 20 ] and Shrivastava [ 18 ], studied the
generalized stirling numbers and polynomials defined, respectively, by

SY (n,m,r) :%: (—1)'E';Ea+rj)“ (4)

and T (x,r,—p) = ZOS“” (n,m,r)p"x™ (5)

m=!

It is easily verified from [ 10 ] that
T@(x,r,—p) =x7e™ (xD)"x"e™

I. e. the generalized Truesdell polynomials [ 14 ].
Singh’s generalization was motivated by the generalization of Hermite polynomials of
Gould-Hopper [ 5] given by

HO (xa, p) = (-1)"x 7™ D" (x"e ™)

In this article, we will study the following new generalized stirling numbers and
polynomials in the following general form

S@PY(n,mr) = (_rgm i%}%a +1j) P (6)

n

and Tn(a'B’/\) (X, r— p) — Xn(B—/\) Z S(a,ﬁ,/\) (n’ m, r) pmxrm (7)

where &M= %%(ﬁ -A)"

evidently, wherf3 - A, equation (6) and (7) would reduce to (4) and (5) respectively,
which in turns, will yield (1) and (3) respectively for r-i= 0.

In this paper we prove that our result by using the fundamental result of Toscano [ 14
]and Chak [1].

The new explicit expression for our numbers are also given.

Recurrence formula & proof

The recurrence formula as well as proof of our result can be easity derived from the
result of A. M. Chak [1].

Starting with the following notation.
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A1 = (B A= a(ar B o). fa (B M=)

B p—
o or D
we see thato(+rj) &M= H— + ] Q

and so, from (6), we have

B-A+1

S("‘”’(nmr)—( D™ Z( 1)'%“% Eﬁﬂ _rAE]'ri 0

where Af”)are numbers defined by A. M. Chak [ 1] in the following way

(x*"D)" = x(" Z AKX DX
so, using proved equations and the recurrence from [ 1]

AT = AC + (M —n+a +m) A
we get a recurrence formula for (6)

S“EN(+L,mr) =rS“FY(nm-1r)+(B - +a +rm)S“FV(nmr)  (8)
for polynomial (7), we get from [ 1 ] easily

TP (x,r,=p) = "X ”G("”)ﬂ( PX)

whereG!? (x )are a class of polynomlals from [ 1].

Explicit expression forS™** (n,m,r)

In this section, we use the results from Caki'c [ 16 ] (see theorem 4 and comment by
L. Carlitz) and milovanovic™ and Cakic’ [ 4 ] (see theorem 3).

Applying Carlitz’s [ 8 ] extension of a result of wang [ 17 ].

In this section, we prove the theorem about new explicit expressions for numbers

S@BN(n,mr).

Theorem: We have

n-1 —
S("'B'“(n,m,r):fnz E’ EB It + s | +1H % @)
IS

where §= Zit . The summation on the right in above sums is oveyall ii-, (I {0,

1}, such thatg+iy +... + ih.;= n-m
proof: Introduce the notation.
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C(io,---,in-z)zgrl ﬁflanr/r+sﬁﬁ.—+la—sE (10)

S

For ih-1(0{0, 1} we get from (9)

S@PN (n,mr) =

rn Cligyeeiyp) +1" %+(n 1)Bﬁ—+m% ZC(iO,...,in_z)

Sha=(n-T~(m-1) ~1)-m
i. e.

S@EN(n,mr) =

s (n-1Lm-1r)+{(n-D(B-A)+a +m}S“*Y(n-1,mr)
for m=0 and m=n, we have

S@BN(n,0,r)=r" ﬁEE+sB B=a(’”“)

s=0 LIF
S@EN(n,nr)=r"

this complete the proof.

Remarks : In above theorem we use the conventia=0 then ¢=0.
Notice that for bigger values of m (m>[n/2]) this formula are simpler than classical
expression (6). For example if we take m=n-1, then from (6), we find.

1) n-1 n-1 -1 . .
S (nn~ lr)‘( (- )JE”. Eam)(“f"
-0V
while representations (10) give

S@EN(nn-1r)= nar“‘HE%M&l%"
r O [

2. Particular Cases

()  Through our generalized stirling numbers and polynomials, we can deduce all
the generalized stirling numbers and polynomials and their special cases.

(i) Some important special cases of our numbsfs’* (n,m,r are)‘weighted
stirling numbers of the second kind” ([ 10] [11]). R (A% S» (n,m1)=
S*(n,m)

(i)  “Degenerate stiring numbers of the second kind [ 9 ]
S(n,m/8) = SOV (n,my).

(iv) Degenerate weighted stirling numbers of the second kind” [ 3 ]
S(n,m,A/8) = S** Y (nmya).
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