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Abstract

In this paper, we are concerned with the existence of positive solutions for
the nonlinear fractional differential:

Dfu(t) = f(t,u(t)), 0<t<l l<a<2
Bu@®-yu'(0)=93, Au@+uu(@=pu.
where D{ is the Caputo's fractional derivative, and

f :[0,]] x[0,+0) - [0,+0)is continuous. Our analysis relies on a nonlinear
alternative of Leray-Schauder fixed point theorem.
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1. Introduction

Differential equations of fractional order, or fractional differential equations, in which
an unknown function is contained under the operation of a derivative of fractional
order, have been of great interest recently. It is caused both by the intensive
development of the theory of fractional calculus itself and by the applications of such
constructions in various sciences such as physics, mechanics, chemistry, engineering,
etc. It should be noted that most of papers and books on fractional calculus are
devoted to the solvability of linear initial fractional differential equations in terms of
special functions. Recently, there are some papers deal with the existence and
multiplicity of solution (or positive solution) of nonlinear initial fractional differential
equation by the use of techniques of nonlinear analysis (fixed-point theorems, Leray—
Shauder theory, etc.). Bai and LU [2] studied the existence and multiplicity of
positive solutions of nonlinear fractional differential equation boundary value
problem:
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Dtau(t) = f(t,u(t)), O<t<l l<a<2,
u(0)=u(@=0.

where Dt" Is the Standard Riemann- Liouville fractional derivative. Zhang [5]

considered the existence of solution of nonlinear fractional differential equation
boundary value problems involving Caputo's derivative.

1)

DAu(t) = f (t,u(t)), 0<t<l 1l<a <2

i _ 2
uO=a#0, u@®=p=#0.

In another paper, by using fixed point theorem on cones, Zhang [6] studied the
existence and multiplicity of positive solutions of nonlinear fractional differential
equation boundary value problem:

DIu(t) = f(t,u(t)), 0<t<l, l<a <2,

O — Y 3
u0+u'(0)=0, u@®+u@®=0

where Df is the Caputo's fractional derivative. In this article, we consider the
existence of solution of the following boundary value problem of fractional order:

DAu(t) = f(t,u(t)), 0<t<l l<a<2 (4)
Bu(0)-yu'(0)=9, Au@)+uvu'()=p. (5)

where D? is the Caputo's fractional derivative afidy,5,A,v,u= . 0

2. Preliminaries
For the convenience of the reader, we present here the necessary definitions from
fractional calculus theory. These definitions can be found in the recent literature.

Definition 2.1
The Riemann-Liouville fractional integral of order a >0 of a function
f :[0,00) - O is given by:

a-1

dem_ 1 oo
| f(t)—m‘!(t s) f(s)ds, (6)

Definition 2.2
The Caputo's fractional derivative of ordar ¢ O can be written as:

1L )

DEfO= r(n- a)!(t —g)@

ds n=[a]+1 (7
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Remark 2.1.As a basic example, fot>-1,

FA+D w

DEr =T
A —c+1)

8

From the definition of Caputo's derivative and Remark 2.1, we can obtain the
statement.
Lemma 2.1. Let a > 0, then we have [6]

I*DEu() = u(f)+cy+ ot +0y " + . +e,t", (9)

for somec, e ®. i=01...n

Theorem 2.1. [Agarwal et. al [1] and O'Regan [3]] Assume tbias a relatively
open subset of convex d¢€in Banach spack. Let N:U - K be a compact map
with 00U . Then either

(i) N has a fixed point itJ ; or

(i)  ThereisaullU and aA J(0) suchthau=ANu.

The Integral Equation
At first, we will find the solutioru(t) for the problem:

Diu(t) = y(t), 0<t<l 1<a <2, (10)
with

Bu(Q) -yu'(0) =9, Au@)+vu'()=p. (11)
Applying Laplace transforms to equation (10), then we have:

s7U(s) —u(0)s*™ —u'(0)s"* = y(s), (12)
whereU(S) andy(s)is the Laplace transform afi(t) and y(t) respectively, so

_ u@© ,u@© B 1

a(e) =20 LD, Ly, (13)

S ) S

therefore, by the inverse Laplace transform, we obtain

t e a-1
u(t) =u(0) +u'(0) t + J’%
0

Using the boundary condition (11), we obtain the final formug) as:

y(s)ds. (14)
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a 1 a-
u(t) = A+Bt+I(t ) ly(S)dS-ﬂ -9

py ()

yE@a- s)"’2 s ABt ta- s)""1 < VBt La- s)"’2

Ir(a )’ I r(a) I

A0 +Vo +yu B:'B—“—E
o P

y(s)ds
(15)

y()s,

where A= and p=AB+vB+Ay.

3. Main Results
Consider the family of problems:

Diu(t)=h f(t,u(t)), O0<t<l l<a<2

(16)
Bu(0)-yu'(0)=9, Au@+uu'(d)=Lu.

whereh((0,1) . Hence (16) is equivalent to the integral equation

(1 S)a -1

F ) f(s,u(s))ds

u(t) = A+ Bt+hgwf(s u(s))ds - J’

_uy La-95)°" c(-9)°"
) -([—I'(a—l) f (s,u(s))ds- I

Fy Gusds (17)

VBt (1-9)772
ol

O
Fa-1) f (s,u(s))dsg

Defining T: X - X as:

(t S) a-1 (1 S) a-1

F ) f (s,u(s))ds

Tu(t) = A+ Bt+hg f (s,u(s))ds— J’

- S)” ° ca-9

I (a)

f(S u(s))ds- APt J’ f (s,u(s))ds (18)

e

VBt (1- s)"2

o I

whereX = C[0,1 ]is the Banach space endowed with the supper norm. We have
the following result for operator .

f(s u(s))dsu
B

Lemma 4.1
Assume that f :[0]]x[0 - O is continuous function, thefis completely
continuous operator.
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Proof: It is easy to see thaf is continuous. FouOM ={ul X;|u|<1,I >0} , we
obtain

t-9™

h =9
A+Bt+ E! @)

(1-9""
r(a)

(1 S)a -1

r(a)

f (s,u(s))ds— Ay J’ f (s,u(s))ds

(1 S)a -2

Tu(t)|= “VJ' D f (s,u(s))ds- “”J’ f(s,u(s))ds

_ VBt (1 s)¥ 2 H
Ir(a D f(s,u(s))dsH

SA+B+ h%(t—S)al| f(s,u(s))|ds- . yI(l o l| f(s,u(s))ds

r p 3 I(a)
(1302

_ vy -9
Il'(a -1

r(a)

F(s.u(s))ds— P! £ (s,u(s))|ds
f

VBt ((1-9)72, ]
J’ r@-1 If(s,u(s))|dsH

(t-s)? Ayi-9?
h f d -
<A+B+ % | (s,u(s))|ds~ p'!)' @)

(1 S)or -1
M(a)

| f(s,u(9))|ds

(1 S)a 2

A Bt
J’ r@-D | (s,u(s))|ds— J’

| (s,u(s))|ds

VBt ((1-9)772, H
Il'(a 1)lf(s,u(s))|dsH

t(t—s"’1 Ayl ta- s"’1 Loyl ta- s"2
SA+B+h%{ M (a) I M(a) Ir(a 1)

JABL La- s)"1 LVBL L- s)"2 ]
I M(a) Ir(a -1) SH

L N AL N ABL +vy1_+vﬁL’
Ma+l) pr(a+l) pr(a+l) pr(a) pr(a)

<A+B+

where L= mfﬁ l|f(t u(t) +1, so T(M ) is bounded. Next we shall show the
1 ul<

equicontinuity ofl (M) . DuOM,Oe >0,t, <t, O[0]].
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r —
Letn<§aﬁu }\é[ g (o) ;ﬁ/j\_f/)g—ﬁ then whert, —t, <n, we have

Tu(ty) -Tu(t)|=

B(t, —t,) +h I(‘Z‘S)al)sz(r u(r))dr ds-h I(‘l S)al)sz(r u(r))dr ds

1_)a

B L(1-s >“
) (t; 1)£

f(s,u(s))ds

flsueos= = -0

+ L [tg—l + 2(,[2 _tl)a—l _tfr—l] + Aﬂ—(tz _tl) + Vﬂ-(tz _tl)

o el pa+l)  pra+l

c|pu 20}, 2L o, A +v)Bn
o el T@ pr(a+1)

£ £ €
< = + Z +Z

3 3 3

ThusT(M) is equicontinuous. The Arzela-Ascoli theorem implies that the operator
T is completely continuous.

Theorem 4.1
Assume thaf :[0,]] xR - R is continuous function, and there exist

)\y+vya+/\ﬁ+UBy+P’ 0<01<M, c, >0, 0<6<1, such
pl(a+1) 3¢

that |f(t’u(t)|gcl|u|9 +c, for all tO[01]. Then the boundary value problem (4), (5)

has a solution.

constantsg =

Proof: Following [5], we will apply the nonlinear alternative theorem to prove
that T has one fixed point.

3(p02 E

+10
suppose that there is a poinf190Q and A [0(0,1) such thatu =Tu. So. Foru 00Q,
we have:

Let Q= {u 0 X; |ul < R} be open subset & where R> %S(H +|B)),
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A+Bt+h%(t Salf(su(s))ds AV @97 o )
p 3 )
ta- s)“ 2 -9t

r(a)

Tu)=| - J’ G u(s))ds—2 J’ f (s,u(s))ds

VBt (- s)“ 2f H
(s,u(s))ds
plr@ :

| f(s,u(s))|ds

(t Ay L(1-9)°
<A+ B+%r—| f (S U(S))|ds+ D .(];T

(1 S)or -1
r(a)

1-s)772 A
ny(r( ;) £ (s,u(s))ds+ B J’

| (s,u(s))|ds

(1 SUZ

I r@- |f(s,u(s))|dsH

]

<A+B+%(t S)D{l(01|U(S)| +°z)ds+— I y (- S)al

(cjue)’ +c,)ds+

(1 SO(2
II’(a -1

)\BI(l 5)t

Fa) @l +e)ds

(cju(s)’ +c,)ds+

B9 oo oL R, RUR
I Mo -1) (@u(s) +CZ)dSH 3" 3737
which implies thaf|T|| # R = |ul|, that is a contraction. Then the nonlinear alternative

theorem implies thaf has a fixed pointud Q, that is, problem (4), (5) has a
solutionudQ.

Finally, we give an example to illustrate the results obtained in this paper.

Example For the boundary value problem

15, 0.1u® +1
D; (t)——u 7 O<t<], - (19)

u@-u'(®=0, u@+u@=0

We apply theorem 4.1 withh =15, =1, y=1,A=4v =1 6=0, u=0 Then
ri+a)

we havep =1, ¢=4. 1374nd c, =0.1 < . We conclude that problem (19)

has a solution.
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